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Hydraulic accumulators are used as energy storages in a wide area of applications. In particular
in automotive hybrid drive-trains this type of energy storage is an interesting alternative to
today’s common strategies like chemical batteries or flywheels. This paper deals with the
mathematical modelling of a hydraulic accumulator for passenger vehicles, which comprises a
carbon fibre reinforced plastics (CFRP) body and aluminium piston. The thermodynamical
behaviour of the oil and gas as well as the interaction with the CFRP body is investigated
in detail. Starting from a complex model, two models of reduced complexity are derived. The
validation of these models with measurement data from a test drive with a prototype series
hydraulic hybrid drive-train proves their high accuracy.

Keywords: Hybrid Powertrain; Hydraulic Accumulator; Hydraulic Hybrid Drive; Heat
Transfer; Fluidic Systems

AMS Subject Classification: 93A05;80A05;80A20;76N15;65H10;

1. Introduction

To comply with future exhaust emission standards, the automotive industry is
developing alternative fuel saving strategies besides the common downsizing and
turbo-charging concepts [1]. In the last two decades, hybrid drives became more
and more popular, see, e.g., [2–4]. The most commonly used hybrid concept in
passenger vehicles combines a combustion engine with an electric machine and
a rechargeable battery as an energy storage. From an economic perspective, the
main disadvantage of this concept is the high price of the batteries [5, 6]. Another
hybrid drive strategy uses a hydrostatic drive in combination with a hydraulic ac-
cumulator for recuperating the braking energy [7–10, 10–15]. Using a hydraulic
accumulator as an energy storage device is a well established concept also in many
other technical fields of application, see, e.g., [5, 16–21]. The benefits of hydraulic
accumulators over batteries are their lower price, the ability of combining high
power in- and outputs with a high charge and discharge frequency [10, 22], and
their higher power density [5]. The economical usage of the stored energy requires
an intelligent control strategy and the accurate information about the actual pow-
ers flows and the stored energy. For batteries, the voltage indicates the so-called
state of charge (SOC)[10]. Determining the state of charge for a hydraulic accu-
mulator requires the knowledge of the actual amount of oil stored in the hydraulic
accumulator [22–25]. The oil volume is directly related to the energy stored in
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the gas volume [15, 22]. For piston type accumulators, a direct measurement of
the oil volume is possible using a displacement sensor. This method is, however,
technically difficult and costly and, therefore, not attractive for automotive appli-
cations. Furthermore, a direct volume measurement is not applicable to bladder
type accumulators. Thus, estimation strategies using only standard pressure and
temperature sensors are preferred in practical applications, see, e.g., [26]. For the
development and the evaluation of such SOC estimation strategies, tailored math-
ematical models are necessary. These models are also useful for the evaluation of
the overall hydraulic hybrid drive system, mainly, because real test drives are ex-
pensive and time consuming. Thus, this paper is devoted to the development and
the experimental validation of a mathematical model for a piston type hydraulic
accumulator. Therein, special emphasis is given to the influence of the ambient,
gas and oil temperature as well as the large variations in the gas pressure.
Most of the works presented in literature that are concerned with the modelling

of hydraulic accumulators focus on the modelling of the gas behaviour, cf. [7, 8,
14, 19, 27–29]. In many cases the gas volume is filled with a foam to affect the
thermal capacity [7, 8, 30]. This allows to model the thermal behaviour of the gas
volume with a constant thermal time constant. In the present case, there is no filling
material used in the accumulator, which is why the thermal behaviour of nitrogen
has to be taken into account in a wide pressure range. For an accurate estimation
of the SOC, the mathematical model also has to account for the interaction with
the ambience, since the ambient temperature may vary from −40 ◦C up to 60 ◦C.
The hydraulic accumulator under consideration features a carbon fibre reinforced

plastic (CFRP) housing, which has quite different characteristics compared to the
steel housing used in classical accumulators typically considered in literature. Due
to these facts, the models proposed in literature cannot be directly applied to the
considered accumulator. Thus, there is a need for a mathematical model tailored
to this type of accumulator.
The paper is organised as follows: in Section 2, the mathematical model of the

hydraulic piston accumulator is presented, where models of different levels of de-
tail and complexity are discussed. These mathematical models are validated by
measurement results of the real system in Section 3. The paper closes with a short
summary and an outlook to future research activities.

2. Mathematical Model

A schematic of the hydraulic piston accumulator is shown in Figure 1. The housing
consists of the CFRP pipe and two aluminium sealing ends. A moveable aluminium
piston sealed by a gasket separates the gas chamber from the oil chamber.
The gas chamber is pre-charged with nitrogen. During the braking phases of the

hybrid car, the hydraulic drive pumps oil into the oil chamber of the accumulator.
The piston then moves to the left and thus compresses the gas. The following
mathematical model is based on a detailed analysis of the heat fluxes between the
solid and fluid (gas) parts of the accumulator and the influence of the mass flow
of oil entering the oil chamber. The next section describes the modelling of the
aluminium parts of the accumulator, i.e., the piston and the two sealing ends.
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Figure 1. Schematic of the hydraulic piston accumulator.

2.1. Piston and sealing end

Due to the high heat conductance of aluminium, a homogeneous temperature can
be assumed in the piston and the sealing end. The balance of energy for the piston
(index p) yields

dTp

dt
=

Q̇g,p + Q̇o,p

mpcal
, (1)

with the piston temperature Tp, the constant specific heat capacity of aluminium

cal, the mass mp of the piston, and the heat flux from the gas to the piston Q̇g,p and

from the oil to the piston Q̇o,p, respectively. These heat fluxes result from Newton’s
law of cooling [31], in the form

Q̇g,p = αg,pAp(Tg − Tp) (2a)

Q̇o,p = αo,pAp(To − Tp). (2b)

Herein, αg,p and αo,p denote the constant heat transfer coefficients from gas to
the piston and from oil to the piston, respectively, Ap is the effective piston area,
Tg the gas temperature and To the oil temperature. For the mathematical model,
only the sealing end on the gas side is of interest, because the oil temperature is
assumed to be known and thus no model for the temperature in the oil chamber
is required. Analogous to the piston, the temperature differential equation for the
sealing end on the gas side result in

dTe

dt
=

Q̇g,e + Q̇a,e

mecal
, (3)

with the mass me of the sealing end. The heat fluxes from the sealing end to the
gas Q̇g,e and from the ambiance to the sealing end Q̇a,e read as

Q̇g,e = αg,eAe(Tg − Te) (4a)

Q̇a,e = αa,eAe(Ta − Te), (4b)
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with the corresponding constant heat transfer coefficients αg,e and αa,e, the effective
area Ae and the ambient temperature Ta, cf. (2).

2.2. Carbon fibre (CFRP) pipe

Because of the low heat conductance of the CFRP material and the layered struc-
ture in radial direction, the temperature distribution is inhomogeneous in the
CFRP pipe. The wall thickness of the CFRP pipe is more than 8 times smaller
than the diameter of the pipe, which allows to approximately describe the pipe in
Cartesian coordinates (x, y, z), see Figure 2. The heat diffusion equation is given
by [31]

ρccc
dTc

dt
=

∂

∂x

(
λx

∂Tc

∂x

)
+

∂

∂y

(
λy

∂Tc

∂y

)
+

∂

∂z

(
λz

∂Tc

∂z

)
, (5)

with the density ρc, the heat capacity cc, the temperature Tc and the heat con-
ductances λi, i = {x, y, z} of the CFRP material. Using the symmetry boundary
condition in circumferential direction (z-direction), the temperature Tc is indepen-
dent of z, i.e., Tc = Tc(x, y, t). Moreover, by neglecting the heat conduction in
longitudinal x-direction due to the small cross section of the pipe, (5) becomes

ρccc
dTc(x, y, t)

dt
= λy

∂2Tc(x, y, t)

∂y2
, (6)

with the constant heat conductance λy in radial y-direction. For the outer surface
y = ros, the boundary condition for the CFRP pipe reads as

λy
∂Tc(x, y, t)

∂y

∣∣∣∣
y=ros

= q̇a,c = αa,c (Ta(t)− Tc(x, ros, t)) , (7)

with the heat flux density q̇a,c from the ambiance to the CFRP pipe and the
corresponding heat transfer coefficient αa,c, see, e.g., [31]. The inner surface y = ris
of the CFRP pipe is either in contact with oil or with nitrogen depending on the
piston position sp. The boundary condition can be formulated as

λy
∂Tc(x, y, t)

∂y

∣∣∣∣
y=ris

= q̇g,c + q̇o,c, (8)

with the heat flux density q̇g,c from the gas to the CFRP pipe

q̇g,c =αg,c(1− σ(x− sp)) (Tc(x, ris, t)− Tg(t)) , (9a)

and the heat flux density q̇o,c from the oil to the CFRP pipe

q̇o,c =αo,cσ(x− sp) (Tc(x, ris, t)− To(t)) . (9b)

Here, αg,c and αo,c are the corresponding constant heat transfer coefficients. More-
over, σ denotes the Heaviside function, which is used to represent the influence of
the piston position on the coupling of the wall with the fluids, see Figure 2.
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Figure 2. Detailed schematic of the accumulator with the main heat fluxes of the CFRP pipe.

For simulation studies the partial differential equation (PDE) (6) with the bound-
ary conditions (7) and (8) must be approximated by a set of ordinary differential
equations (ODE). In this work, three approaches for the approximation of the PDE
are examined:

(1) In the detailed model (Model I ), a temperature gradient in both x- and
y-direction is taken into account.

(2) For the second model (Model II ), a constant temperature in y-direction is
presumed, whereas the temperature gradient in x-direction is still considered.

(3) In the simplest third model (Model III ), a homogeneous temperature for the
whole CFRP pipe is considered.

The influence of these simplifications on the model accuracy is analysed in Sec-
tion 3.

2.2.1. CFRP-Model I

In a first step, the y-direction is discretised with ny elements and by using the
central difference quotient on the right-hand side of (6), we get

dTc,i(x, t)

dt
=

λy

ρccc

(
Tc,i+1(x, t)− 2Tc,i(x, t) + Tc,i−1(x, t)

d2y

)
, i = 1, . . . , ny, (10)

where the second index i of the temperature Tc,i identifies the discretisation point
at y = idy, i = 0, . . . , ny with the discretisation step length dy = (ros − ris)/(ny −
1). The temperatures Tc,0 and Tc,ny+1, which arise in (10), can be eliminated by
discretising the boundary conditions (7) and (8) in the form

∂Tc(x, y, t)

∂y

∣∣∣∣
y=ris

=
Tc,2(x, t)− Tc,0(x, t)

2dy
=

αg,c

λy
(1− σ(x− sp))

(
Tc,1(x, t)− Tg(t)

)

+
αo,c

λy
σ(x− sp)

(
Tc,1(x, t)− To(t)

)

(11a)

∂Tc(x, y, t)

∂y

∣∣∣∣
y=ros

=
Tc,ny+1(x, t) − Tc,ny−1(x, t)

2dy
=

αa,c

λy

(
Ta(t)− Tc,ny

(x, t)
)
.

(11b)
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Inserting Tc,0(x, t) and Tc,ny+1(x, t) from (11) into (10) results in the boundary
temperature ODEs

dTc,1(x, t)

dt
=

2

ρccc

(
λy

Tc,2(x, t)− Tc,1(x, t)

d2y

− α
g,c

dy

(
1− σ(x− sp)

)(
Tc,1(x, t)− Tg(t)

)
−αo,c

dy
σ(x− sp)

(
Tc,1(x, t)− To(t)

))

(12a)

dTc,ny
(x, t)

dt
=

2

ρccc

(
λy

Tc,ny−1(x, t) − Tc,ny
(x, t)

d2y
− αa,c

dy

(
Tc,ny

(x, t) − Ta(t)
))

.

(12b)

The ODEs for the interior temperatures i = 2, . . . , ny − 1 are given by (10). The
resulting set of differential equations is defined as a function of the scalar variable
x ∈ [0, l]. To balance the heat fluxes through the pipe to the ambience, the gas
and the oil, the heat flux densities q̇a,c(t), q̇g,c(t) and q̇o,c(t) are integrated over the
corresponding surface

Q̇g,c =

∫

Ag(sp)
q̇g,cdA = αg,c2πris

sp∫

0

Tc,1(x, t)− Tg(t)dx, (13a)

Q̇o,c =

∫

Ao(sp)
q̇o,c = αo,c2πris

l∫

sp

Tc,1(x, t)− To(t)dx, (13b)

Q̇a,c =

∫

Aa

q̇a,c = −αa,c2πros

l∫

0

Tc,ny
(x, t)− Ta(t)dx. (13c)

To calculate these integrals, a discretisation in nx elements along the x-direction
is utilised. Figure 3 shows a schematic of the discretisation in x- and y-direction
for the Model I. The mean temperature T̄c,i,j of the i-th discretisation point in

pg

Tg

T̄c,1,2

T̄c,2,2

T̄c,ny,2

Te

Tp

ṁo

po

To

x, sp

1 2 · · ·

x

y

z

ros

ris

nx

Figure 3. Detailed schematic of the accumulator with the discretisation of the CFRP pipe of Model I,
with nx = 10 and ny = 3.
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y-direction and the j-th volume in x-direction is defined by

T̄c,i,j(t) =
1

dx

jdx∫

(j−1)dx

Tc,i(x, t)dx, i = 1, . . . , ny, j = 1, . . . , nx. (14)

Applying the approximation Tc,i(x, t)
∣∣
(j−1)dx≤x≤jdx

≈ T̄c,i,j, (13a) results in

Q̇g,c =

nx∑

j=1

Q̇g,c,j (15)

with

Q̇g,c,j = αg,c2πris
(
T̄c,1,j(t)− Tg(t)

)
dx

(
1− ξj(sp)

)
(16)

and

ξj(sp) =





0 sp > (j + 1)dx(
1− sp−jdx

dx

)
jdx ≤ sp ≤ (j + 1)dx

1 sp < jdx

. (17)

The heat fluxes Q̇o,c,j and Q̇a,c,j can be calculated in an analogous way

Q̇o,c,j = αo,c2πris
(
T̄c,1,j(t)− To(t)

)
ξj(sp)dx, (18a)

Q̇a,c,j = −αa,c2πros
(
T̄c,ny,j(t)− Ta(t)

)
dx. (18b)

This yields the discretised ODEs (10) and (12) in the form

dT̄c,1,j(t)

dt
=

2

ρccc

(
λy

T̄c,2,j(t)− T̄c,1,j(t)

d2y
− 1

dy

1

2πrisdx

(
Q̇g,c,j + Q̇o,c,j

))
(19a)

dT̄c,i,j(t)

dt
=

λy

ρccc

(
T̄c,i+1(x, t)− 2T̄c,i(x, t) + T̄c,i−1(x, t)

d2y

)
, i = 2, . . . , ny − 1

(19b)

dT̄c,ny,j(t)

dt
=

2

ρccc

(
λy

T̄c,ny−1,j(t)− T̄c,ny,j(t)

d2y
+

1

dy

1

2πrosdx
Q̇a,c,j

)
, (19c)

with j = 1, . . . , nx. The influence of the number of discretisation elements nx and
ny on the model accuracy will be discussed in Section 3.

2.2.2. CFRP-Model II and III

Model I exhibits a rather large complexity, in particular, if a large number nx and
ny of discretisation elements is used. Thus, this model might be well suited for
simulation purposes but not for a model-based controller design. In order to derive
simplified models, first the temperature gradient in y-direction is neglected, which
may be justified by the small thickness of the CFRP material. This model will be
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referred to as (Model II). The resulting equations can be easily derived in the form

dT̄c,m,j(t)

dt
=

−1

ρccc(ros − ris)2πdx

(
Q̇g,c,j + Q̇o,c,j − Q̇a,c,j

)
, j = 1, . . . , nx. (20)

Finally, in the most simpleModel III a homogeneous temperature also in x-direction
is assumed, i.e., the whole CFRP pipe is described by one single temperature T̄c.
This assumption is frequently applied in literature to the modelling of accumulators
and, as will be discussed later, yields to a rather coarse approximation of the real
behaviour. Nevertheless, this model can still be useful for a controller design. The
temperature T̄c is then described by the ODE

dT̄c(t)

dt
=

−1

ρccc(ros − ris)2πl

(
αg,cAg

(
T̄c(t)− Tg(t)

)
+ αo,cAo

(
T̄c(t)− To(t)

)

+αa,cAa

(
T̄c(t)− Ta(t)

))
, (21)

with the effective surfaces Ag = 2πrissp, Ao = 2πris(l − sp) and Aa = 2πrosl.

2.3. Gas chamber

The application of the accumulator in an automotive system brings along a large
variation of the ambient (and thus gas) temperature in the range from −20 ◦C up to
60 ◦C. Furthermore, the gas pressure varies from the pre-charge pressure of 120 bar
to approximately 350 bar when the accumulator is completely filled. To accurately
describe the behaviour of the gas (nitrogen) in the entire operating range, the
algebraic real gas equation in the form

pgVg = mgRsTgz (22)

is utilised, see, e.g., [32, 33]. Therein, both the gas pressure pg and the gas tem-
perature Tg are assumed to be homogeneous in the entire gas chamber. Even if a
homogeneous gas temperature might be a considerable simplification of reality, it
is almost impossible to derive a reasonable model of the temperature distribution
in the gas chamber. The measurement results of Section 3, however, confirm that
the influence of this simplification on the model accuracy is quite small and thus
feasible. The gas volume Vg = Apsp + Vg,0, with the dead volume of the gas side
Vg,0, is a function of the piston position and thus of the SOC of the accumulator.
The specific behaviour of nitrogen is described by the specific gas constant Rs and
the compressibility factor z = z(pg, Tg), which can be found in the literature, see,
e.g., [32, 34, 35]. Due to the sealed piston and the gas-tight housing, the gas mass
can be assumed to be constant ρgVg = mg = const., where ρg = ρg(pg, Tg) denotes
the gas mass density. The mass balance gives

d

dt

(
ρg(pg, Tg)Vg

)
= 0. (23)

The balance of energy for the gas chamber can be written in the form, see, e.g., [32],

dHg

dt
= Q̇g + Ẇg +

d(pgVg)

dt
, (24)
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with the enthalpy Hg, the overall heat flux Q̇g and the shaft work Ẇg = −pgV̇g.
With the isobaric coefficient of thermal expansion β = β(pg, Tg), see, e.g., [33],

β(pg, Tg) = − 1

ρg

(
∂ρg
∂Tg

)

p

, (25)

the specific enthalpy hg can be written in the form

dhg
dt

= cp(pg, Tg)
dTg

dt
+

1

ρg
(1− β(pg, Tg)Tg)

dpg
dt

, (26)

where cp = cp(pg, Tg) denotes the isobaric heat capacity. The coefficients
ρ(pg, Tg), z(pg, Tg), cp(pg, Tg) and β(pg, Tg) are tabulated in literature, see [36].
Combining (22), (23), (24) and (26) gives, after a short calculation, the ODE for
the gas pressure

dpg
dt

= −RsTgz

Ng

∂ρg
∂Tg

(
Q̇g,c + Q̇g,p + Q̇g,e

)
− ρgcppg

Ng

dVg

dt
(27)

with

Ng = Ng(pg, Tg) = Vg

(
pgcp

∂ρg
∂pg

+RsT
2
g zβ

∂ρg
∂Tg

)
. (28)

The heat flux from the gas to the piston Q̇g,p is given by (2a) and the heat flux

from the gas to the sealing end Q̇g,e results from (4a). The heat flux from the gas

to the CFRP pipe Q̇g,c follows from (15) and (16) for the Model I and Model II,
and is given by

Q̇g,c = αg,cAg(T̄c − Tg) (29)

for Model III, cf. (21).

2.4. Oil chamber

The compressibility of oil is much lower than that of nitrogen, and is therefore
neglected. The oil temperature is accurately measured by a sensor and is kept to
an almost constant value due to an oil cooler in the hybrid drive system. Thus, no
model for the oil temperature is necessary and the oil density ρo can be assumed
constant. The mass balance of the oil chamber reads as

dVo

dt
= −Ap

dsp
dt

=
ṁo

ρo
, (30)

with the oil volume Vo = Ap(l − sp) + Vo,d, the dead volume of the oil side Vo,d

and the piston surface Ap. Obviously, this entails V̇g = −V̇o = −ṁo/ρo, where ṁo

denotes the oil mass flow.
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2.5. Overall model structure

The presented sub-models can be arranged in form of a semi-explicit differential-
algebraic equation

d

dt
x = f(x, Tg,T c,u), x(0) = x0, (31a)

d

dt
T c = f c(x, Tg,T c,u), T c(0) = T c0 , (31b)

0 = g(sp, Tg, ṁo), (31c)

with xT =
[
sp pg Tp Te

]
and the vector T c which summarizes the temperatures of

the CFRP model. Depending on the used CFRP pipe model, the vector T c contains
nxny states for Model I (see (19)), nx states for Model II (see (20)) and a single
state for Model III (see (21)). The algebraic equation g(x, Tg,u) is the real gas
equation according to (22) and f(x, Tg,T c,u) results from (30), (27) with (28),
(1) and (3). The input u is given by uT =

[
ṁo To Ta

]
.

2.6. Sensor dynamics

For the model validation the hydraulic accumulator is equipped with

• a pressure sensor for the oil pressure,
• a temperature sensor for the gas temperature,
• a temperature sensor for the ambient temperature,
• a temperature sensor for the surface temperatures of the CFRP pipe, located

at the fourth element of Model I and Model II at the outer surface of the
CFRP pipe,

• and a position sensor for the piston position.

In series production hybrid drives, only the pressure sensor, a gas temperature
sensor and the standard car ambient temperature sensor are available, see [26].
In order to evaluate the model accuracy, the accuracy and the dynamics of these

sensors have to be analysed. This analysis is also important for the design of esti-
mation and control strategies, which only use a subset of the measurement signals
of these sensors. Both, the absolute type pressure sensor, mounted on the oil side
of the accumulator, and the draw-wire displacement sensor, which is installed at
the sealing end on the gas side, are prototypes. They exhibit a rise time of ap-
proximately 800 µs, which is small compared to the systems dynamics and thus
negligible. The accuracy of the pressure and position sensor is 1%FS and 0.5%FS,
respectively. These measurements can be considered as ideal. Moreover, the friction
in the piston is low such that the gas pressure is basically equal to the measured
oil pressure. The dynamics of the temperature sensors is strongly related to their
heat capacity and the heat transfer coefficients. To measure the ambient and the
surface temperature, T-type class 1 sheat-thermocouples [37] with a rise time of
approximately 150ms and an accuracy of ±0.5 ◦C are used. These types of sensors
exhibit a fast dynamics due to their low heat capacity and high heat transfer coef-
ficients and thus can also be considered ideal. The used NTC-type gas temperature
sensor [38] shows a rise time of approximately 3.5 s and a worst case accuracy of
19.5% at −40 ◦C.
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Figure 4. Plot of the measured model inputs over time: (a) normalised measured piston position sp,m;
(b) normalised measured oil mass flow ṁo,m; (c) measured ambient temperature Ta,m.

3. Model validation

Simulation results are compared to measurement data to evaluate the accuracy of
the developed models. The measurement data is obtained from a road test drive
on a test track by a hybrid hydraulic car. The considered prototype of the hy-
draulic piston-type accumulator is installed in a series hydraulic hybrid system.
The measured model inputs, i.e., the oil mass flow ṁo,m with the corresponding
piston position sp,m, and the ambient temperature Ta,m, are depicted in Figure 4.
Here, the piston position is normalised to the maximum piston stroke and the oil
mass flow is normalised to the maximum flow of the connected hydrostatic drive.
Please note that the index m always refers to the corresponding measured quanti-
ties. The oil temperature is approximatively constant at To,m ≈ 22 ◦C. The piston
position sp,m shows the repeated filling and emptying of the hydraulic accumulator,
where the speed of this process varies depending on the actual driving situation. In
contrast, the ambient and the oil temperature change only slowly which confirms
the assumptions made in Section 2.
For the simulation studies, a suitable choice of the number of elements nx and

ny has to be found for Model I and Model II. Simulation studies indicate that
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a number of nx = 10 elements in longitudinal direction of the accumulator is a
good compromise between model complexity and accuracy. A further increase of
nx is not meaningful because the improvements that can be achieved are marginal.
The same reasoning yields the choice ny = 3 of elements in radial direction of
the accumulator. Another important point for the simulation studies is the choice
of the initial conditions. The initial gas pressure is set to the measured pressure.
The initial piston temperature Tp is set to the oil temperature and the initial
temperature of the sealing end Te is given by the average of the ambient and
a calculated gas temperature, i.e., Te = (Ta,m + Tg,c)/2. This temperature Tg,c is
calculated by the real gas equation (22) and the knowledge of mg. The initial values
of the CFRP pipe temperatures ofModel I are chosen as T̄c,1,j = (1−ξj)Tg,c+ξjTo,m,
T̄c,2,j = (1 − ξj)(Tg,c + Tc,m)/2 + ξjTo,m, and T̄c,3,j = (1 − ξj)Tc,m + ξjTo,m, j =
1, . . . , 10, with ξj from (17) and the measured temperature at the outer surface
of the pipe Tc,m. For the Model II T̄c,m,j = (1 − ξj)(Tg,c + Tc,m)/2 + ξjTo,m with
j = 1, . . . , 10 is used as initial values. In Model III, the temperature T̄c is set to
the weighted average T̄c = (Tg,c + Tc,m)sp/(2l) + To,m(l − sp)/l of the gas and oil
temperature depending on the piston position sp at time t = 0.
Figure 5 shows a comparison of the gas pressure and gas temperature of the

three models with the measured values. The gas temperatures are compared to
the temperature Tg,c, which is more reliable than a measured gas temperature,
because measurements are always afflicted with errors due to the sensor dynamics
and the thermal coupling with the ambience. Therefore, this temperature is used
as the reference for validation. The simulated pressure of Model I, depicted in
Figure 5(a), shows a very good agreement with the measured pressure in the overall
range of operation. The same results can be observed by comparing the simulated
and the calculated gas temperatures, cf. Figure 5(c). The larger errors of Model
II in comparison to Model I, shown in Figure 5(b) and Figure 5(d), show the
influence of the temperature gradient in y-direction, which was neglected in Model
II. As expected, the further simplification of the heat transport from the gas to the
CFRP pipe, which leads to Model III, results in even larger errors. In phases of high
dynamics, the benefit of the longitudinal discretisation of Model I and Model II can
be observed in the pressure and temperature errors. The root mean square values of
the gas pressure error calculated over the whole measurement results is 2.91 bar for
Model I, 3.31 bar for Model II and 5.26 bar for Model III. In general, the simplified
models show higher errors at larger piston strokes. Figure 6 shows the pressure
rms errors for different ranges of the piston position. Values below 50% and above
90% are left out because of the lack of measured data points. The presented results
indicate a trend of higher accuracy at higher piston strokes. There is an influence
of the degree of simplification of the CFRP-pipe models on the computation time:
Model II can be simulated approximately 2.1 times faster than Model I, while the
computation time for Model III is even a little bit faster but in the same range as
Model II. Thus Model I is preferable for simulation studies, and Model II seems to
be a good compromise between accuracy and numerical complexity for observer or
controller design.
In Figure 7(a), the simulated temperatures of the piston are depicted. As it

is expected, the large heat capacity of the solid piston inhibits fast variations of
the temperature, e.g., in comparison to the gas temperature. Finally, Figure 7(b)
gives the results for the measured surface temperature of the CFRP pipe at the
fourth element of the CFRP pipe model of Model I and Model II, respectively.
The simulated CFRP temperature is in good accordance with the measured CFRP
temperature.
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Figure 5. Comparison of the simulated model and measurement results: (a) measured oil pressure po,m and
simulated gas pressures; (b) errors between the measured and the simulated pressures; (c) calculated gas
temperature Tg,c based on the measured piston position and the measured oil pressure, and the modelled
gas temperatures; (d) error between the temperature Tg,c and the modelled gas temperatures.

4. Conclusions

In this work, a detailed mathematical model for a hydraulic accumulator as a part
of a hydraulic hybrid drive-train, taking into account the radial and axial tempera-
ture variation, was presented. The simulation results show a good agreement with
measurements of the real system. Furthermore, two reduced models with respect
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to the discretisation of the CFRP pipe in radial and axial directions have been pro-
posed. The presented results show the high influence of these discretisations. While
the impact of the radial discretisation is mainly recognisable at high piston strokes,
the longitudinal discretisation is generally necessary for high model accuracy.
The presented model is intended as a basis for the design of estimator and con-

troller strategies for hydraulic drive systems. Of course, this model can also be ap-
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plied to other applications of piston type accumulators, e.g., [16, 17, 39]. Moreover,
a transfer of the basic modelling approach to bladder type hydraulic accumulators
is possible without great effort.
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mation: DS-HD-KV4.2-TF.

[39] P. Thiebes and M. Geimer, Energy storage devices for industrial vehicles with hy-
brid drive trains, in VDI Fachkonferenz: ”Getriebe in mobilen Arbeitsmaschinen” in
Friedrichshafen, VDI, Friedrichshafen, Germany, 2011.

17

Post-print version of the article: A. Pfeffer, T. Glueck, W. Kemmetmueller, and A. Kugi, “Mathematical modelling of a hydraulic accumula-
tor for hydraulic hybrid drives”, Mathematical and Computer Modelling of Dynamical Systems, 2016. doi: 10.1080/13873954.2016.1174716
The content of this post-print version is identical to the published paper but without the publisher’s final layout or copy editing.

http://dx.doi.org/10.1080/13873954.2016.1174716

