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Combined Path Following and Compliance Cont
for Fully Actuated Rigid Body Systems in
Three-Dimensional Space

Bernhard Bischof, Tobias Gliick, and Andreas Kugember, IEEE

Abstract—This paper presents path following control for fully the path following controller design method presented
actuated rigid body systems in three-dimensional space. @ns- [5] requires both the parametrized and the (closed fo
verse Feedback Linearization and a parallel transport frane are implicit representation of the path. To find a closed form

used to design a path following controller that is suitable ér the implicit representation can be a laborious task or @
paths that are parametrized as regular threefold continuowsly impfici p : lou

differentiable curves. The application of this frame enabés the impossible.
handling of paths with zero curvature and reduces the compleity

of the control law. The path following controller is combined with A concept for the design of a path following controllj
a compliance control concept. The strategy is_ verjfied by'a ses for planar problems using TFL which only depends on |

of measurement results on a DELTA robot with linear drives. . . : .
parametrized path representation was proposed in [6].i$n
_Index Terms—Path Following Control, Transverse Feedback ork, an orthonormal frame with respect to a parametri]
Iggggtnzanon, Moving Frame, Compliance Control, Parallel o6 js constructed and the first transversal state is oh
' as the projection of the shortest distance to the path omta

normal unit vector.
I. INTRODUCTION

N trajectory tracking control, a trajectory which is In thr(_ae-dlmensmnal Euclldean space, the orthonor
explicitly parametrized in the time is stabilized. In som&@me with respect to a path is not unique. A comm
tracking control applications, the fixed relationship besn Way to construct orthonormal unit vectors is given by 1
the time and the reference is limiting, e.g., when the systdpfienet-Serret frame, see, e.g., [7]. The work [8] exte|
cannot be brought to a starting point on the desired trajgctdn€ Path following controller design using the paramet
or when the system cannot reach the predefined velocity Rf#" representation presented in [6] to the three-dimeasi
to external disturbances or saturation of the plant's inpdguclidean space. TFL and the Frenet-Serret frame is use
This limitation can be overcome by path following controff@ndle paths parametrized by splines.

(PFC), where the geometry of a desired path, but not the time . .
parametrization, serves as reference. The Frenet-Serret frame can only be uniquely definec

points on the path where its curvature is nonzero. Morec

Early work in the field of the path following problem wagthe normal vectors become discontinuous when passingsp

done by Samson [1] and Banaszuk [2]. Based on the wofih zero curvature, see, e.g., [7]. In [9], the Frenet-&e
of Banaszuk and using input-output feedback linearizatiofi@me was improved by introducing a signed curvat
Nielsen and Maggiore introduced the so called Transver& Overcome these drawbacks. However, in a pract
Feedback Linearization (TFL) for input-afiine systems iAPplication we might be interested in following a path with
[3]. In TFL, a controlled invariant submanifold of the stat&urvature close to zero. In this case, the Frenet-Serratefr
space is stabilized. If the system fulfills some sufficierSed in [8] and also the frame proposed in [9] gives risg
conditions formulated in [3], the dynamics transversal tXtrémely high changing rates of the normal vectors leag
the submanifold can be linearized via static state feedbalk & chattering in the control law.

This method was used in [4] to solve the path following . .
problem for a five degrees-of-freedom magnetically leetlat AN Orthonormal frame with respect to the path, whi
positioning system. Reference [5] was concerned with tflgPends on the idea of relatively parallel fields, was pregc
design of path following controllers for mechanical syssenfY Bishop in [10]. A normal vector field is said to b

that can be either under- or fully actuated. It was shown tH&atively parallel along a curve, if its derivative is tamgial.

by applying the TFL to fully actuated rigid body systemsThis frame, which is often referred to as parallel transg

. . . . H 1 2 .
the tangential subsystem is linearized as well. Howevdf@me [11], is of clas€’" for regularC* curves even at points
with zero curvature.
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transport frame. An outer nonlinear controller is derived avith

the kinematic level which solves the path following problem n(q,q) = C(q,q)q + g(q) + 7¢(q) ,
An inner £; adaptive augmentation loop is designed based . ! . . m .
on the dynamics of the UAV to improve the overall Contm?enerahzed (;(l)nﬂguratlon coordinatgse R™, genern?llzed
performance. Further examples of path following contrslle orcesT € R ;nirr‘nd external forces/torqug@m ean : ",1 ,
for UAVs using the parallel transport frame are given by [1§ a).D(q) € R denotes the symmetric positive defini

and [14]. Note that these approaches are restricted toape nerahzed mass .'“"?‘”"C(% 4)q € ]}37:”. represents the
vehicle dynamics. centrifugal and Coriolis forceg(q) € R™ is the vector of

potential forces, and friction is modeled by(q) € R™. The
I;:Iass of outputy is restricted to sufficiently smooth functior

In this paper, we present path following control foaf the generalized configuration coordinatggiven by

fully actuated rigid body systems in three-dimension
space. The presented approach can handle open, closed, ye] . [he(q) ~ h(q) (1b)
and intersecting paths parametrized as reg@facurves. In y= vr|  |he(q)| e

contrast to [8], the parametrization is split into the piosit wherey, € R™ is the position andy, € R™ the

and orientation parametrization and we apply TFL o.nlgrientation in Cartesian coordinates, for instance of the- €

to the position parametrization to solve the path fonowmgffector of a manipulator. In the three-dimensional Eueid
control problem. Using a parallel transport frame for thspace diy,) — m; — 3 and the orientation, given ir
’ t - t — ’

design of the path following controller not only aIIowsSorne minimal representation, has up to three degree|
to directly cope with paths having zero curvature, it als]g?eedom thus, diffy,) = m, € {’O 1,2,3}. Hence, the outpu
drastically simplifies the path following control law commpel (.~ i e éiven E)y?jn(ryT) o +.m c {’3 45 6]?

: H H - - t T )y Iy .
to .[8]' Moreoyer, a feaS|bIe ne_nghborhood of the path Bor manipulators,y; represents the position ang, the
defined for which a diffeomorphism can be found that mapg;q\iation of an end-effector in a reference frame. In t

the generalized coordinates to tangential, transversad, acase, the mappings andh—! are referred to as forward an

rotational coordinates. Following the ideas of [15], wherI verse kinematics, see, e.g., [16]. Note that the firse

pure planar. problems are considered, the method is co_mblrt1| e derivative of (1b) results in the differential kinericat
with compliance control. The proposed controller design Syuations. see. e [17]
applied to a DELTA Robot for a proof of concept. This q ' €0 '
manipulator, with parallel kinematics, has three tramsietl . [yt} _ {Vht}

= |7 q = ) 2
degrees of freedoms. In a first experiment, a specific motion Yr Vh, 4=J@a @

on a complex path defined by quartic splines in free spat\?l‘h Vh, — 0h;/dq and Vh, — 0h,/dq, where J(q)
Eho ’

is performed. In a second experiment, we demonstrate tes the Jacobian. The second-order time derivativebyf
combination of the presented path following control sgste Mieldsl

with compliance control. To validate the compliant pat
following control strategy, the end-effector is operatadhe ¥ =J(q,9)qa+ J(qQ)q. 3)
notch of a rigid object.
[1l. PATH FOLLOWING CONTROL
The paper is organized as follows: Section Il revisits the The objective of path following control is to design

rigid body system formulation. Section Il is devoted to th%mooth feedback control law that makes the system ou
pth fgllowing controllstrateg.y. Path assumptions andro.:bntzmproaCh and move along a pathwhere no a priori time
objectives are stated in Sectl_ons li-A and_ Ii-B, r_espmjy. parametrization is associated with the movement on the
The parallel transport frame is presented in Section Il1,@ aThe key idea of the presented approach is to find a coordi

the transform_atior_1 of the coordinates into the_ tang_emimi transformation, defined in a neighborhoodypfind a feedback
transversal directions of the path are described in Sec“ﬂgnsformation so that the system (1) transforms and lipe

[11-D. The state feedback law is given in Section IlI-E and i&ecomposes into a tangentigh, a transversak-, and a
is shown that the control objectives can be fulfilled. In et rotational¢-subsystem with resp’ect to ’

IV, the combination of the path following control with connpl
ance control is described. Section V presents the applicafi )
the proposed control strategies to a DELTA robot with lined Path Assumptions

drives and shows experimental results. A video of a testisase Suppose the patly is given as a regula€® parametrized
available at http://www.acin.tuwien.ac.at/fileadmirsibddeos/ curveo'(0) = [o](0) o[ (0)] : T — R™, with reference
PFC and ComplianceControDELTArobot.mp4. position o(6) € R™, orientationo,.(f) € R™r, and path
parametef) which is element of a nonempty sgtC R. For a
given parametrizatioer (), the pathy is defined asy = {y €
R™:y =0 (0),0 € T}, whereo,() defines the positior]
Let us consider a fully actuated mechanical rigid bodyarty; ando,(6) the orientation part,.. The parametrizatior|

Il. MATHEMATICAL MODEL

system of the form o (6) of the pathy is regular, ifo’ (§) = (05/96) (9) # 0
D(q)d +n(q,dq) = T + Teat, (1a) INote that it is simple to show thak(q, ¢)¢q = %j)q holds.
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for § € 7. The pathy is open or closed depending on the
choice ofo(¢) and 7. For more information on curves, see, where~;(0) is a scalari € {L,M} ande; o is the initial
e.g., [7] condition which complies with the algebraic equations (-
and (5c¢). Note that the equations (5a) and (5b) are of H
senberg index- form with hidden constraint (5¢). See, e.(
[18] for more information on differential-algebraic syste
To formulate the objectives of path following control, theand hidden constraints. This becomes clear by perforn
mapping||y:|ly, : R™ ~— R{ is introduced, which assignsindex reduction. Differentiating (5b) with respect & and
each positiory; in the output space a nonnegative real numbeubstituting (5a) gives (5c). Differentiating (5¢) withspect
that is given by the shortest distance to the pathi.e., to ¢ and multiplying (5a) byeﬁ(()) results in
ly¢lly, = infg,eq, ||y — ¥¢l|2. The control objectives of path N
following control are defined as follows, see [4]. %i(0) = — (eﬁ(@)) ei(f). (6)
(O1) Asymptotic convergence to o(-): The outputy, of the
system (1) converges asymptotically to the pathi.e.,
lly: ()], — 0 for ¢t — co.
(02) Invariance  property: If the configuration /

.
e;(@):f(e“(ﬁ)) ei(0)e(0), ei(fp) =eio. (7)

coordinates and velocities of the  system !

(1) at time t,, ie., [q (t) ﬁT(to)]T, are Note that the second normal vectoy(#) can also be obtaine
elements of{the conTtrolled invariant }subsd‘t* using the cross product, i.e.,
of ' = [@ q"] €R*™:h(q)e~;, then
en(f) =e(0) x eL(0). 8
Hyt(t)H'yf, =0, V¢t > 1. rh( ) H( ) l( ) ( )
(O3) Tangential motion: The motion on the path, meets
application-specific requirements.

B. Control Objectives

Hence, by inserting (6) into (5a), we get the ordinary diff(
ential equations fof € {L, M}

D. Coordinate Transformation

Next, a coordinate transformation is deduced which m
the generalized coordinates and velocitigsndq, of the sys-
tem (1) to tangential coordinateg = [1; 7], transversal

First, an orthonormal frame with respect to a parametrizedordinates¢” = Ll & & &), and rotational coordi-
curve is constructed. For this, one possibility is given byates¢™ = [y} ;| with respect to a path parametrized
the Frenet-Serret frame, see, e.g., [7], which is used in [8} a regula€?® curvea(6). It will be shown that the coordinaty
for TFL. The direct application of the Frenet-Serret fram#ansformation is a diffeomorphism onto its image in a fielesi
requires a given position parametrization(d) : 7 — R™t neighborhood); of the path;.
to be regular of ordem; — 1 = 2, i.e., that the first two
derivatives ofo (0) with respect t@ are linearly independent.
Note that second-order regularity of a path implies a namzer
curvature of a parametrizatiomn(9) for all § € T, see, e.g.,
[7]. In path following control applications, we are intetex
in tracking an arbitrary path, which might also consist of
straight line path segments. A straight line has zero cureat
hence, the requirement of second-order regularity of a jgath
rather restrictive. Therefore, in contrast to [8], we willauthe
parallel transport frame, see [10] and [11], that can handle
curves with zero curvature.

C. Orthonormal Frame

Recalling thato;(#) is the tangential vector tg; at 6, the
tangential unit vector is given by

_ o)
[EAGIP
To construct the parallel transport frame, the derivativéhe
normal vectors | (6) andeg () has to point in the direction
of the tangential unit vectoe(¢), [10]. Together with the

requirement of orthonormality, we obtain the overdeteedin
differential-algebraic equations

e (0) (4) o

Fig. 1. Path illustration.

1) Projection Operator and Feasible Neighborhood: The
closest pointy; = o:(0*) on the pathy; to y; is deter-
mined by the orthogonal projectioR+(y:), cf. [6]. Given
a parametrized curver(f) with § € 7 C R, the orthogo-

el (0) = vi(0)e(0), ei(fo) =eio (5a) hal projection ofy; onto o(¢) requires the solution of af
‘ 0 1'_ eT(0)e:(0) ' ' (5b) optimization problem, i.e.,
0=ef(B)e:(0), (5¢) 6" = Pr(y:) = argmin |y —ou(0)[5€ 7. (9)
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If 6* is an interior point of7, (9) features a strict minimum in and
a feasible neighborhood, which fulfills the first-order resaey — fa = (e (N (v — o (09) — &L (6% )& (0% )6*
condition for optimality f4=6 <em( )) (yt 74 )> en(07)a:(0")

T
y — (7)) o, (07) =0 10
(Yt 1()) +( ) . ( ) +e;(6*) v,
and the second-order sufficient condition for optimality mv\h/_
2 tq
los (@)1 = (ve — o0(67)) ot () >0, (12) (20)

see, e.g., [19]. Because,(6*) is tangential to the path atwith gradients(Vé;)" = 96,/dy: and (Vé3)" = 052/0y:.
o(0%), (10) implies that the vectoy, — (%) is orthogonal Note that the first parts in (19) and (20) are zero due to
to the path, cf. Fig. 1. Rearranging (11) and introducing  usage of the parallel transport frame.

4) Rotational Subsystem: The first and second rotationg

(5a),

(9
o =

0

T
ye — ou(07) o7/ (67) :
alys) = (ve t/ *) — (12) coordinates are chosen as
[ @)1 ¢ = v = bo{a) 1)
allows to define the feasible neighborhood of a path= " "
{y: € R™ : a(y,) < 1}. and . .
2) Tangential Subsystem: The first tangential coordinate is, CG2=C=y-=Vh,q (22)
as proposed in [6], chosen by the arc length with JacobianVh, = dh,/dq.
0" , 5) Diffeomorphism: The tangential, transversal, and ri
m = g(yt) =/ |oy(7)]|20T. (13) tational maps, (13) and (16)-(22), are used to construg
. O e C!-diffeomorphism, see, e.g., [20, p.147] for a definiti
See Theorem 1.4.1 in [7] for a definition of the arc lengthy; 5 diffeomorphism. The virtual outpug™ = BT(q) _
By differentiating the; f|rst-orderl condition for opnmeyh(lO) m & & C'll'] is introduced, which allows us to defin
with respect to the time and using (4) and (12), we obtain thig, mapping
time derivative of the optimal path parameter -
T (p* m gohy(q)
g — Blyt)e) (0 )Yt (14) & d1 o hy(q)
lot (012 = & d2 0 l(u()q)
where v ¢ h,(q .
| = = T . = @ 5 . 23
Bly) = T——. (15) M | = [ (Vo) vhig| = H@d @)
—a(y) §2 (Vé1) Vhe g
If the system output is on the path(y, = o+(0*)) = 0 and &4 (V52)T Vh,
B(y: = 0+(0*)) = 1 holds true. Calculating the time derivative 2] L Vh,. g
of (13) and using (14), the second tangential coordinate
follows as Lemma 1: The mapping® : X — Z with X = Q x 749,
. . 9 ={qeR":«aohq) <1}, and tangential spacg,Q
o * * T (p*
2 =i = [y (07)]207 = Blyi)ej (67) Jt (16) is ac!-diffeomorphism, ifJ(q) is nonsingular.
(V'g)T Vh; ¢ Proof 1: By the inverse function theorem, see, e.g., Thi
. i T . rem 8.2 in [20], we have to show that
with gradient(Vg)' = dg/dy: and JacobiaVh; = dh,/dq. (i) X and Z are open inR2™
The limit casea(y:) — 1 implies 5(y:) — oo. Hence, small (ii.) & eCl(x, 2) Fr:md '
values ofy, result in large derivatives of the arc length. Noteiiii') Ve — 7[841;/8 8@/8'} is nonsinaular for all
that the term3(y;) is missing in the derivations in [8]. ' T _T T d 4 9
3) Transversal Subsystem: The transversal coordinates, [a - a ] ex _
and¢;, are defined as the projectionsypf — o (6*) onto the S|2nce Q is an open subset dR™, X and Z are open in
vectorse, andeg, i.e., RR*™. Since the outpuy = h(q) is assumed to be sufficientl|
_— X smooth ando(9) € C3(T,R™), ® € C}(X, Z) holds. The
& = 01(ye) = el (07) (ye — a4(07)) (A7) Jacobian of® reads as
and _[J@ o
& = dalye) = e} (07) (vi — o0(67)). (18) Ve = { R T (24)
If the outputy; is on the path&, = & = 0 holds. BY ith matricesi(q) = L(q)J(q),
differentiating (17) and (18) with respect to the time, we ge Byel
yi)e
: \\ T f* * * *\ )% I
& =& = (¢1(0) 0" (ve — u(07) — eL(0")r}(07)6 L(a) = [EE,“’ ﬂ  and E(q) - [ el ] @9
), &), ef
+el(0%) yu whereI is the identity matrix. IfJ(q) is nonsingular and

a(y:) < 1, then,E(q) andL(q) are nonsingular;(y;) < oo,

(Vo))" Vhe 4 thus, V@ is nonsingular for al[q" cﬂT €X.

(19)
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E. Feedback Transformation

Differentiating the tangential statg = 7; from (16) with
respect to the time yields

i = ((V8T31e]0") + 50 (e)67) 07 ) 50
+ ()] 015
where(V3)T

(26)

the trajectory of the exponentially stable reference ingpee
model using position control in an inner control loop a
an impedance control in the outer loop. As shown in [2
this method is well suited for accurate positioning in fr
space as well as in contact with rigid environments. [
to the possibility of using high gains in the inner loop, t
position-based impedance control is rather insensitiveddel
uncertainties.

= 0$3/0y:. The time derivatives of the transver-

sal statest, = & from (19) andg, = &5 from (20) take the A Compliance Control

form
& = (L(0) 0"y + el (0)3 (27)
and
& = (eh(67)" "3 + e (67)51- (28)
The second-order time derivative ¢f from (21) gives
& =3 (29)
Hence, application of the feedback transformation
Ha) (v — J(a,a)a)

to the system (1), with new control inpst’ = [v{ v]],

T = l’l(q./ q) — Teaxt T D(q)j7 (30)

The fundamental idea of compliance control is to desig
controller which imposes a reference dynamics (impedat
between external forces and the position. In our case,
reference impedance of the motion along and orthogonaktc
path~; as well as the reference impedance of the orienta
can be separately defined as

7 H@ +d|\6 +k|\ "

TL| _ mlgl +dl£1 "‘kLgl (33)
T mJ_EB‘FdJ_gBJFkJ_fB ’

T mded + dled + klel

wheree =mn; — n¢ denotes the error between the tangen|
coordlnatem and a referencef ande? = y, — o.(6%).
Moreover,m¢, d¢ andk¢ fori = {||, L,r} are constant desig|

wherev] = [v vy wva] results in a linear input-output parameters and

relation from the new input to the virtual outputy in the
form of m integrator chains of length two

y=v. (31)

ul el 0

[ S A I (34)
T ext e% 0 ext

™ 0 I

Note that the dynamics of the transformed system are linear
with respect to a nonlinear plant and a nonlinear path
The virtual inputs in the direction of the normal vector
v, andwg, can effectively be used to fulfill objective (O1),
i.e., to stabilize the transversgéisubsystem and to guarantee
asymptotic convergence te.(-). The controlled invariant

£1e the external (projected) generalized forces.

SB. Compliant Transverse Feedback Linearization

Assuming perfect tracking of the inner position loop, t
actual tangential and transversal coordinatest;, and¢s as

subset is given by* = {[qT q'" e R : $¢(q.q) = 0}
with

eII as the orientatiory,. can be replaced by the referenc
7, &5, andy? in (33). Introducing the errora"7 =ni—n{
and epd = y? — o,.(6*) allows us to deduce the impedani

d10h
6; Z hzgg; control law
N d
Pl = | (y5,)Tvh, ¢ (32) i —qd ¢ L il gpa _ i en
(V(SQ)T Vht . 1 1 mﬁ mﬁ n ﬁ n

. t t (35a)
Thus, objective (02) is met, because[d (to) qT(to)}T € > _ [ rg v_ [ irg
T'*, then, by choosing; = 0 andvy, = 0, & = 0, with o= [ e = [T,
i=1,2,3,4and||y.(t)||,, = 0 Vt > to. Moreover, the virtual 0 0
input in tangential direction; allows to control the motion ) - kd
along the path, thus, objective (O3) can be satisfied. &= Ld f” ,

mL
(35b)
V. COMBINED PATH FOLLOWING AND COMPLIANCE o [ Y
CONTROL S /5 dr, & /5 dr,
Compliance control addresses a classical problem in

robotics of simultaneously controlling the position anca th . ’ 4 . L4
. . . . A p__ T 4 p  RL
interaction forces with the environment. In the followirigis & = o d T d & — €3 ;
shown how to combine the presented path following control L + (350)

concept with compliance control. For this, a position-lohse
impedance control is employed, see [21]. In position-based
impedance control, the compliance is realized by tracking

t
nggm gz/gm,
0 0
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. . T d¢ d .
VP = ,.(0") + wd " md pd _ m_gegd , A. Mathematical Model
t t (35d) The mathematical modeling of DELTA robots with thre
yP = / yPdr, yP = / yPdr . Frans.lationa}l degrees of fr.eedom was presepteq in [24]
" / its kinematics and dynamics are discussed in literature,

e.g., [25], [26], [27], [28], and [29]. In these works, DELT,
In the inner position control loop, the feedback transform#obots with rotary drives are considered. For the DEL]
tion (30) and the control law robot FEsTO EXPT-45 with linear drives the kinematics ar
..p . dynamics are quite similar. Fig. 3 shows a schematic diag
Ui amgeg — an,le‘n0
& — Ag,2€¢, — Ag,16¢,
v - ar,2é;$ - C’/r,lezr7

is used, where?) =, —17, ef =& —¢&f, andel =y, —y?.
The control law (36) yields exponentially stable error dyra
ics, if a; ; > 0with i € {n,¢,7} andj =1, 2.

In the case ofy, € R? the definitions ofy? in (35d)
and v,. in (36) suffer from representation singularities and
the rotational stiffness depends on the reference orientat
o, (0*), see [23]. Methods to avoid these disadvantages are
shown in [23], e.g. the local orientation error represeéotat
They can also be used for the control concept presented in
this section.

V. APPLICATION TO ADELTA RoBOT

The presented path following controller is applied to adine
drive, parallel kinematic, DELTA robot of the typeEBTO
EXPT-45, which is shown in Fig. 2.

Fig. 3. Schematic diagram of a DELTA robot with linear drives

of the considered DELTA robot with linear drives. The DELT|
robot has three translational and no rotational degrees
freedom, i.e.,m, = 0 andm = m; = 3. The robot
basically consists of a base pldte, the end-effector platé),
three parallelogram armgl), and three electric linear drive
(2). The linear drives are symmetrically arranged. They
mounted at the points!;, i = 1,2,3, at the base plate an
at a joint pointP. The three parallelogram arms are fixed
the slides of the linear drives &;, : = 1, 2,3, and the end-
effector plate at the point€’;, i = 1,2,3. The rods of the
parallelogram(4) are on both sides attached via ball join
(3). The inertial coordinate system is given b, o, yo, z0)
with the center of area of the base plétas origin and the:y-
axis pointing from0 to A;. The position of the slide®; with
respect toA; along the segmentl; P serve as generalize
coordinatesy;, i = 1,2,3. Hence, the vector of generalize
coordinates reads ag' = [¢1 ¢2 ¢s]. The system outpul
y'=[y= vy -] is defined as the vector, expressed in f
Fig. 2. DELTA Robot FESTO EXPT-45. inertial coordinate system, from the originto E, which is
fixed to the end-effector plate.
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The DELTA robot with linear drives features unique andearch for a least-squares solution of (39), see [18]. There
smooth solutions for the forward and inverse kinemagics the constrained least-squares problem
h(q) and q = h~!(y), respectively. The system dynamics
can be expressed in the form (1), where the generalizeddorce min f(pr) = EHeLchl —elp+ Ts'YL,/veH.IcHg
T =71] =[r31 742 743] are the linear drive forces and ~ PrER! 2 '

T, = [Ty1 Ty2 Tys| = (J—T‘rm)T are the external end- s.t. g1(pr) =

effector forces.

5 (eLkeJﬂk — 1) =0 (40)
92(pr) = €] ek =0,

with pr = [e] M,;JT and fixedk, is considered. The
optimal solutionp} = [(e1 ;)T vjyk}T of (40) is found
The proposed static state feedback controller is impleateniusing the first-order optimality condition of (40), i.e.,

on the real-time systemDS1006 from DSPACE with a

sampling time of7, = 1ms. A time discretization in the (VHPr) + X (Va)(pr) + A5(Vga)(pr) =0  (41a)
form ¢t = kTs,k = 1,2,... is performed. For the time- g1(p;) =0 (41b)
discrete implementation of (30), the optimization problgy (p) =0 (41c)
the integral (13), and the differential-algebraic equadid5) 92\Prk ’

with Lagrange multipliers\; and A3 and gradients

B. Implementation

have to be numerically solved in real time.

1) Numerical Solution of the Optimization Problem and 5
Integration: The optimization problem (9) is numerically ¢ T _ f _[ o* o* * T
= =|- - + Tyt ens)
solved using the Newton method. For the initialization, the (Vf) pk ( Lokl Lk STLk H’k)

i * ici * * * T
global opt|.mum0O is needed. A sufficient number. of evenly T, (eJ_,k—l —et TS’YJ_7ke|\,k) eu,k]
spread points on the path) are chosen and the distances to
y:(0) are calculated. The point with shortest distance is used (y4,)" = g1 _ [(e* )" 0}

as starting point for the local minimum search to obtéfn Cope L
Then, the optimization problem (9) is iteratively solvedeimch (Vgo)" = 992 — [eT } .
time stepk =1,2,... fori=1,2,... according to Opk Il

(42)

_ J' (Ok,i-1) .
Ori = Ori—1 — T Or1)’ (37) From the last row of (41a) and (41c), we obtain
k,i—1
* 1 T *

with initial condition 6., = 6;_, and cost function YLk = "7 kel k-1 - (43)

J(Gk,i—l) = ||Yt,k*0t(9k,i_1)”§ until \ekﬂ-f@k,i_ll <e. The
optimal solutiond;, = 6;.; is used to perform the numericalMultiplying (41a) by eﬁ,k and using (41b) and (41c) yield

integration of (13), i.e., A3 =0 and
* * * * 1 * *

M,k = 1M1,k—1 + (ek - 9k71)“0’£(9k)”27 (38) el,k = m (ejﬂkfl — eﬁ’kekaleH’k) . (44)

whereny . = n(kT5). Inserting (44) into (41c) results in
2) Discretization of the Parallel Transport Frame: A dis-

crete method to calculate the normal vectors of the paral- . T 2
lel transport frame is proposed in [11]. In every time step T+ = i\/l - (el\vkeivk%) (45)
k = 1,2,... a rotation axis and an angle is determine%h 40) f h vt luti
from the tangential vectors| ;, ande) ,_; and the normal us, (40) features the analytic solution
vectors are rotated with respect to them. The approach is * P,
) ! . €1 k-1 € k€L E—1Ck
ill-conditioned for small changes of the tangential vestor = (46)

eJ_JC = )
Hence, we present another approach that solves directly the \/1 _ (eT o )2
overdetermined problem (5) to find the first normal vector Ik~ Lok—1

e (0). Application of the constant step-size backward Eul

%h'hrr n n iteration for the first normal .
method, see, e.q., [18], o (5) for— L yields ich represents an iteration for the first normal veetor;

Remark 1: To ensure continuity o’ ; the positive solution
of (45) has to be used.

T The iteration (46), without derivation, can also be found
O=1-e] ek (39) [30]. Note that the initial condition for the iteration (48)e.,
0= eﬁ_’ke%k, e (6p) = ey 1, must comply with the algebraic equatior

of (39). In Appendix A, it is shown that the iteration (4¢
wheree, , = e (kTs). The overdetermined equations (39fonverges to the solution of (7) f@ — 0. The second norma

have no solution forl; > 0. A straightforward idea is to vectoreq(6) is calculated using (8).

ek =elk-1+TsyL ke
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— outputy | |
o « y(t=0)|]
C. Path Parametrization T path~
To demonstrate the path following control approach, qoarti
. ; 520
splines are used, which are of cla&} to represent a pati. -
In particular, a parametrizatiom(6) : 7 — R™ of the form g
oo(0), By <B<b = 500
ai(f), 6,1<0<0b =
o) = : (47a) 480
o1-1(0), 01 <0<06 ~100
consisting ofl path segments with
4 [aj.s(0 = 05)’ % 0 —50
’ ) %) i TS
o.(0) = ol o, (0) = [bs(6—0,) (47D) 2y, g
§=0 | ¢;,s(0 — 65)?
and suitable coefficients; s, b; s, ¢js, j =0,...,4 ands = Fig. 4. Pathy and measured output.

0,...,1— 1 is considered.

D. Path Follomng (.:ontrol of theTDELT:ATRobot effector was initially placed next to the path. Fig. 4 degi
Choosing the virtual outpuy™ = h'(q) = [m & €] the measured outpyt which obviously converges to the pa
according to (13), (17) and (18) and applying the feedback Fig 5 on the left in the first row shows the tangent

transformation (30) results in coordinatey; and the referencg?. The measurements clearl
) i v, show that control objective (O3), defined in Section II,

y=|&| = |v, | =V (48) fulfilled. The transversal state§; and &, depicted in the

& v, second row, quickly converge to zero and stay approxima

at zero, hence, the control objectives (O1) and (O2) are |
satisfied. The deviation of the transversal states from ier
p o b L rd mainly caused by the sticking friction in the linear drive
i = 28] = anael = ayo [ ehdr The last row shows in addition the virtual control inpuft =

The position controller

. D . t [v, v, v,].Inthe rightcolumn, the time evolutions of th
V=&~ agaby —agieg — af,obfe&dT (49)  generalized coordinates, velocities, and forces are shown

..p p p tA p

83 — ag2bg, — ag1€¢, — Ag0 b/ eg,dr E. Compliant Path Following Control of the DELTA Robot

To illustrate the compliant path following control strayeg
he end-effector of the robot is operated in a notch. This |
pical task which may occur in automatic glue dispersit
where the environment is not exactly known. Fig. 2 shows

tripod, a ball with a soft shell, which is fixed to the robot v
a gripper, and a ball notch. A teach-in procedure is perfarr

For the first experiment, a teach-in procedure followed d the pathy is recorded and interpolated using quar

a quartic spline interpolation was performed, cf. (47). Thmcl)i\?sstheseeendsigfttie?:?orvglf/:it.h-rtui Laaslll( a?(];r:giz %ﬁf:g}iﬂtf:ﬁ
resulting path7p|s depicted in Fig. 4. : nt, = 0.02m to n¢, = 0.49m with a maximum velocity
A referencen? for the tangential coordinatg is generated '/1,0 LT

which smoothly connects the starting poigit, = 0.022m  °f M3 max = 0.5m/s. If the recorded path exactly conforn
and the end point? .. = 0.31m with a maximum velocity with the real path this task is not a problem at all. Howey

Of 712.max = 0.1m/s. The references in transversal directiorfT the workpiece with the ball notch is disp_laced with redp
¢’ and €2, and their derivatives are set to zero, cf. (49)t_o the recorded path, the end-effector with the ball getg

The controller parameters are shown in Table I. The eng@ntact with the environment. Pure position control wol
either damage the ball notch of the workpiece, break

with references)?, &7, and¢}, yields an exponentially stable
linear closed-loop error dynamics which can be arbitraril
assigned by suitable constant parametgrs > 0 for i €
{n,&} and j = 0,1,2. In position control, the reference
in transversal directions? and &, and their derivatives are
usually set to zero.

TABLE | end-effector or harm the ball joints of the DELTA robot.
CONTROLLERPARAMETERS.

Symbol Value  Unit| Symbol  Value  Unit In the c_onside_red _experiment, the _Workpi_ece_is displa
ano 42875 1/ | ago 125000 1/ —2.5mm in gz-direction and5.5mm in y-direction. The
an,1 3675 1/s% | agn 7500  1/s? feedback transformation (30), the control law (49), and
an,2 105 1/s | age 150 1/s impedance control law (35), with the control parametersfr
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Fig. 5. Experimental results of the path following controhgegy.

Tables | and Il, are executed on tISPACE system with
a sampling time of7; = 1ms. The damping ratio of the
virtual spring-damper-mass systems is defined(as= 5,
which results in the damping constant$ = 2¢¢\/m?k¢,
for ¢ € {||,L}. This relatively high damping is required to
ensure contact stability, see, e.g., [31] for more inforarat
To measure the external foreg, the six-axis force sensor
K6 — D40 from ME-MESSSYSTEMEIS used. Fig. 6 shows

TABLE I
COMPLIANCE CONTROL PARAMETERS.
Symbol  Value Unit | Symbol Value Unit
mj 0.3 kg md 0.3 kg
dIrJ 300  Ns/m dd 122.47  Ns/m
ki 3 kN/m k¢ 0.5 kN/m
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Fig. 6. Pathy and measured outpyt with compliance control.

that the outpul deviates from the original path due to the

displacement of the workpiece with the ball notch. However,

the proposed control strategy is still able to move the bahw
maximum velocity inside the notch. As shown in Fig. 7 on the
left hand side, the reference motigfl along the path can be

tracked very well. The position errors in the transversalest on the right hand side. The force in tangential directigris

are smaller than mm. Note that the characteristics §f and mainly caused by friction between the ball and the notch|
& correspond to the displacement of the notch. The forcaddition, the inputs, i.e. the forces of the linear drives, a|
acting on the ball during the movement are depicted in Fig.shown.
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VI. CONCLUSION

This paper presents path following control for fully aceat
rigid body systems in three-dimensional space. The prapose

path following control strategy is suitable for any pathttha Tslgo

can be parametrized as a reguf#r curve, e.g., using quar-

tic splines. Application of the parallel transport framet norpys in the limit case, — 0, the iteration (46) resemble

only allows us to handle paths with zero curvature but al§9) and the iteration (46) numerically solves the diffeiaiat
simplifies the path following control law compared to €.gygepraic system (5).

the Frenet-Serret frame. Additionally, due to the struetof

the proposed path following control concept, we are able to
combine this strategy with compliance control with resgect
the path. For experimental validation the proposed cdetrid 1]
applied to a DELTA robot. These experiments include stathdar
path following control in free space as well as the combaonrati
with compliance control. Although the DELTA robot has only 2]
three translational degrees of freedom, the proposed metho
is formulated for up to six degrees of freedom and can easily
be applied to a 6-axis industrial robot. (31

APPENDIXA 4l

In the following, we prove that the iteration (46) converges
to the solution of (5) fofl; — 0. The difference equation (46) [s]
reads as

2 [6]
eng\/l — (ekale‘Lk) — eL’k,1 = —ekaleH,keH’k.
Substitution of (43) on the left hand side in (50), dividing b [g]
Ts, and taking the limit results in

2
V1= T3] ek —elp

[9]

lim
T:—0 T (51) [0
\/17Ts2fyik71 . 11
=é, + lim —7eLk=éL:e/J_9. [t
T, —0 T, ’

—50

50 - .
hd
i oy
Tty i ,
. Ly
et ) b \ ! VST ey
0 i [\ Vi L L4 !
v R 'y Vi v
) Iy s "
{ e ! E ,‘,’ v NEAY Tg,1
v » 1 N | T N L
" 1y y o I T q,2
- N - == Tq,3 |
| | | | | T
0 0.2 0.4 0.6 0.8 1 1.2 1.4
tins

By inserting (41c) fork — 1 on the right hand side in (50)
dividing by T, and taking the limit, we get

—_
o
T
2

T €Lk — ©,k-1

_ _alg _ AT )
€lk1T ek = —e & e = —e e eyf.
S

(52)
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