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A novel robust position estimator for self-sensing magnetic levitation systems based
on least squares identification

T. Glück∗,a, W. Kemmetmüllera, C. Tumpb, A. Kugia

aAutomation and Control Institute, Vienna University of Technology, Gusshausstr. 27–29, 1040 Vienna, Austria
bSiemens AG / CT PS 8, Otto-Hahn-Ring 6, 81739 Munich, Germany

Abstract

In this work a novel method is introduced for the estimation of the position of a self-sensing magnetic levitation system,
based on a least squares identification strategy. In the first step, a detailed mathematical model of the magnetic levitation
system is derived and the properties of this system are analyzed for the case of a pulse-width modulated control. Based
on this model, an estimation algorithm for the inductance of the magnetic levitation system is introduced. In classical
position estimation schemes known form the literature large estimation errors are typically induced by a deviation of the
electric resistance from its nominal value or by a fast motion of the levitated object. In this work it is shown that these
errors can be exactly compensated by means of a suitable estimation strategy. Furthermore, it is outlined that the chosen
structure of the estimation scheme allows for a very efficient implementation in real-time hardware. Afterwards, the
design of a cascaded position controller for the magnetic levitation system is briefly summarized. Finally, the excellent
quality and the high robustness of the proposed position estimator is demonstrated by means of simulation studies and
measurement results on a test bench.
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1. Introduction

Magnetic levitation systems enable an almost friction-
less suspension of objects. Only the magnetic force gen-
erated by the electromagnets of the magnetic levitation
system support the levitated object. In addition to the
low friction, further benefits are the possibility to actively
change the position of the levitated object and to alter
the characteristics (e.g. the stiffness) of the levitation sys-
tem. Magnetic levitation systems are inherently unsta-
ble, so active position control of the levitated object is
indispensable. Certainly, the determination of the posi-
tion is necessary for the implementation of the controller,
which makes magnetic levitation systems relatively expen-
sive and causes problems in the case of a failure of the
position sensor.

For this reason, so-called sensorless or self-sensing mag-
netic levitation systems have been developed in the recent
years. The position sensor is replaced by an estimation al-
gorithm which makes use of the voltage and current mea-
surement of the magnetic levitation system. The basic
idea of all estimation algorithms is to utilize the functional
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relationship between the inductance of the magnetic levi-
tation system and the position of the levitated object. The
numerous works dealing with the development of estima-
tion algorithms for the magnetic levitation systems can
basically be divided into two working principles: (i) state
observer approach and (ii) parameter estimation approach.

The classical state observer approach uses a Luenberger
state observer, which is designed on the basis of a lin-
earized mathematical model of the magnetic levitation sys-
tem, see, e.g., Vischer (1988). This approach, however, ex-
hibits major shortcomings concerning the robustness with
respect to changes of the parameters and external dis-
turbances (Thibeault et al., 2002). Furthermore, the lin-
earized treatment significantly limits the operating range
of the magnetic levitation system. An improvement of the
robustness in the case of a pulse-width modulation (PWM)
controlled magnetic levitation system could be obtained in
(Maslen et al., 2006; Montie, 2003) by formulating the sys-
tem in form of a linear mathematical model with periodic
parameters. However, no practical implementation of the
algorithms have been reported in these works. To the au-
thor’s knowledge, no attempts of applying the theory of
nonlinear state observers to magnetic levitation systems
have been made. The reason, of course, is the need of
very high sampling rates and the resulting computational
effort.

A by far larger number of works deals with the parame-
ter estimation approach for the position estimation of the
levitated object. These works can again be divided into
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three categories: (a) The first approach is based on the
injection of a high-frequency sinusoidal voltage test signal.
The resulting changes in the amplitude of the current are
a measure of the inductance and, therefore, of the position
of the levitated object. The appropriate choice of the fre-
quency of the test signal enables the decoupling of the con-
trol and the estimation (Sivadasan, 1996). The substantial
disadvantage of this approach is the additional hardware
effort for supplying and evaluating the test signal. Fur-
thermore, the reported implementations of this approach
make use of linear amplifiers with a low energy efficiency
(Sivadasan, 1996). (b) The second subgroup makes use of
hysteresis amplifiers, switching on and off the supply volt-
age such that the resulting amplitude of the current ripples
is kept constant (Mizuno et al., 1998). The position of the
levitated object is then inferred from the switching fre-
quency of the hysteresis amplifier, where the frequency is
typically measured by a phase-locked loop. This approach
lacks in the ability to accurately estimate high-dynamic
changes of the position signal.
Due to the increasing demands on energy efficiency

nowadays switching amplifiers are almost exclusively used
for the control of magnetic levitation systems. The third
group (c) of the parameter estimation approaches utilizes
pulse-width modulation (PWM) controlled switching am-
plifiers, where the average value of the voltage can be
influenced by the duty ratio. Most of the contributions
dealing with the position estimation for this configuration
rely on a harmonic analysis of the voltage and the cur-
rent signals (Kucera, 1997; Noh, 1997; Schammass, 2003;
Schammass et al., 2005). Although several practical im-
plementations have been reported in literature, the first
harmonic is certainly only a rough approximation of the
real current and voltage signals. It is well known that this
approach yields inaccurate results if fast changes of the
duty ratio or a fast motion of the levitated object do oc-
cur. For this reason, e.g. Kucera (1997) uses a look-up
table to approximately account for these effects. Further-
more, the influence of the electric resistance of the coil is
generally neglected. In contrast to the harmonic analy-
sis a least squares estimation is performed in Pawelczak
(2005) in order to obtain the actual value of the induc-
tance. Although the dependence on the electric resistance
is systematically included in this approach, a change of the
duty ratio and a motion of the levitated object cause inac-
curacies in the estimation results. Again a look-up table
is used to approximately account for this effect.
In this work a position estimation algorithm based on

least squares identification is proposed, which, in contrast
to existing works, is capable of systematically account-
ing for the influence of the electric resistance, the (rapid)
change of the duty ratio, and for the motion of the levi-
tated object. Section 2 is devoted to the deviation and the
analysis of the mathematical model of the considered mag-
netic levitation system. The development of the position
estimation scheme is outlined in Section 3, where first only
a stationary object is considered. The position estimation

algorithm is then generalized for the case of a moving lev-
itated object. Here, it is also shown that the proposed
position estimation algorithm is very robust to changes of
the electric resistance. Furthermore, information on an
efficient implementation of the algorithm is given in this
section. Section 4 deals with the development of a basic
position control algorithm. The results of simulation stud-
ies and measurements on a test bench are summarized in
Section 5. The paper concludes with a short summary and
an outlook to further research activities.

2. Mathematical Model

The mathematical model of the magnetic levitation sys-
tem forms the basis of the subsequent position estimation
algorithm and the design of a position controller. Clearly,
that an exact model of the magnetic levitation system is
necessary in order to achieve a good estimation and control
performance. In Figure 1, a sketch of the considered mag-
netic suspension system is given. It basically comprises the
levitated object, which, in the considered case, is a ball,
and the magnetic core. Both, the levitated object and the
magnetic core are made of highly permeable material with
a relative permeability µr ≫ 1. The coil of the electro-
magnet is included in the core and has N turns. Applying
a voltage v to the terminals of the coil results in a current
i which in turn yields a magnetic field in the air gap be-
tween the core and the levitated object. By means of the
resulting magnetic force fm the position s of the levitated
object can be controlled. The mathematical model of

fl
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g

s, w

i
v

(a) Schematic diagram.

Θ

Rfc

Rl

Rg

Rfo

Φl Φfo

Φfc

(b) Equivalent magnetic cir-
cuit.

Figure 1: Schematic diagram of the magnetic levitation
system and equivalent magnetic circuit.

the magnetic levitation system is based on the equivalent
magnetic circuit given in Fig. 1b. It comprises the ef-
fective reluctance Rfc of the core, the effective reluctance
Rfo of the levitated object, the effective reluctance Rg of
the air gap between the core and the levitated object, and
the reluctance Rl, which accounts for the leakage fluxes.

2

Post-print version of the article: T. Glück, W. Kemmetmüller, C. Tump, and A. Kugi, “A novel robust position estimator for self-sensing
magnetic levitation systems based on least squares identification”, Control Engineering Practice, vol. 19, no. 2, pp. 146–157, 2011. doi:
10.1016/j.conengprac.2010.11.003
The content of this post-print version is identical to the published paper but without the publisher’s final layout or copy editing.

http://dx.doi.org/10.1016/j.conengprac.2010.11.003


The reluctances are given as functions of the geometrical
and magnetic parameters in the form

Rfc =
lfc

µ0µrAfc
(1a)

Rfo =
lfo

µ0µrAfo
(1b)

Rg =
s

µ0Ag
(1c)

Rl =
ll

µ0Al
. (1d)

Here, lfc, lfo and ll are the effective lengths and Afc,
Afo, Al are the effective areas of the corresponding ele-
ments. The effective length of the air gap is given by the
position s of the levitated object and the corresponding
area is denoted by Ag. Furthermore, µ0 denotes the per-
meability of air and µr is the relative permeability of the
material of the core and the levitated object.
Using the electromotive force Θ = Ni, the flux through

the coil Φfc is given in the form

Φfc =
Θ

R , (2)

with the equivalent reluctance R of the overall system
given by

R = Rfc +
Rl (Rg +Rfo)

Rl +Rg +Rfo
. (3)

Based on the flux linkage ψ = NΦfc of the coil, Faraday’s
law yields

d

dt
ψ = −Ri+ v, (4)

where R is the electric resistance, i denotes the current
and v is the voltage applied to the coil. The flux linkage
is a function of the current i and the position s of the
levitated object. Using

d

dt
ψ =

∂ψ

∂i

di

dt
+
∂ψ

∂s
w = L(s)

di

dt
+
∂L(s)

∂s
wi, (5)

with the velocity w = ṡ of the levitated object and the
inductance L(s),

L(s) =
N2

R(s)
, (6)

(4) can be reformulated in the form

d

dt
i =

1

L(s)

(
−Ri− ∂L(s)

∂s
wi+ v

)
. (7)

From the magnetic co-energy Wco
m

Wco
m =

1

2
L(s)i2, (8)

the magnetic force fm of the magnetic levitation system
can be calculated as

fm(s, i) =
∂Wco

m

∂s
=

1

2

∂L(s)

∂s
i2. (9)

The overall mathematical model of the magnetic levitation
system is completed by applying the balance of momentum
to the levitated object.

d

dt
s = w (10a)

d

dt
w =

1

m
(fm + fl +mg) (10b)

Here,m is the mass of the levitated object, fl is an external
load force and g denotes the gravitational constant.
In order to achieve high energy efficiency, magnetic levi-

tation systems are usually driven by a switching amplifier.
In the considered application an H-bridge comprising 4
MOSFETs is used, where the coil of the magnetic levita-
tion is placed in the cross-path of the bridge, see Fig. 2.
Using a suitable control strategy for the four transistors

vbat v

R i

L(s)

Figure 2: H-bridge switching amplifier.

of the H-bridge, either the supply voltage vbat or the neg-
ative supply voltage −vbat is applied to the coil. In the
considered application a pulse-width modulated voltage v
of the form

v(t) =

{
vbat for kTpwm < t ≤ (k + χ)Tpwm

−vbat for (k + χ)Tpwm < t ≤ (k + 1)Tpwm
(11)

is used, where 0 ≤ χ ≤ 1 is the duty ratio and Tpwm is
the fixed modulation period. Obviously, the average value
v̄ = 2vbat (χ− 1/2) of the voltage v can be directly ad-
justed by means of the duty ratio χ. The PWM voltage
switching gives rise to a repeated charging and discharg-
ing of the coil, see Fig. 3. The amplitude of the resulting
current ripple is significantly influenced by the inductance
L(s) of the coil, which is forms the basis of the estimation
strategy for the inductance and thus for the position of the
levitated object. Up to now it was assumed that the pa-
rameters of the reluctances are independent of the control
input v. This assumption is no longer valid if the coil is
actuated by means of a PWM voltage. It turns out that
the relative permeability µr of the core and the levitated
object strongly depends on the frequency of the excitation,
i.e. the modulation period Tpwm of the voltage v. It is well
known from literature that the relative permeability µr
decreases with increasing frequency ω and tends to 1 if ω
approaches infinity, i.e. µr → 1 for ω → ∞ (Boll, 1990).
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vbat

−vbat

t

Tpwm χTpwm

v(t) i(t)

Figure 3: PWM switching waveform and resulting current
ripple.

The PWM voltage actuation gives rise to a DC mag-
netic field superimposed by a small alternating magneti-
zation (Boll, 1990). The change in the magnetization shifts
the permeability and therefore the inductance, see Fig. 4.
This, of course, has a strong impact on the (measurable)
inductance Lo and the magnetic force fm of the mag-
netic levitation system. Since the estimation algorithm

ψ

i

Lo

Lc

Figure 4: Alternating magnetization and DC magnetic
field.

for the position of the levitated object to be designed in
the next section fundamentally relies on an exact mathe-
matical model of the magnetic system, this behavior must
be thoroughly taken into account. A systematic descrip-
tion of the frequency dependent relative permeability µr
is, however, rather difficult and thus not useful for the ob-
server and controller design. For that reason, in this work
two different mathematical models for the observer design
and the controller design will be used. The mathematical
models are based on the following considerations:

1. The goal of the controller design is to control the po-
sition s of the levitated object. It turns out that the
dynamics of the mechanical system, i.e. the levitated
object, are rather slow in comparison to the frequency
ωpwm = 2π/Tpwm of the pulse-width modulated volt-
age v. This implies that the position s of the levitated
object is primarily influenced by the average value v̄ of
the voltage v and the oscillation of the position caused
by the PWM excitation can be neglected. Thus, for
the calculation of the magnetic force fm the relative
permeability µr,0 for dc-excitation (ω = 0) is used.

This yields

fm =
1

2

∂Lc(s)

∂s
i2, (12)

where Lc(s) denotes the effective inductance at ω = 0,
i.e. for µr = µr,0, cf. Fig. 4.

2. The situation is completely different for the observer
design, since here the ripples in the current i due to
the PWM voltage are exploited to estimate the in-
ductance L and thus the position s of the levitated
object. In this case, the main objective of the math-
ematical model is an exact description of the time
evolution of the current i, thus the calculation of the
inductance Lo is based on the relative permeability
µr,pwm at ω = ωpwm.

To summarize these considerations, the model Σo

Σo :
d

dt
i =

1

Lo(s)

(
−Ri− ∂Lo(s)

∂s
wi+ v

)
(13)

is used for the observer design, while the controller design
is based on

Σc :
d

dt
i =

1

Lc(s)

(
−Ri− ∂Lc(s)

∂s
wi+ v

)
(14a)

d

dt
s = w (14b)

d

dt
w =

1

m

(
1

2

∂Lc(s)

∂s
i2 + fl +mg

)
. (14c)

The mathematical models (13) and (14) cannot be
parametrized solely by geometrical data, since the value
of some parameters as e.g. the length ll and the area Al
of the leakage reluctance, the length lfo and the area Afo
of the reluctance of the levitated object or the area Ag of
the air gap, are not directly available. Moreover, the rel-
ative permeability µr as a function of the frequency ω is
only roughly known. Therefore, an estimation of the un-
known parameters was performed based on the following
two measurements:

• In the first measurement, the inductance Lo was mea-
sured at ωpwm for different (constant) positions s of
the levitated object.

• The magnetic force fm and thus ∂Lc/∂s was deter-
mined for different (constant) positions s of the levi-
tated object in the second measurement.

Based on these two measurements, a (nonlinear) least
squares estimation of the unknown parameters of the
mathematical model was performed. A comparison of the
resulting mathematical model with the measurement data
is given in Fig. 5. Here, both the inductance and the par-
tial derivative of the inductance with respect to the posi-
tion s are depicted. Obviously, a very good approximation
of the measurement data could be obtained.

One interesting result of the estimation of the parame-
ters is the dependence of the relative permeability µr of the
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Figure 5: Comparison of measurement results with the
mathematical model.

core and the levitated object on the frequency ω. Given
(from data sheet (Kaschke, 2009)) the relative permeabil-
ity µr,0 = 4000 of the material at ω = 0, the relative

permeability µr,pwm at ωpwm ≈ 2π × 10
3

rad/s reduces to
µr,pwm = 3000, which emphasizes the necessity of consid-
ering this effect in the mathematical model.

3. Least squares position estimation

In this section, a novel algorithm for the estimation of
the position of the levitated object is presented. Apart
from a high estimation accuracy the estimation algorithm
to be developed should feature a numerically efficient im-
plementation in order to be suitable for a cheap real-time
hardware. In the first part of this section, the main es-
timation principle for the inductance of a static levitated
object is outlined. Due to the shortcomings of this basic
algorithm in the case of a moving levitated object and the
poor robustness with respect to a deviation of the electric
resistance from its nominal value, an extension of the basic
algorithm is derived in the second part. It turns out that
a motion of the levitated object has the same influence
on the estimated inductance as a deviation of the electric
resistance from its nominal value. This fact is advanta-
geously utilized in the second part, where the influence of
the motion of the object and of the deviation of the electric
resistance is eliminated by means of a suitable averaging of
the estimated values of the inductance. The model-based

determination of the position and the velocity is given in
the third part. A major challenge in the implementation
of the estimation algorithm is the rather high PWM fre-
quency and the associated even higher sampling frequency
of the estimation algorithm. On that score, the last part of
this section is concerned with the efficient implementation
of the overall estimation algorithm on a real-time hard-
ware. Here it is shown that the partitioning of the overall
estimation algorithm in a fast but rather simple part and
a slower but more complex part is advantageous for the
implementation.

3.1. Estimation of the inductance for a static levitated ob-
ject

The first step in the estimation of the position s of the
levitated object is to estimate the actual value of the in-
ductance L of the system. For this, again Faraday’s law,
cf. (4) is considered

d

dt
ψ(t) = −Ri(t) + v(t), ψ(t0) = ψ0, (15)

where ψ0 denotes the initial condition of the flux linkage
ψ and the electric resistance R is assumed to be constant.
The flux linkage is given by ψ(t) = L(t)i(t), where the
inductance1 L is a function of the position s which in turn
is time dependent, i.e. L(t) = L(s(t)). The integration of
(15) from time ts to time te yields

∫ te

ts

dψ

dt
dt =

∫ te

ts

dL

dt
idt+

∫ te

ts

L
di

dt
dt =

∫ te

ts

(−Ri+ v) dt.

(16)
For the time being it is assumed that the levitated object
is not moving, i.e. ṡ = w = 0, and therefore the inductance
L is constant, i.e. L̇ = 0. Then, (16) is given in the form

i(te) = i(ts) +
1

L

∫ te

ts

(−Ri+ v) dt

︸ ︷︷ ︸
∆ψ

(17)

and the inductance L could in principle be estimated from
the measurement of i and v and the calculation of ∆ψ.
There are, however, a number of drawbacks resulting from
a direct implementation of (17):

• In order to derive L from (17) it is necessary to calcu-
late the integral for ∆ψ. If the integral is implemented
in analog hardware, very high demands on the drift of
the integrator and therefore on the circuit complexity
have to be made.

• Although the value of i(ts) could be obtained by the
first measurement value of the current, already a small
measurement noise would result in large errors of the
value of the inductance L.

1In order keep the notation short and readable, throughout Sec-
tion 3 by L always the inductance Lo for ω = ωpwm is understood.
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• As already mentioned in Section 2, the considered
magnetic levitation system is controlled by means of a
pulse-width modulated voltage v. Here, the switching
of the transistors of the H-bridge causes glitches in the
measurement signals for the voltage and the current
which also yield erroneous estimated values of L.

In order to circumvent these problems, the following strat-
egy is proposed: First, a digital implementation of the es-
timation algorithm on a FPGA is used where the voltage
v and the current i are sampled with a sampling time Ts.
Furthermore, an estimated value of the inductance L is
calculated only every Tpwm seconds, where Tpwm denotes
the modulation period of the pulse-width modulated volt-
age. The influence of the switching glitches is avoided by
ignoring some samples before and after every switching of
the transitions of the H-bridge. Finally, the overall time
period Tpwm is subdivided into the charging phase (index
I) where v ≈ vbat and the discharging phase (index II)
where v ≈ −vbat. This strategy is illustrated in Fig. 6.

v

i

t

t

k

vbat

−vbat

t0

tIs tIe

t0 + χTpwm

tIIs tIIe

t0 + Tpwm

0I mI
s mI

e mI − 1

0IImII
s mII

e mII − 1

Figure 6: Charging I and discharging II phase of a single
PWM-period.

With these prerequisites the estimation of the induc-
tance LI and LII in the charging and the discharging
phase, respectively, can be performed. In the subsequent
derivations only the charging phase I is considered, since
the results for the discharging phase II can be obtained in

a similar way. As described before, in order to avoid the in-
fluence of the switching glitches only measurements in the
time interval

[
tIs, t

I
e

]
, with the start time tIs and the end

time tIe, of the overall charging phase [t0, t0 + χTpwm] are
used for the estimation of the inductance LI . This time in-
terval corresponds to the sampled measurement data with
indices mI

s, . . . ,m
I
e. Thus, the change of the flux linkage

∆ψkI = ∆ψ(kITs), with kI = mI
s, . . . ,m

I
e, results from

(17) in the form

∆ψmI
s
= 0 (18a)

∆ψkI = Ts

kI−1∑

j=mI
s

(−Rij + vj) , kI = mI
s + 1, . . . ,mI

e

(18b)

and the equation (17) for the current i reads as

ikI = imI
s
+

(
LI

)−1
∆ψkI , kI = mI

s, . . . ,m
I
e. (19)

As will be shown later, it turns out that the scaling

∆ψkI = Ts∆ψ̃kI (20a)

(
LI

)−1
=

1

Ts

(
L̃I

)−1

, (20b)

with the sampling time Ts is useful for the implementation
of the estimator. Then, (19) is given by

ikI = imI
s
+
(
L̃I

)−1

∆ψ̃kI , kI = mI
s, . . . ,m

I
e. (21)

From (21) it can be deduced that theoretically only one
measurement suffices to calculate the unknown parame-
ter, i.e. the inductance L. Of course, due to measurement
noise this would lead to very imprecise estimation results
and thus is not feasible in practical applications. However,
by usingmI

e−mI
s+1 measurements of the current i and the

voltage v, the resulting equations are over-determined and
thus cannot be exactly solved. Therefore, a best approx-
imation of the measurements in the sense of a quadratic
measure (least squares approximation) is used in this work.
For this purpose (21) is reformulated in vector-notation in
the form




imI
s

imI
s+1

...
imI

e




︸ ︷︷ ︸
yI

=




1 ∆ψ̃mI
s

1 ∆ψ̃mI
s+1

...
...

1 ∆ψ̃mI
e




︸ ︷︷ ︸
SI

[
ĩmI

s(
L̃I

)−1

]

︸ ︷︷ ︸
θI

, (22)

where yI ∈ RmI
e−mI

s+1 denotes the measurement vector,

SI ∈ R(mI
e−mI

s+1)×2 is the regression matrix and θI ∈ R2 is
the parameter vector to be determined. It can be seen that

in addition to the inverse normalized inductance
(
L̃I

)−1

an estimation ĩmI
s
of the initial value of the current imI

s
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in the time interval
[
tIs, t

I
e

]
has been added as a second

parameter. This is done in order to improve the robustness
of the estimation with respect to measurement errors of
imI

s
. The best approximation θ̂I of the parameter vector

θI in the least squares sense is given by the pseudo-inverse

θ̂I =
((

SI
)T

SI
)−1 (

SI
)T

yI . (23)

With this, an estimation for the initial current value ˆ̃imI
s
=

θ̂I1 and for the inductance L̂I = Ts/θ̂
I
2 are obtained for the

charging phase I. The same approach can be used for

the discharging phase II yielding the estimations ˆ̃imII
s

=

θ̂II1 for the initial current value and L̂II = Ts/θ̂
II
2 for the

inductance.
The two estimated values for the inductance, L̂I and

L̂II , are exactly equal only if (i) the measurements are
exact, (ii) the electric resistance R is exactly known and
(iii) the levitated object is at rest, i.e. w = 0. Of course,
in practical applications none of these assumptions is ful-
filled. Especially, the electric resistance R of the system
changes during operation due to changing temperature.
Furthermore, since it is desired to control the position of
the levitated object, the last assumption, i.e. w = 0 or
L̇ = 0, is also very limiting. Therefore, the influence of a
moving levitated object and an inexact knowledge of the
electric resistance R on the estimated values L̂I and L̂II

will be examined in the next subsection.

3.2. Estimation of the inductance of a moving levitated
object

In the previous subsection exact knowledge of the elec-
tric resistance R and a resting levitated object, i.e. w = 0,
was assumed. In this section, the errors of the estimated
values L̂I and L̂II of the inductance resulting from these
assumptions are investigated in more detail. It is assumed
that w 6= 0 and that the real value R of the electric resis-
tance is given by

R = R̂+∆R, (24)

with the deviation ∆R of the electric resistance from its
nominal value R̂, which results e.g. from temperature vari-
ations.
According to (16) the relation including the motion of

the levitated object and the real value of the electric resis-
tance in the charging phase reads as

∫ tIe

tIs

dL

dt
idt+

∫ tIe

tIs

L
di

dt
dt =

∫ tIe

tIs

(−Ri+ v) dt, (25)

whereas the estimation described in the last subsection is
based on

L̂I
∫ tIe

tIs

di

dt
dt =

∫ tIe

tIs

(
−R̂i+ v

)
dt

=

∫ tIe

tIs

(−(R−∆R)i+ v) dt.

(26)

Substituting

∫ tIe

tIs

(−Ri+ v) dt = L̂I
∫ tIe

tIs

di

dt
dt−

∫ tIe

tIs

∆Ridt (27)

from (26) into (25) gives

∫ tIe

tIs

dL

dt
idt+

∫ tIe

tIs

L
di

dt
dt = L̂I

∫ tIe

tIs

di

dt
dt−∆R

∫ tIe

tIs

idt,

(28)
where it is assumed that the deviation ∆R of the electric
resistance is constant over the integration time tIs−tIe. This
approximation is reasonable since the integration time tIs−
tIe is very short in comparison to the typical time constant
of the change of the electric resistance R.

In order to further analyze (28) two additional assump-
tions are made:

1. It is presumed that the time derivative L̇ of the in-
ductance is constant over one PWM-period tIs < t ≤
tIs +Tpwm. Note that this assumption is more general

than the one used in the last section, i.e. L̇ = 0.

2. The current i is almost triangular2, i.e.

di

dt
=
i(tIe)− i(tIs)

tIe − tIs
=

∆iI

∆tI
(29)

and
di

dt
=
i(tIIe )− i(tIIs )

tIIe − tIIs
=

∆iII

∆tII
(30)

for the charging phase I and the discharging phase
II, respectively.

With these assumptions (28) can be rewritten in the form

∆iI

∆tI

∫ tIe

tIs

L dt = L̂I
∆iI

∆tI

∫ tIe

tIs

1dt−
(
∆R+ L̇

)∫ tIe

tIs

i dt

(31)
or equivalently

∆iI
1

∆tI

∫ tIe

tIs

Ldt = L̂I∆iI −
(
∆R+ L̇

)∫ tIe

tIs

i dt. (32)

The definition of the average value L̄ of the inductance L
and the average value īI of the current i

L̄ =
1

∆tI

∫ tIe

tIs

L dt (33a)

īI =
1

∆tI

∫ tIe

tIs

i dt (33b)

2This assumption is very well justified for small modulation peri-
ods Tpwm. However, when using larger modulation periods a degra-
dation of the accuracy of the inductance estimation must be ex-
pected.
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finally yields

L̄ = L̂I −
(
∆R+ L̇

) īI

∆iI
∆tI . (34)

With this, the average value L̄ of the inductance is given by
the estimation L̂I and an additional term depending both
on the error ∆R of the electric resistance and the change
L̇ of the inductance. Interestingly, ∆R and L̇ identically
influence the estimation error L̄− L̂I and thus cannot be
distinguished. Additionally, (34) shows that rather large
errors may result from ∆R and L̇. Thus it is inevitable
to find a better estimation which systematically accounts
for errors of the electric resistance and for a motion of the
levitated object.
For this purpose, the same approach as before is used

for the discharge phase II to calculate

L̄ = L̂II −
(
∆R+ L̇

) īII

∆iII
∆tII . (35)

Combing the results (34) and (35) it is possible to calculate
the average value L̄ in such a way that the influence of ∆R
and L̇ is canceled out, i.e.

L̄ =
L̂I∆iI īII∆tII − L̂II∆iII īI∆tI

∆iI īII∆tII −∆iII īI∆tI
. (36)

In (36) the knowledge of ∆iI , ∆iII , īI and īII is neces-
sary. These values can, of course, be estimated from the
measurement of the current i. Anyway, for small changes
of the current mean value īI ≈ īII , the approximation
∆iI = −∆iII holds and (36) can be significantly simpli-
fied to

L̄ =
L̂I∆tII + L̂II∆tI

∆tI +∆tII
, (37)

which is equal to a cross weighted averaging of the estima-
tions L̂I and L̂II . The drawback of this simple averaging
is that in case of fast changes of the duty ratio of the volt-
age and therefore fast changes of the average value of the
current rather imprecise estimations result from (37) while
(36) still provides exact results.

3.3. Estimation of the position and velocity of a levitated
object

The estimated average value L̄ of the inductance has
been calculated in the previous subsection by (36) or in
its simplified form in (37). Given the reluctance model
(6) with (1) and (3), a model-based estimation ŝ of the
position s of the levitated object can be found by inverting
(6), i.e.

ŝ = s(L̄). (38)

Keeping in mind the equations of the mechanical part
(10) it is obvious that an estimation ŵ of the velocity w
is required in order to stabilize the (undamped) levitated
object. In this work, an approximate differentiation of the

estimated position ŝ is used in order to derive the esti-
mated velocity ŵ,

ẋw = − 1

Tw
xw + ŝ (39a)

ŵ = − 1

(Tw)2
xw +

1

Tw
ŝ. (39b)

Here, a proper choice of the time constant Tw of the ap-
proximate differentiation has to be made in order to guar-
antee a good trade-off between the suppression of the mea-
surement noise and a sufficient dynamics of the estimated
value ŵ.

3.4. Implementation of the algorithm

In this subsection, questions concerning the implemen-
tation of the estimation algorithm will be discussed. The
main problem arising in the digital implementation of the
proposed estimation algorithm results from the fast dy-
namics of the current and the resulting high frequency of
the pulse-width modulated voltage, i.e. the small mod-
ulation period Tpwm. In order to suppress measurement
noise and to obtain accurate estimations for the induc-
tance L or equivalently for the position s of the levitated
object, a very fast measurement of the current i and the
voltage v is necessary. Hence, the sampling time Ts must
be considerably smaller than the modulation period Tpwm
of the pulse-width modulated voltage, i.e. Ts ≪ Tpwm.
On the one hand the modulation period Tpwm must be
reasonable long in order to get enough measurements to
attenuate noise and on the other hand it must be small
enough to capture the time constant of the mechanical
system. For the experimental setup the following typical
values are used for Tpwm and Ts:

Tpwm = 1024µs, Ts = 1µs. (40)

Thus, a very efficient implementation of the estimation
algorithm is required in order to be able to realize the
very small sampling time Ts.

Recapitulating the estimation algorithm of the last sub-
sections it turns out that some quantities, e.g. ∆ψ̃, have
to be calculated every sampling time Ts. The estimated
values L̂I and L̂II as well as the average estimated value
L̄ and the position ŝ or the velocity ŵ only have to be cal-
culated once every time period Tpwm. Therefore, a very
efficient implementation of the first calculation is needed
while computational efficiency is not crucial for the lat-
ter calculations. Hence, the following discussion on the
efficient implementation will concentrate on the first part.

In order to calculate the estimated value of L̂I the least
squares estimate (23) has to be solved. Instead of setting
up SI and yI it turns out to be more efficient to directly

calculate the entries of
(
SI

)T
SI ∈ R2×2 and

(
SI

)T
yI ∈

R2. A short calculation shows that the entries of Ξ =
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(
SI

)T
SI are given in the form

Ξ =




mI
e −mI

s + 1

mI
e∑

j=mI
s

∆ψ̃j

mI
e∑

j=mI
s

∆ψ̃j

mI
e∑

j=mI
s

(
∆ψ̃j

)2




(41)

and the entries of ξ =
(
SI

)T
yI read as

ξ =




mI
e∑

j=mI
s

ij

mI
e∑

j=mI
s

ij∆ψ̃j



. (42)

Obviously, only a few summations and multiplications but
no divisions are necessary in every sampling time Ts in
order to calculate the entries of ΞI and ξI . This allows
an easy implementation in fixed-point arithmetics e.g. on
a FPGA without loss of accuracy. Furthermore, only the
memory for the storage of 5 values of ΞI and ξI is neces-
sary which further supports the hardware implementation.
Naturally, the calculation of the estimated parameter θ̂I

and therefore of the estimated inductance L̂I is performed
in floating point in order to achieve the necessary accu-
racy. However, since these calculations only have to be
executed once every modulation period Tpwm this can be
easily handled with a standard floating point processor.
For the calculation of the average inductance L̄ by

means of (36) additional knowledge of ∆iI , ∆iII , īI and
īII is necessary. Here, ∆iI is defined in the form

∆iI = imI
e
− imI

s
(43)

which can be easily calculated from the measurement of
the current. This way of calculating ∆iI , however, leads
to very inaccurate results if the measurement is corrupted
by noise. In this work a more robust determination of ∆iI

based on a least squares approximation is used. Assuming,
as before, that the current is an approximately triangular
signal, the current i for every sampling time is given by

ij = iImI
s
+

j −mI
s

mI
e −mI

s

∆iI , j = mI
s, . . . ,m

I
e. (44)

In order to obtain an optimal estimation of iImI
s
and ∆iI ,

the following least squares problem is formulated




imI
s

imI
s+1

...
imI

e




︸ ︷︷ ︸
hI

=




1
mI
s −mI

s

mI
e −mI

s

1
mI
s + 1−mI

s

mI
e −mI

s
...

...

1
mI
e −mI

s

mI
e −mI

s




︸ ︷︷ ︸
QI

[
iImI

s

∆iI

]

︸ ︷︷ ︸
ρI

, (45)

where hI ∈ RmI
e−mI

s+1 denotes the measurement vector,

QI ∈ R(mI
e−mI

s+1)×2 is the regression matrix and ρI ∈ R2

is the parameter vector. The optimal solution ρ̂I of (45)
in the least squares sense is given by (cf. (23))

ρ̂I =
((

QI
)T

QI
)−1 (

QI
)T

hI . (46)

As the entries of hI and QI have to be determined every
sampling time Ts, once again an efficient implementation
is necessary. A simplification of (46) with (45) leads to

((
QI

)T
QI

)−1

=




2
(
2
(
∆mI

)
+ 1

)

ζ

−6∆mI

ζ
−6∆mI

ζ

12∆mI

ζ


 (47)

with ζ =
(
∆mI + 2

)
+
(
∆mI + 1

)
and

(
QI

)T
hI =




mI
e∑

j=mI
s

ij

mI
e∑

j=mI
s

ij
j −mI

s

∆mI




(48)

with ∆mI = mI
e −mI

s. Clearly, the entries of (47) can be
easily calculated based onmI

e andm
I
s only. Moreover, note

that the first entry of (48) has already been calculated in
(42).
With these considerations the practical implementation

of the estimation algorithm can be summarized as follows:

1. The calculation of the entries of STS, STy and QTh
according to (41), (42) and (48) both for the charging
phase I and the discharging phase II is performed
every fast sampling time Ts on a fixed-point FPGA.

2. The resulting data is transferred to a floating point
processor (e.g. a soft-core processor emulated on the
FPGA) once every modulation period Tpwm. Here,

the estimated values of the inductance L̂I , L̂II ac-
cording to (23) and the values of ∆îI , ∆îII according
to (46) are determined. Based on these results the
estimation of the average value of the inductance and
the calculation of the estimated position s and the
velocity w are performed.

4. Control strategy

A short analysis of the mathematical model (14) shows
that the magnetic levitation system is unstable without
control. Therefore, a suitable control strategy is necessary
in order to validate the performance of the proposed es-
timation algorithm for the position s and the velocity w.
In this work a rather simple cascaded control strategy is
designed which comprises a controller for the current i in
the inner control loop and a position controller in the outer
control loop.
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4.1. Current controller

The current i of the magnetic levitation system is di-
rectly related to the magnetic force fm via (12). By using
a pulse-width modulated voltage v of the form (11) for
the control of the magnetic levitation this results – as was
outlined in detail in the last sections – in a triangular-
like evolution of the current. Naturally, this also implies
a changing magnetic force during the modulation period
Tpwm. On the other hand, the duty ratio χ can only be
set once at the beginning of every modulation period. This
shows that only the average value ī of the current i can
be controlled by means of the duty ratio χ as the control
input of the system. Given the average values ī and v̄ of
the current and the voltage, respectively,

ī =
1

Tpwm

∫ t

t−Tpwm

i(τ)dτ (49a)

v̄ =
1

Tpwm

∫ t

t−Tpwm

v(τ)dτ = 2vbat

(
χ− 1

2

)
, (49b)

the following model for the average current results from
(14a)

d

dt
ī = − 1

Lc
(Rī− v̄) . (50)

This equation, of course, only holds true if the position
s of the levitated object and thus the inductance Lc is
constant. In reality, the levitated object is moving and
therefore this assumption is not fully justified. However,
since the changes in the inductance Lc are rather small for
the typical operating range of magnetic levitation systems
and the current controller will be designed to be robust
with respect to changing inductances, it is possible to use
a nominal value Lsp which corresponds to the inductance
at a nominal position setpoint of the levitated object.
In this work, a two degrees-of-freedom control strategy

comprising a feedforward and a feedback control, is pro-
posed for the control of the average value ī. If the suffi-
ciently smooth desired trajectory of the average current is
denoted by īd then the feedforward control v̄d is given by

v̄d = Lsp
d

dt
īd +Rīd. (51)

The error ei = ī − īd can then be stabilized by a PI-
controller of the form

v̄c = −λ1,iei − λ0,i

∫ t

0

eidτ, (52)

where λ1,i, λ0,i > 0 are the constant controller parameters.
Using the control law v̄ = v̄c + v̄d, the overall closed-loop
error system can be written in the form

d

dt
ei,i = ei (53a)

d

dt
ei = − 1

Lsp
((R+ λ1,i) ei + λ0,iei,i) . (53b)

Naturally, the dynamics of the (linear) error system can
be arbitrarily assigned by means of the two controller pa-
rameters λ1,i and λ0,i, where a suitable choice guarantees
the robustness of the controller with respect to changes of
the inductance Lc. The control law is implemented with a
sampling time of Tpwm. The average value ī of the current

is determined from îI and îII (c.f. Section 3.4) by ex-
trapolating to the current peak and calculating the mean
value

ī =
∆îI

4

(
mI − 1− 2mI

s

mI
e −mI

s

)
+

∆îII

4

(
mII − 1− 2mII

s

mII
e −mII

s

)

+
1

2

(
îmI

s
+ îmII

s

)
.

(54)

4.2. Position controller

The position s of the levitated object is controlled in
the outer control loop, where it is assumed that the inner
current controller is sufficiently fast such that the assump-
tion ī = īd holds. Then, the average value ī of the current
can be used as the control input for the position controller.
For zero load force fl = 0 the equations for the mechanical
system read as (cf. (14b), (14c))

d

dt
s = w (55a)

d

dt
w =

1

m
(mg + fm(i, s)) . (55b)

As has been described in Section 2, the magnetic force fm
is a function of the current i and the position s, cf. (12).
Since the dynamics of the mechanical system is consider-
ably slower than the modulation period Tpwm, it can be
assumed that only the average value f̄m of the magnetic
force fm, i.e. f̄m = fm (̄i, s), is responsible for a change in
the position s. In the subsequent design of the position
controller it is further assumed that the average value f̄m
of the magnetic force serves as the (virtual) control input
of the system. This is justified by the fact that the desired
average value īd of the current can be easily calculated by
solving (12) for a given position of the levitated object.
The position controller is again based on a two degrees-

of-freedom control structure. Given the two times contin-
uously differentiable desired trajectory sd for the position
of the levitated object, the feedforward control reads as

fm,d = m (s̈d − g) . (56)

Introducing the position error es = s− sd and the velocity
error ew = w − wd, with the desired velocity wd = ṡd, the
PID feedback control can be written in the form

fm,c = −λ2,sew − λ1,ses − λ0,s

∫ t

0

esdτ, (57)

with the constant controller parameters λ2,s, λ1,s, λ0,s > 0.
Using the overall position control input fm = fm,d + fm,c
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in (55) the closed-loop error system reads

d

dt
ei,s = es (58a)

d

dt
es = ew (58b)

d

dt
ew = − 1

m
(λ2,sew + λ1,ses + λ0,sei,s) (58c)

and the closed-loop dynamics can be arbitrarily assigned.

4.3. Overall control and estimation strategy

Fig. 7 depicts the overall structure of the proposed con-
trol and estimation strategy. Here, the control strategy
comprises the inner current control loop, the outer posi-
tion control loop and the trajectory generation. The esti-
mation of the position is divided into a fast part Σefast and
a slow part Σeslow. As outlined in Section 3.4, the fast part
Σefast calculates the entries of Ξ (41), ξ (42) andQTh (48).
These values are updated every fast sampling time Ts and
transferred to the slow part once every modulation period
Tpwm. The calculation of the estimated position ŝ and the
estimated velocity ŵ is performed in the slow part Σeslow
of the estimator. This part, as well as the control strat-
egy, is evaluated once every modulation period Tpwm. This
partitioning into a fast and a slow part of the overall con-
trol and estimation strategy allows for a very efficient (and
cheap) implementation. In the considered application, the
fast part is implemented in fixed-point arithmetics on a
FPGA while the slow part is calculated in floating-point
on a softcore processor emulated on the FPGA.

5. Simulation and experimental results

This section analyzes the properties of the proposed es-
timation and control strategy. First, simulation results are
shown since they are more suitable to elaborate the char-
acteristics of the self-sensing estimation algorithm. Af-
terwards, measurement results on a test bench are given
in order to prove the practical feasibility of the proposed
estimation scheme.

5.1. Simulation results

For testing and simulation, the estimation and control
algorithm was implemented in Matlab/Simulink. In or-
der to simulate the behavior of the switching amplifier,
a model of the pulse-width modulated voltage of the H-
bridge according to Fig. 2 was built. The control and
estimation strategy was tested for the nominal model with
the model and controller parameters according to Table 1.
Fig. 8 shows the simulation results of a set point change

of the position from 4mm to 6mm in 0.3 s. It is assumed
that the real value of the electric resistance corresponds to
the nominal one, namely R = R̂ = 1.5Ω. In Fig. 8a, the
estimated inductances L̂I , L̂II and the mean value L̄ are
depicted. Moreover, Fig. 8b shows a detail of Fig. 8a. Due

Figure 10: Picture of the experimental test bench.

to the movement of the levitated object there is a spread-
ing between the inductance L̂I and L̂II . Nevertheless, this
influence is canceled out by calculating the mean value L̄
according to equation (54). The associated estimated po-
sition is shown in Fig. 8c and the resulting position error
s− ŝ in Fig. 8d, respectively. In Fig. 8e, the current i and
the estimated mean value ī according to equation (58) are
shown. Finally, Fig. 8f depicts the duty ratio calculated
by the current controller. These simulation results con-
firm that a very accurate position estimation is achieved
by the proposed estimation algorithm, even in the case of
a fast changing position of the levitated object. As already
mentioned before, this represents the major advantage of
the proposed estimation algorithm in comparison to oth-
ers given in the literature (Noh, 1997; Pawelczak, 2005;
Schammass et al., 2005).

For the simulation study in Fig. 9, a deviation of the
electric resistance of ∆R = −0.5Ω was assumed. The
wrong value of the electric resistance causes a spreading
between the estimated inductances L̂I and L̂II , cf. Fig. 9a.
However, in the mean value L̄ of the inductance the error
due to the motion of the levitated object as well as the
error induced by the wrong value of the electric are sup-
pressed. Certainly, the estimated position (cf. Fig. 9b) is
also correct.
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Figure 7: Overall structure of the proposed control and estimation strategy.
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Figure 8: Simulation results for a setpoint change for R = R̂ = 1.5Ω.
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(b) Estimated and nominal position.

Figure 9: Simulation results for a setpoint change for a wrong electric resistance R = 1.5Ω and R̂ = 2Ω.

5.2. Experimental results

After the successful testing in numerous simulations, the
control and estimation scheme was implemented on a test
bench, cf. Fig. 10. The test bench consists of an electro-
magnet comprising a ferrite cylindrical core with a plastic
winding form wrapped in 452 turns of copper wire. The
levitated object is a hollow ball with mass of 94.83 g and
diameter of 40mm fabricated of steel. Two 12 bit analog-
digital converters are used to measure the current and the
supply voltage at a sampling rate of 1MSamples/s. The
whole control and estimation algorithm was implemented
on a Altera Stratix II FPGA test board with a connec-
tion to Matlab for debugging and initialising. Here, the
fast summation part Σefast of the least squares estimator is
implemented in fixed-point arithmetics using VHDL. For
the computation of Σeslow in the slow sampling time Tpwm,
a softcore processor with a real-time operating system was
generated with Altera software on the FPGA. This al-
lows to implement the controller and the slow part Σeslow
in the programming language C and to use floating-point
operations.

Fig. 11 shows a measured current ripple in the time
interval Tpwm = 1.024ms for a current mean value of
ī = 1.5A and a duty ratio of χ ≈ 0.64 . Additionally, the
waveform of the pulse-width modulated voltage is shown.
Furthermore, the detail shows glitches at the beginning of
the modulation period, which are due to the switching of
the MOSFETs of the switching amplifier.

Finally, measurement results for a setpoint change are
shown in Fig. 12 and Fig. 13. Fig. 12 shows measurement
results for the nominal electric resistance R̂ = 1.5Ω. In
Fig. 12a, the desired position sd and the estimated po-
sition ŝ are depicted. Fig. 12b shows the resulting duty
ratio of the current controller. The estimated inductances
are shown in Fig. 12c. Finally, a comparison of the esti-
mated position ŝ and the measured position sm is given
in Fig. 12d. Here, a laser triangulation sensor was used
in order to measure the actual position of the levitated
object.

Additionally, in Fig. 13 measurement results for an error
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Figure 11: Measured current ripple at ī = 1.5A and
switching waveform of the voltage.

between the nominal (R̂ = 2Ω) and the actual (R = 1.5Ω)
electric resistance are shown. As already discussed in de-
tail before, this error causes a spreading of the estimated
inductances L̂I and L̂II . However, the mean value L̄ ac-
cording to (36) guarantees that this influence is exactly
eliminated. Thus, the estimated position ŝ is very close to
the measured position sm, cf. Fig. 13b. A movie of these
experiments can be found in the Electronic Annex 1 in the
online version of this article.

6. Conclusion

In this work, a novel method for the sensorless estima-
tion of the position of a PWM controlled magnetic lev-
itation system was proposed. The design is based on a
detailed mathematical model of the system, where a spe-
cial emphasis was put on an accurate description of the in-
fluence of the switching amplifier on the time evolution of
the current and the position of the levitated object. Based
on a separate analysis of the charging and the discharging
phase of the coil of the magnetic levitation system, the
error induced by a wrong value of the electric resistance
and by the motion of the levitated object could be exactly
compensated. Furthermore, it was briefly outlined how
the proposed estimation algorithm can be efficiently im-
plemented in real-time hardware. Afterwards, a cascaded
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(d) Estimated and measured position by laser triangulation.

Figure 12: Experimental results for a setpoint change, a nominal electric resistance R̂ ≈ 1.5Ω and a measured resistance
R = 1.5Ω.
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(b) Estimated and measured position by laser triangulation.

Figure 13: Experimental results for a setpoint change, a nominal electric resistance R̂ ≈ 2Ω and a measured resistance
R = 1.5Ω.
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position controller comprising a current controller in the
inner control loop and a controller for the position in the
outer control loop was designed. In the last part of this
work, the accuracy of the position estimation and the high
robustness with respect to a changing electric resistance
and a moving levitated object was affirmed by means of
simulation and measurement results.
Further research will focus on the application of this

estimation algorithm to more complex configurations of
magnetic levitation systems. Furthermore, actual work is
concerned with the development of a robust estimation
of the velocity of the levitated object avoiding numerical
differentiation of the estimated position.

description symb. value unit
mass of ball m 94.83× 10−3 kg
coil turns N 452
supplied voltage vbat 11.4 V
reluct. (ω = 0) Rfc 4.77× 106 1/H
reluct. (ω = ωpwm) Rfc 6.34× 106 1/H
reluct. (ω = 0) Rfo 8.07× 105 1/H
reluct. (ω = ωpwm) Rfo 1.07× 106 1/H
reluct. Rl 5.08× 106 1/H
effective area Ag 8.32× 10−4 m2

sampling time Ts 1 µs
modulation period Tpwm 1.024 ms
start sample mI

s,m
II
s 20

par. pos. controller λ0,s 7 N/ms
par. pos. controller λ1,s 1750 N/m
par. pos. controller λ2,s 35 Ns/m
time constant filter Tw 2.84× 10−4 s
par. cur. controller λ0,i 4560 V/As
par. cur. controller λ1,i 9.12 V/A

Table 1: Model and controller parameters.
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