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Abstract— The design of a pneumatic pulse-width modulated
pressure control via trajectory optimized fast-switching electro-
magnetic valves is presented. Two fast-switching valves are used
in a half bridge configuration for pressure control in a pneumatic
volume. The valves are operated using a feedforward control,
which guarantees soft landing and time optimality. The control
performance and achievable noise reduction of the pulse-width
modulated pressure control in combination with the optimized
switching strategy is demonstrated by measurement results on
an experimental test bench.

I. INTRODUCTION

In many industrial applications, there is a demand for
pneumatic systems that are controlled by cheap and reliable
switching actuators. In automation applications, for instance,
pneumatic piston actuators are frequently controlled by means
of pneumatic pulse-width modulation, see, e.g., [9], [12], [13],
[14]. Here, four fast-switching valves, arranged in a pneumatic
full bridge, replace the traditional directional control valve. In
order to achieve a high pulse-width modulation frequency and
likewise a high closed-loop bandwidth, short valve switching
times are necessary. The high pulse-width modulation
frequency, however, produces acoustic noise and causes
mechanical wear of the valves. For this, so-called soft landing
strategies were developed in recent years, cf. [5], [6].

In [8], the design of a feedforward controller that
facilitates soft landing and time optimality of a fast-switching
electromagnetic valve was presented. The feedforward
controller was designed by point-to-point quasi-time-optimal
control, which allows to incorporate input constraints in
a systematic way. In this contribution, the feedforward
control concept is applied to two fast-switching valves
which are arranged in a pneumatic half bridge in order to
control the pressure in a chamber by means of pulse-width
modulation. For this, the mathematical model of the chamber
is derived and the model parameters are identified by means

of measurements. Furthermore, a nonlinear controller based
on exact input-output linearization is designed.

At first, in Section II and III, the modeling of the switching
valves and the design of the feedforward controller are briefly
summarized. Subsequently in Section IV the chamber model is
derived and in Section V the pulse-width modulated pressure
control is designed. Measurement results on an experimental
test bench, given in Section VI, validate the performance of
the developed control strategy and demonstrate the resulting
noise reduction.

II. VALVE MODEL
Spring

Working port

Electromagnet Sleeve

Sealings

7 !

7
Plunger Exhaust port Supply port
Fig. 1: Schematics of the 3/2-fast-switching valve.

The mathematical model of the considered fast-switching
valve, schematically depicted in Fig. 1, can be separated
into three subsystems: the electromagnetic, the mechanical
and the pneumatic subsystem. Since measurement results of
the considered fast-switching valve confirm that the valve is
pressure-balanced, the pressure forces acting on the plunger
will be neglected. In addition, it is assumed that the flow
force is small in comparison to the magnetic force. Since
no internal feedback from the pneumatic dynamics to the
electromechanical subsystem is considered, the optimal control
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problem can be formulated with the pneumatic subsystem
being neglected.
A. Electromagnetic Subsystem

The equivalent magnetic circuit of the fast-switching valve
is shown in Fig. 2a. It comprises the flux-dependent effective

fmvfs»ff

f Plunger
S, w S| Su
(b) Schematics.

m |

(a) Reluctance model.

Fig. 2: Reluctance model and schematics of the fast-switching
valve.

core reluctance Ry (P f.), with core flux @y, the effective
reluctance R, of the plunger, the effective reluctance R(s)
of the air gap s between the core and the plunger, and
the reluctance R; which accounts for leakage fluxes. The
reluctances are modeled in the form

lfe ly
Ric(Ppe) = ——F0——), Rpp = —F——,
T fotge(®re) Age = popspAsy I
I 2s
R = R (s) = _
1 ,LL()AZ J( ) /LUAQ

Here, Iy, lyp, and [; are the effective lengths of the core, the
plunger, and the leakage flux lines, respectively. Ays., Agp,
and A; are the corresponding effective areas. The effective
length of the air gap is equal to 2s, since there are two
air gaps between the core and the plunger, cf. Fig. 1. The
corresponding area is denoted by A,. Furthermore, /1o denotes
the permeability of air and the relative permeability zf,, of the
plunger is assumed to be constant. Saturation of the core is
phenomenologically modeled as

B || @l L, )\
.Uffc(q’fc)*(kl(Afc exp | ko A + k3 ,

with the constant parameters k;, j = 1,2,3. The equivalent
reluctance R of the overall system reads as

Ri(Ry(s) + Ryp) )
Ri+Ry(s) + Ryp
Using the magnetomotive force © = Ni of the coil, where

i is the current and NNV is the number of turns, the flux ® ;.
through the coil is given in the form

o

—. 4
= )

Based on the flux linkage 1) = N®j. of the coil, Faraday’s
law yields

R(Pse,s) = Rpe(Pge) + 3)

b=

i?ﬁ:U—Ri,

T $(0) = tho (6))

with initial condition 1)y, the electric resistance R and the ap-
plied voltage v. Moreover, the coil current 7 can be expressed
in terms of the flux linkage and the air gap in the form

. R, s)
i= =

V. (©)

B. Mechanical Subsystem

Fig. 2b shows a schematic diagram of the forces acting on
the plunger of the fast-switching valve. Here, s is the plunger
position and w = $ is the plunger velocity. The mass of the
plunger is denoted by m,, the stiffness of the load spring by
¢y, and the viscous damping coefficient due to the friction of
the housing and the sealing elements by d,. The plunger is
loaded by the magnetic force f,, (¢, s), the spring force fs(s)
and the friction force fr(w). Based on the magnetic energy
with (3) and (6), see, e.g., [7],

L -
Wlws) = [ it )0

Y Rye(/N) ~ 7 7

| e Pdy )]

L Ri(Ry(s) + Ryp) wQ

IN2 R+ Ry(s) + Ryp

the magnetic force yields

(), 8) = = (%Wm) )
e (27,) 0
~  2N?2 (Rl+Rg(s)+pr)2 ang (s)*.
®

The spring force is modeled as
fs(s) = —cu (s —le,) )

with the preload force c,l.,. The friction force is assumed to
be composed of Coulomb friction and viscous friction, i.e.
fr(w) = =fresign(w) — dyw, (10)
where the Coulomb friction force is denoted by fy. and the
viscous damping coefficient by d,. Henceforth, the signum-
function in (10) is approximated by tanh ( 2 ) ~ sign(w),
with w. < 1, providing a continuously differentiable friction
force f¢(w). The balance of momentum for the plunger and
Faraday’s law (5) with (6) and the reluctance model (3) results

in the mathematical model

%5 —w, 5(0) = s0, (11a)
d
S = = (fn(0h,8) + () + fy(w)), w(0) = wo, (11b)

d R(Y,
R L

$(0) = to. (11c)
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III. TRAJECTORY OPTIMIZATION

The mathematical model (11) with the state vector x =
T . . .
[s w 111} and with the constrained, affine input v = v €
U= [u*, uﬂ can be written in the form

ia: = f(z) + bu,

& 12)

z(0) = o,

with the initial condition &y = [so wo wU]T, the vector
field f and the constant input vector b. The control objective
is to find an optimal control input that guarantees a minimal
transition time ¢ for a setpoint change

(uo, o) = (ug,xy), (13)
with

z(0) = o, u(0) =uo: 0= f(xo) + buy,

x(ty) =xyp,u(ty)=uy: 0= f(xs)+ buy

and the terminal condition x(t¢) = . Therefore, the input-
constrained point-to-point optimal control problem

14)

ueU

min J(u) :go(tf)-l-/ofl(u)dt

s.t. %m = f(x) + bu, (0) = xo, x(t;) = xy, 13

wel = [um,ut]

has to be solved. In the quasi-time-optimal case, the terminal
cost

olty) =ts (16)
assures the time optimality and the Lagrange density
1
l(u) = =ru?, a7

2

with » > 0, serves as a regularization term in order to avoid
singular arcs. Introducing the Hamiltonian, see, e.g., [4],

H(w,u, A) = 1(u) + AT (f(z) + bu), (18)

with the adjoint states X, and applying a time transformation
t =t} T that maps the time interval ¢ € (0,¢}) onto 7 € (0, 1),
the optimal control problem can be reformulated by means of
Pontryagin’s maximum principle, see, e.g., [3], in form of a
two-point boundary value problem, i.e.

i -

+ m u* (19a)

ut = argtltrleilalﬂ(w*,u,A*) (19b)
with boundary conditions
z*(0) =xy and x*(1) =y (19¢)
and the transversality condition
Hx™ u*  A")|, _; =—1 (19d)

resulting from the free end time ¢}. Here, the superscript *
refers to optimal variables.

A. Solution of the Quasi-Time-Optimal Control Problem
Owing to the input affine system representation (12), the
first-order necessary condition arising from the minimization
problem (19b) reads in the unconstrained case as
0
(a—H) (", ) =r® + (A)Tb=0  (20)
i
and can be explicitly solved in the form

1
o_ _ = *\ T
a =~ ()T,

@n

In the constrained case it can be easily seen that the optimal
control input takes the form

u™ for w9 <wu~
uw=E&A*)=qu® for u®e€ (u,ut). (22)
ut for w0 >wut

Note that in the present case (A*)"b = Aj. Considering
the limit case 7 — 0 the optimal control input u* switches
between the limits u~ and u™ whenever A} changes the sign.
Then, the solution of the optimal control problem (15) is a
bang-bang control.

In addition to (20), the second-order necessary optimality
condition, the so-called Legendre-Clebsch condition

62
* * * >

is fulfilled, for » > 0.

(23)

B. Results of the Trajectory Optimization for Soft-Landing

For the opening and for the closing of the valve, respec-
tively, the point-to-point transitions

Su st |
Uy = Vy, To= | 0 — |up=v, zp=1]0
wu '(/}l_
(24)
and
S] Su_
ug=uv, o= | 0 — |uf=vy, zp= 1|0
wl '(Z]u_
(25)

have to be performed within the normalized transition time 7 €
(0,1). Here, v, v; denote the resulting setpoint voltage and
flux linkage at the lower end stop s; and vy, ¥, the setpoint
voltage and flux linkage at the upper end stop s,,, cf. (14).

C. Numerical Results of the Quasi-Time-Optimal Control
Problem

Numerical solutions of the two-point boundary value
problem (19) with (21) and (22) can be obtained by utilizing
the MATLAB function bvp5c, cf. [11]. The function bvp5c
implements a finite difference method, in particular a
collocation method, see [11], that controls a scaled residual
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and the true error, and adapts the mesh grid. The solver may
not find a solution if the initial guess does not adequately
represent the behavior of the system, see, e.g., [11]. As the
adequate initial guess is not easy to find, especially for the
adjoint variables, there is a need for a systematic solution
procedure. The two-point boundary value problem is therefore
numerically solved in a sequential procedure that can be
summarized as follows:

First, a uniform mesh of M = 30 grid points at the
time steps 7, = kTy, k = 0,1,...,M, T, = 1/M serve
as initial guess for the trajectories *(7x), A*(7x). A linear
interpolation is performed between the boundary conditions
(19¢) of the states  with the setpoint from (24) for the
opening and (25) for the closing, and zero initial values of
the adjoint states A are assumed. Then, the problem is solved
recurrently for a sequence of parameters r = T'start, - - - , Tends
cf. (17), using the previously received solution as new initial
guess.

Figures 3 and 4 show numerical results of the quasi-
time-optimal point-to-point transition for the opening
and for the closing scenario for decreasing parameters
r € [1075,1072,1073,107%1/V2. Note that for all
numerical solutions outside the vertical dashed lines the
initial and final values are held constant for illustration
purposes only.

The optimal state trajectories for opening the valve are given
in Fig. 3a. Fig. 3c shows the corresponding optimal input volt-
age v*, which converges for smaller parameters r — 0 towards
a bang-bang control. Fig. 4 shows analogous numerical results
for the closing scenario of the valve. Note that in this case the
solution of the optimal control problem is not purely bang-
bang. Whenever \; vanishes, i.e. approximately for the time
interval Z, = [7’1,72} ~ [0.3,0.4], u* vanishes as well. This
happens if f vanishes, implying that only the spring force
accelerates the plunger. Parameter studies have shown that this
singular arc can be avoided with a smaller plunger mass m,,,
a smaller damping coefficient d,,, a larger spring stiffness c,
or a larger preload force c,le,.

IV. CHAMBER AND PNEUMATIC VALVE MODEL

In the considered application, a half bridge comprising
two fast-switching valves is used for pressure control in a
chamber, see Fig. 5. The chamber can be described by two
independent variables, the temperature ) and the pressure p,
and the governing model equations may be derived from the
conservation of mass and energy, see, e.g., [10]. Stipulating an
isentropic process, the change of internal energy U is equal
to the sum of the enthalpy flow H= Minin — Mout Pour and
the applied heat flow @ = AB(Jamp — ), that is

d

—U = minhin - ﬁlouthout + Aﬂ(ﬁamb - 19)7

dt (26)

XY p
Pambs Vamb Mout Min
LAY AT
Po, Jo Dsup> Usup
v ®

Fig. 5: Setup with pneumatic half bridge.

with mass flow riv;, specific enthalpy h;, j € {in,out}, heat
transfer coefficient (3, chamber surface A and ambient air
temperature V.. Subsequently, it is assumed that the air
obeys the ideal gas law pV = R ¥m, with mass m, pressure
p, volume V and specific gas constant ;. In addition, the
caloric state equations for the ideal gas du; = c,dv; and
dh; = c¢,dd;, with specific internal energy w; = U;/m,
specific enthalpy h; = H;/m and the constant, specific heat
capacities ¢, and ¢, hold. With R = ¢, — ¢, and the constant
isentropic exponent k = ¢p/c,, the temperature differential
equation can be directly inferred form (26) using the mass
balance (29)
d 9 (k—1)9

U= T (min (cpVin — co¥) — Mgut (cp — €v) 0
+ AB (WP =) )

@n

with initial temperature ©¥(0) = ¥. The change of the gas

temperature at the inflow valve can be approximated according

to an isentropic change

11—k

DPsup N
Yin = Jsu s
’ ( P )

where the index sup refers to the supply variables. The
consideration of the mass balance
d d

Em = a(pV) = Min —

with p in (29) p = p/(Rs¥) according to the ideal gas law
in combination with (27) gives rise to the pressure differential
equation
g kR
a’ TV

(28)

29

Mout

-1
(min'&in - moutﬂ) + HTA/B(ﬂamb - 19)7
(30)

with initial pressure p(0) = po. The adiabatic lossless flow
through a throttle valve, according to ISO [2], is given by

. 9 S,
m; = Cj(sj)p;po 19—(?\11(1'[]'), j € {in, out}, 3D
J
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I

Fig. 3: Numerical results of the quasi-time-optimal control problem for the opening motion (s, — s;).
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S

Fig. 4: Numerical results of the quasi-time-optimal control problem for the closing motion (s; — sy,).
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with technical density pg = 1.1845kg/m? and technical tem-
perature ¥y = 293.15K. The position-dependent pneumatic
conductances C; are assumed to be affine in the valve position
s; and read as C;(s;) = v(s4 — s;) with constant v > 0 and
upper limit s,, for j € {in,out}. The flow-through function
U(II;) in (31) is described by [2]

2
1= (N5e) " for TG>T

1 for

W(IL,) = (32)

HjSHc

with pressure ratios Ili, = psup/ps lout = P/Pamb and
respective constant, critical pressure ratios II. > 0.

V. PNEUMATIC PULSE-WIDTH MODULATED PRESSURE
CONTROL

The usage of a pulse-width modulated valve opening area
and likewise conductance C' results in a pulse-width mod-
ulation of the mass flow 7h, which allows to control the
chamber pressure. Since the valve dynamics is reasonably

Cj A
CHI'(‘LX T

Xj prm

prm

Fig. 6: Pulse-width modulated conductance.

fast compared to the temperature and pressure dynamics, the
instantaneous switching of the valves may be assumed in the
following. Using a suitable control strategy for the two valves
of the half bridge as has been discussed in Section 1V, either
the maximum conductance Cl,.x or the minimum conductance
Chin = 0 of the individual valves j € {in,out} can be
prescribed. The pulse-width modulated conductances C (t) for
t = kThwm With k € Z read as

@w:{%“

for ATpwm <t < (k4 xj)Tpwm

(k + Xj)prm <t < (k + 1)prm
(33)

where 0 < x; < 1 are the duty ratios and T}, is the fixed

modulation period, cf. Fig. 6. Obviously, the average values

)

0 for

B 1 kT pwm
Cj = / Ci(t)dt = Crmaxxs (34
prm (k—1)Tpwm

of the conductances C; can be directly determined by means
of the pulse ratios ;. However, the value of the duty ratios x;
can be solely set at the beginning of each modulation period.
Hence, only the mean value p of the pressure and the mean
value of the mass flow 772 can be controlled via the duty ratios
X;. For the controller design it is assumed that the overall gas

temperature is constant, i.e. ¥ = Ui, = Y9 = Usup. Then, the
dynamics of the mean value p of the pressure

1 t
p=7 / p(r)dr (35)
pwm . t*prm
can be directly deduced from (30) in the form
d kR, - -
=P = 5200 (1 = 1o ) (36)
with the mass flow mean values
_ 1 t
m; = / my(T)dr 37
Towm Jt—Tpem

and 725 in accordance to (31). The interconnection of the fast-
switching valves with i, > 0 and 7, > 0 suggests to
introduce the virtual control input

o =¢m= €<fnin - ﬁlout)7

whit the abbreviation £ = kR;¥¢/V. Thus, the control law

(3%

(39)

Q= pg— Mes — MEp,I,

with the pressure error e; = p — pg and a sufficiently smooth
desired trajectory py of the mean value of the pressure renders
the linear error dynamics

ép+7]1é5+7706ﬁ =0. (40)
The dynamics can be arbitrarily assigned by means of the posi-
tive control parameters 1;, 1o > 0. The conditional integration

ot
85_1:/ ep,cdr  with
Jo

0 if (X > Xmax) A (e >0)
e[},c = 0 if (X S Xmin) A (6;,3 < 0)

(41

ep else

is introduced in order to prevent control windup induced by
the limits Xmin < X < Xmax- According to (38), the mass

flows read as
- 3 a>0 - 0
Min = y  Mout =
0 for a<0 L for

Since the supply and ambient pressure, psup and pamp, are
assumed to be constant, the mass flow mean value (37) may
be written in the form

t
. p
iy = OAT C;(s;)T(py) dr,

prm

a>0
a<0’
(42)

for for

(43)

with the pressure-dependent term I'(p;) = p; ¥ (II;). More-
over, for small pressure variations Ap; from the mean values
p; the following approximation

L(p;) = T(p;) + O(|Apyl), (44)
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with the Landau-symbol O(-), see, e.g., [15], is utilized. The
combination of the this approximation with (34) and (43)
finally yields the duty ratios
1
Xi= i~
J POF(p] )Cmax
which can be directly translated into closing times of the
respective valves.

nle, j € {in,out}, (45)

VI. IMPLEMENTATION

After the successful testing of the pulse-width modulated
control strategy in several simulations, it was implemented on
a test bench, see Figures 5 and 7 for the setup. The test bench

Fig. 7: Photograph of the test bench.

consists of two fast-switching valves and a chamber of volume
V' = 0.41. The real-time system DSPACE 1005 was used for
data processing with a sampling time of 75, = 10us and a
modulation period of Tpw, = 10ms. Two pressure sensors
measure the chamber and the supply pressure, p and pgup,
respectively. The latter was controlled by means of a pressure-
control valve to a constant value of pg,, = 7 bar. The pressure
mean value (35) is approximated by

1 ENpwm—1

N, pwm

P(kTpwm) =~ p(ITs), (46)

1=(k—1) Npum

with Npwm = Tpwm/Ts. The integral part (41) is realized by
the Euler-method, see, e.g., [15].

Experimental results of the trajectory optimization for soft
landing were presented in [8]. They show that it is possible
to open and close the valve in minimal time with almost zero
velocity at the end stops, see [8]. These optimized trajectories
are used as feedforward control within the presented pneu-
matic pulse-width modulation.

A. Parameter Identification

Some parameters of the controller design model (36) are
unknown, which is why the nonlinear dynamic least-squares

identification task

T

min J(0) = — / (P(t:6) — p)”dt

9 - Tm p 9 pm
0
d_ _ _ _
st ;P = Fp(p(t:0)),  p(0) = po,
0= [Hc Cmax]T > 07

“47)

with fﬁ(ﬁ(t; 0)) according to (36), is performed for mea-
surements p,, during the time interval ¢t € (0,7,,). Just
with a little abuse of notation the additional argument should
explicitly indicate the dependence on the parameter vector 6.
The identification procedure was performed in MATLAB by
means of the function fmincon using the sequential quadratic
programming method in combination with the ordinary differ-
ential equations solver odel5s. Fig. 8 shows identification
results for the charging (r;, > 0 and 7oy = 0) and
discharging (1, = 0 and 1oy, > 0) of the chamber. The
results show a good agreement between measurements and
simulations, which imply that the model approximations are
reasonable.
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Fig. 8: Identification results of the pressure mean model.

B. Measurement Results

Fig. 9 shows measurement results of the pulse-width mod-
ulated control strategy for a sinusoidal desired trajectory of
the pressure mean value pg = P, sin(27 ft) + p,. In Fig. 9a,
the parameters are chosen as p, = 3bar, p, = 0.1bar
and f = 5Hz, whereas in Fig. 9b depicts the results for
Po = bbar, p, = 0.1bar and f = 7Hz. In both cases, a
good control performance can be achieved with the presented
control strategy.

C. Noise Reduction

To illustrate the noise reduction achieved by the optimized
trajectories of the valve, a comparison of the Fast-Fourier
transformation of sound recordings from pulse-width modu-
lated pressure control with a simple and with the trajectory
optimized valve actuation are depicted in Fig. 10. With the
simple switching valve actuation only the maximum voltage
to open and the minimum voltage to close is applied to the
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(b) Sinusoidal reference trajectory with p, = 0.1bar,p, = 5bar, f =
7 Hz.
Fig. 9: Measurement results of the pulse-width modulated
pressure control for different sinusoidal desired reference
trajectory of the pressure mean value pg = P, Sin(27 ft) + Do.

valves. The results in Fig. 10 reveal a significant reduction in
the frequency range 0 — 6 Hz.

VII. CONCLUSION

In this work, pulse-width modulated pressure control with
fast-switching valves arranged in a half bridge is presented.
The fast-switching valves are driven by optimized feedforward
trajectories which facilitate soft landing and time optimality.
For this, a point-to-point quasi-time-optimal control problem
is formulated by means of Pontryagin’s maximum principle
and numerically solved by a direct approach. The derivation
of a mean value chamber model and the identification of its
parameters form the starting point for the design of a nonlinear
pressure controller. Measurement results on an experimental
test bench show the applicability of the proposed pressure
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(a) Simple valve actuation. (b) Trajectory optimized valve actu-
ation.

Fig. 10: Fast-Fourier transformation of sound recordings from
a simple and from the trajectory optimized valve actuation for
a sinusoidal desired trajectory with a frequency of f = 5kHz.

control and demonstrate the achievable noise reduction of the
pulse-width modulated pressure control in combination with
the optimized switching strategy. Future work addresses the
extension of the control strategy to pneumatic piston actuators.
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