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Swing-up Control of a Triple Pendulum on a Cart with
Experimental Validation

*

Tobias Gliick #, Andreas Eder ®, Andreas Kugi ®

* Automation and Control Institute, Vienna University of Technology, Gusshausstr. 27-29, 1040 Vienna, Austria

Abstract

control.

The swing-up control of a triple pendulum on a cart is presented, where the controller is based on a two-degrees-of-freedom
scheme consisting of a nonlinear feedforward controller and an optimal feedback controller. The point-to-point transition task
is treated as a nonlinear two-point boundary value problem with free parameters resulting from the suitably projected input-
output dynamics. The main focus of the paper is on the experimental realization of the triple pendulum swing-up maneuver.

Key words: triple pendulum; swing-up; two-degrees-of-freedom control; constrained feedforward control; optimal feedback

1 Introduction

The inverted pendulum on a cart is a popular benchmark
problem in control theory. The main reason for this is
that it constitutes an underactuated system with a non-
linear, unstable and nonminimum-phase behavior and
thus reveals many interesting system-theoretic proper-
ties.

In older literature, several contributions deal with the
stabilization of single inverted pendulums, see, e.g., [2],
[13]. Besides the rather simple stabilization task, the
swing-up problem, where the pendulum is moved from
the lower to the upper pendulum configuration, has at-
tracted much attention, see, e.g., [19] and [20]. For dou-
ble and triple pendulum configurations the stabilization
task and even more the swing-up control is much more
involved, in particular due to the limited rail length for
the cart. In this context, most of the papers reported in
the literature are restricted to pure simulation studies,
see, e.g., [8] and [22], for the swing-up of an inverted dou-
ble pendulum; [3], [12] and [18] for the stabilization of the
inverted triple pendulum. In the last decade, the appli-
cation of new control concepts in combination with the
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increasing computational power of the real-time hard-
ware made it possible to also provide experiments for
double and triple pendulum configurations. Thus, for in-
stance [7] and [14] demonstrated the swing-up control of
the double pendulum, and [6] presented the experimen-
tal verification of the side-stepping of an inverted triple
pendulum on a cart in the upper configuration.

This paper is concerned with the design and experi-
mental validation of the swing-up control of a triple
pendulum on a cart. A video of the swing-up maneu-
ver can be found on http://www.acin.tuwien.ac.at/
fileadmin/cds/videos/TP_Swing_up.wnv.

®3
ms, I3, J3 19
ma, la, Jo
1
ma,l1, J1 Mme
o1 yo T
2R| ﬁ—ODM
s

(a) Photograph of the test (b) Schematics of the triple pen-
bench. dulum on a cart.

Figure 1. Test bench.
A photograph of the test bench under consideration [17]

is depicted in Figure 1(a). Three pendulum arms are
mounted on a horizontally movable cart. Incremental en-
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coders at each joint measure the different angles between
two adjacent arms and between the first arm and the
cart, respectively, with a resolution of 4.395 x 1072°. In
order to keep the friction low, the signals are transmitted
contactless via an optical connection from the joints to
the control unit. The cart itself moves on a rail track and
is driven via a toothed belt by a synchronous motor. An
ideal subordinate angular speed controller is presumed,
impressing the angular speed up to a maximum value
of 3000 rpm. An additional incremental encoder on the
synchronous motor is used to measure the position of the
cart with a resolution of 6.836 x 10> m. The task under
consideration is to design a controller with the angular
speed of the synchronous motor as the control input in
order to move the three pendulum arms from the down-
ward to the upward position. This is also referred to as
the swing-up maneuver of the triple pendulum on a cart.

In this paper, the control problem is accomplished by
means of a two-degrees-of-freedom control structure.
First, the mathematical model of the considered system
is derived in Section 2. A systematic parameter identifi-
cation procedure is carried out in Section 3. The devel-
opment of the two-degrees-of-freedom control concept
with a nonlinear feedforward controller, a time-variant
Riccati controller and a state observer in form of an
Extended Kalman Filter is demonstrated in Section 4.
The key challenge of the swing-up maneuver is the de-
sign of an appropriate feedforward controller. This is
realized by a reformulation of the systems’ dynamics
in input-output coordinates. A suitable projection of
the input-output dynamics allows to directly incorpo-
rate the given output constraints and an appropriate
input parametrization facilitates the solvability of the
resulting two-point boundary value problem with free
parameters. Experimental results, shown in Section 5,
demonstrate the performance of the overall control
strategy.

2 Mathematical Model

At first, the systematic derivation of the equations of
motion of the triple pendulum on a cart by means of the
Lagrange formalism is shown. A schematic diagram of
the triple pendulum on a cart is sketched in Figure 1(b).
The cart position s and the angles ;, ¢ = 1, 2, 3 between
the pendulum arms and the vertical axis are chosen as
generalized coordinates and summarized in the vector
q" = [p1 92 v3 5] = [q1 @2 g3 q4]. The distance of the cen-
ter of gravity of each pendulum arm to the corresponding
joint is denoted by a;, ¢ = 1,2, 3. Furthermore, m, de-
scribes the mass of the cart and the pendulum arms have
the lengths [;, the masses m; and the moments of inertia
J;. The synchronous motor generates the motor moment
M which results in a control force 7 = M/R acting on
the cart by neglecting the elasticity of the toothed drive
belt. Here, R denotes the radius of the toothed belt disk.

2.1 FEquations of motion

The equations of motion are derived by means of the
Lagrange formalism, see, e.g., [15],

d 0 0 0

dtaq'kl: 8qk£+8q.k7€77'5k4, k=1,...,4, (1)
with the Lagrangian £ = T —V as the difference be-
tween the kinetic energy 7 and the potential energy V,
the Rayleigh dissipation function R accounting for the
viscous friction and the external control force 7. Fur-
thermore, d;; = 1 for i = j and d;; = 0 for ¢ # j denotes
the Kronecker-Delta. The vector from the origin of the
inertial frame (zo yo) to the center of gravity of the in-
dividual pendulum arms take the form

s — aj sin g
Pc1 =
aj COS Y1

s —lysinp; — agsin s
s Pc2 = 3

11 cos 1 + az cos pa

2)

s —lysinp; — la sin g — ag sin p3
Pe3 =

11 cos 1 + la cos w2 + a3 cos 3

Thus, the kinetic energy T consists of the transla-
tional part of the cart 7. = %mc$2 and the trans-
lational and rotational part of the pendulum arms
T, = %ijlm]‘pszcj + %ijl .]jwf- with the an-
gular velocities w; = ¢;, ¢ = 1,2,3. The poten-
tial energy V due to the gravitational field reads as
V = g(miPe1,2 + MaPe2,2 + M3Pes,2), with the accel-
eration of gravity g. Rayleigh’s dissipation function R
is used to incorporate the viscous friction of the joints
R = %dlw% + %dg (o.)z — w1)2 + %dg (W3 — UJ2)2, with the
viscous friction coefficients d;, ¢+ = 1,2,3. The friction
of the cart is neglected since the cart dynamics will be
simplified, as will be shown in Section 2.2, due to the
assumption of an ideal subordinate angular velocity
controller of the synchronous motor. In vector notation,
the equations of motion due to (1) read as

D(q)4+ C(q,q4)4d + Gq +g(q) = T, (3)

with the positive definite mass matrix D(q), the Coriolis
matrix C(q,q), the damping matrix G, the vector of
gravity g(q) and the control force 77 = [0 3 7].

2.2 Subordinate angular velocity controller

As already mentioned before, the synchronous motor is
controlled by a subordinate angular velocity controller,
which is assumed to be ideal. Therefore, the reaction of
the pendulum arms on the cart can be neglected and
the acceleration of the cart § is chosen as the new con-
trol input w. This brings about that the last row in the
equations of motion (3) must be replaced by § = u. For
implementation purposes, u is integrated with respect
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to time in order to obtain the reference cart velocity $q4
which in turn serves as the input for the subordinate an-
gular velocity controller. Thus, the equations of motion
(3) with the ideal subordinate velocity controller take
the form

Dyp(p)p =— Dw(%")s WP(‘P P,

= Gy — Bop(e), (4)

§=u,

with the matrices and vectors Dy, Dgs, Cops Gops
E,, and @7 = [p1 2 p3]. By introducing the state vec-
tor x' = [q¢] the equations of motion of the triple pen-
dulum may be written in the input-affine system repre-
sentation

x = 1f(x) +g(x)u, x(0) = xo, Q)

Wltdh f1(x) = [a"Fi(e,¢)0], g"(x) = [01xa F () 1]
Fo(p, @) = -D ;(‘P) (ch(% ¢)‘/’+wa¢+ng(¢)) )
Fl(‘P) ]j é(‘P)DAPS(‘p)' (6)

2.8  Equilibrium points

The triple pendulum model (5) exhibits in total eight
equilibrium points for a fixed cart position sg, = 0 and
control input us, = 0. The equilibrium points can be
simply calculated from (4) by setting g,,(¢) = 0. In the
following, the swing-up maneuver is only concerned with
the setpoint transition from the stretched out pendulum
arm in the downward position ¢ = [7 7 7] to the up-
ward position ¢ = [000]. At this point it is worth not-
ing that the control approach being subsequently pre-
sented in principle also applies to the setpoint transition
between other equilibrium points.

3 Parameter identification

One of the sticking points for a successful realization of
the swing-up maneuver is the exact parametrization of
the model. Even a small parameter mismatch will have
an immense influence on the calculation of the feedfor-
ward trajectory and thus on the overall performance.
The direct determination of 15 parameters, five param-
eters (mg,l;, a;,d;, J;) for each pendulum arm, is quite
difficult. The identification task, however, is significantly
simplified if, in a first step, the parameters of the pendu-
lum arms are individually determined. Afterwards, in a
second step, the friction coefficients d;, i = 1,2, 3 have
to be identified once again. This is necessary because in
the triple pendulum configuration the normal forces act-
ing on the bearings are different. Summarizing, the iden-
tification strategy can be subdivided into three steps:

(i) Five parameters (m;,l;, a;,d;, J;) have to be identi-
fied for each pendulum arm. The mass m;, the pendulum
arm length /; and the distance a; of the center of gravity
to the corresponding joint are directly measurable. They
are determined as m; = 0.876kg, my = 0.938kg, m3z =
0.553kg, a3 = 0.215m,as = 0.269m,a3 = 0.226m,
l; = 0.323m,l3 = 0.419m and I3 = 0.484m. (ii) The
parameters J; and d; are determined by a parametric
linear Least-Squares identification for each single pen-
dulum. The equation of motion of the single pendulum
for fixed cart position and zero input, i.e. u = 0, is given
by, see, e.g., [21],

W = 0gsin(p) + Opw, w(0) = wo. (7)
with parameters 6, = mm;‘gf'], and 0 = W Thus,

(7) constitutes a parametric linear identification prob-
lem of the form y = s'@; with output y = &, regres-
sor s’ = [w sin (¢)] and parameter vector 87 = [, 0y).
Hence, N measurements yield the overdetermined lin-
ear system of equations y = S6 featuring the optimal
solution 8, = (STS)71 STy in the Least-Squares sense,
see, e.g., [11]. Based on the knowledge of the parameters
my,l; and a;, the remaining parameters J; and d; from
(7) are calculated by J; = —wza”ﬁ) and d; =

W Each pendulum arm was mounted on the cart

and scparately identified. For this a test by free oscilla-
tions in the time interval ¢ € [0,7,,] in the lower pen-
dulum configuration for a fixed cart position was per-
formed. The identification results of the individual pen-
dulum arms are depicted in Figure 2. (iii) Finally, a para-
metric nonlinear Least-Squares identification

T 3
1
ném J(02) = T /Z ©i(t;02) — %‘,m)? dt
o =0 (8)
s.t. x = f(x;02) + g(x;02)u, x(0) = xo,

0 =[didads], d; >0, i=1,2,3,

where ¢; , are the measurements of the angles ¢; over
the time interval T,,, was carried out in order to cap-
ture the viscous friction in the triple pendulum config-
uration. Here, f and g are identical to (5), just with a
little abuse of notation the argument (-;03) should ex-
plicitly indicate the dependence on the parameter vector
0. The identification procedure was performed in MAT-
LAB by means of the function fmincon using the sequen-
tial quadratic programming method in combination with
the ordinary differential equations solver ode15s. Fig-
ure 3 shows the identification results obtained from mea-
surements of the side-stepping in the lower triple pen-
dulum configuration. Summarizing, the last two identi-
fication steps provide the remaining model parameters
Ji = 0.013Nms?, J, = 0.024Nms?, J; = 0.018 Nms?,
d; = 0.215Nms, ds = 0.002 Nms and d3 = 0.002 Nms.
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Figure 2. Comparison of the simulation and measurement
results of the parametric linear identification by means of
free oscillation tests of the individual pendulum arms.
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Figure 3. Comparison of the simulation and measurement
results of the parametric nonlinear identification by means of
measurements of the uncontrolled side-stepping in the lower
triple pendulum configuration.

4 Control strategy for the swing-up maneuver

The swing-up control strategy is based on the two-
degrees-of-freedom control structure shown in Figure 4.

4.1 Two-degrees-of-freedom control structure

The key benefit of this design structure is the possibility
to separately adjust the tracking and the disturbance be-
havior. A trajectory generator provides the desired out-
put trajectory y*(t) for calculating the feedforward con-
trol u*(t). Deviations of the real system from the refer-
ence trajectory x* due to model uncertainties or distur-
bances are suppressed by means of a feedback controller.
The control input u(t) = u*(t) 4+ Au consists of the feed-
forward part u*(t) and the feedback part Au, whereas
the quantities y,,, are made available by measurements.
Non-measurable states may be reconstructed by means
of an observer.

y*
Trajectory |x
generator

Feedback |[Auy

controller Plant

Observer

Figure 4. Two-degrees-of-freedom control structure.

4.2 Feedforward controller design

The mathematical model (5) of the triple pendulum,
with the cart position y = s as the output and the corre-
sponding relative degree r = 2 can be written in Byrnes-
Isidori normal form, see [9],

j=u, (93‘)
1 = Fo(n,n) + Fi(n)u, (9b)

where " = ¢ = [p1pa @3] and 7 = ¢7 = [w1 w2 w3
represent the state variables of the internal dynamics
and F;, i = 0, 1is according to (6). The swing-up maneu-
ver performed in a finite transition time 7" corresponds
to a point-to-point motion from the initial setpoint

y(0) =s0=0, §(0)=0, (10a)
n'(0) =ng = [x7 ], 17(0) = 0o = 0, (10b)
to the terminal setpoint
y(T)=s7 =0, y(T)=0, (11a)
n'(T) =n} = [000],0(T) =7 =0.  (11b)

The output and its time-derivatives up to the order r = 2
have to satisfy the box-constraints

yOW e [yrut] ie{01,2) (12)

with y; < 0 < y;t and —y; = y;". The differential equa-
tions (9) in combination with the boundary conditions
(10) - (11) and the constraints (12) form a nonlinear,
constrained two-point boundary value problem for the
states y(t), y(t) and n(t), n(t) depending on the input
u(t). The determination of the desired trajectories y*(t),
y*(t), m*(t), n*(t) and the corresponding control input
u*(t) is the main objective of the feedforward control
design.

4.2.1  Output-constrained feedforward control design
The design approach presented here follows [5]. The ba-

sic idea is the successive incorporation of the output con-
straints in a new, projected system representation by
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Figure 5. Saturation functions with the limits ¥; and ;"
for i € {1,2,3}.

introducing saturation functions. The constraints of the
desired output trajectory y* are considered by introduc-
ing the saturation function, see Figure 5(a),

= Qﬂl(glvw%)v (13)

with the new state &; . Differentiating (13) once and twice
with respect to the time yields

e 31111 Oy sy | O

51 and §* = o &+ zfl- (14)
With this, the new saturation functions v and 3 are
introduced

&1 = ¥2(&, 3 (&) and & = Y5 (v, ¥ (&1, &), (15)

with another new state £, and the new input v. Now, the
system (15) represents a new, projected system fulfilling
the output constraints (12).

Determination of the saturation limits

Obviously, the constraint y* € [yg Y ] is satisfied if the
saturation limits are chosen as

v = y7. (16)

In order to determine the saturation limits wii, 1=2,3,
the constraints d®y* /dt’ € [y;,yﬂ , ¢ =1,2 have to be
satisfied. It will be assumed in the subsequent consider-
ation that the saturation functions ;(¢&;, wl?t), i1=1,2,
are strictly monotonically increasing, i.e. 9;/9¢; > 0.
The inequalities y; < diy*/dt? < y?’ , 1 =1,2in combi-
nation with (14) and (15) may be rearranged in the form

0
Yy < 6%1 2 <y, (17a)
2
vy < lez Q1 [0z, 02 | o (17m)

o6 96" T g

and thus the limits of the saturation function ¥y and 3
can be calculated as

-1
Ui (&) =yi {g—?l} : (18a)
oy O
¢§(£17§2) y2 |:81é}1 8?22:|
7{321/111/}2 Oy O M@?ﬂlawz]
e "2 " B 0e, 2| 0er o6
(18b)

It is clear from (18) that 1/)1-1, i = 2,3 not only depend
on yz-i, i = 1,2 but also on the new states &, i = 1, 2.

Calculation of the boundary values

The boundary values of the state £ are obtained by
inverting the sigmoid saturation function (13)

&0 =17 (s0.¢5) and &1 =17 (sp,vT). (19)

The remaining boundary conditions £ o and {3, 7 are de-
termined from stationary considerations. Since the out-
put y approaches a constant value in steady state and
thus its time derivatives vanish, the system can be de-
scribed by the stationary equation

0 =1 (52, w%(&)) (20)

which, for symmetric constraints, i.e. |1/J;(§1)| =
|w2+ (51)|7 yields the boundary conditions

.0 =15"(0,45 (£1,0)) =0 (21a)
S =13 (0,95 (&.1)) =0, (21b)

since the saturation function (20) passes through the
origin.

Saturation functions

As prev1ously mentioned, the first r = 2 saturation func-
tions wz(ft,z/) ), i = 1,2 are assumed to be strictly
monotonically 1ncreasing, ie. OY;/0& > 0,1 = 1,2.
An appropriate sigmoid setup function, depicted in Fig-
ure 5(a), is proposed in [5], i.e.

O =

(o ahEY — oyt T P P
wz(éz,l/li )—wl l—l—exp(mfi)’ i=1,2. (22)

The parameter m adjusts the slope at & = 0 and is set
tom = 4/(¢ — ;) in order to assure Ov;/9¢; =

at & = 0. According to the procedure presented above
the last saturation function vs(v, %) need not fulfill
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any differentiability requirements, which is why a ramp-
shaped saturation function, see Figure 5(b),

T for v > i
Y3 (v,wgk) =< for ve [1/)5,1/1;] (23)
Py for v <y

may be used.

Setup function

The projected input-output dynamics (15) in combina-
tion with the internal dynamics (9b) and the boundary
conditions (10b), (11b), (19) and (21) form the new two-
point boundary value problem which is over-determined
with n = 8 first-order differential equations for the 2n =
16 boundary conditions. Using the trigonometric setup
function

v = B(t,p) = i_ilp,- sin (h;’ft) (24)

for the new input v with n = 8 free parameters p =
(p1,...,ps) and h; € NT\{0}, i = 1,...,n for h; #
hj, Vi # j which satisfies the boundary conditions

®(0,p) = ¢(T,p) =0, (25)

the problem is transformed into a well-defined two-point
boundary value problem. The choice of the setup func-
tion ®(¢, p) and of the transition time T is a crucial point
within this design methodology, because it somehow re-
stricts the space of possible solutions.

Resulting two-point boundary value problem

The determination of the feedforward control u* requires
the solution of the internal dynamics (9b) augmented
with the projected input-output dynamics (15)

&= w2(§27¢§t(§1))7
§2 = w?)(q)(tap)awji(fng)% (26)
i =Fo(n™,n") + Fi(n")u",

with the inverse of the input-output dynamics u* = §j*,

cf. (9a). Here, it is simply the second time-derivative of
the output according to (14),(15)

.0
w = s
Oy [ O¢o b2 n
+ 651 851 w2+ 852 ¢3(‘D(t7p)7¢3 (51752)) )

with the setup function ®(¢,p) from (24) depending on
the free parameters. Furthermore, a solution must satisfy

the boundary conditions (10b), (11b), (19) and (21) with
the saturation limits from (16) and (18). The desired
output trajectory y*(t) and its time-derivative y*(t) are
determined by the algebraic equations (13)-(15).

4.2.2  Numerical solution of the two-point boundary
value problem

The numerical solution of the nonlinear two-point
boundary value problem with free parameters (26) is
performed in MATLAB by means of the solver bvp5c. The
function bvp5c implements a finite difference method, in
particular a collocation method, see [10], that controls a
scaled residual and the true error and adapts the mesh
grid. The function bvp5c is able to solve, due to its alge-
braic solution technique, both stable and unstable sets
of differential equations in a numerically stable manner.
As has already been noted, any setup function ®(¢,p)
and transition time 7" fulfilling the boundary conditions
could have been used. However, the particular choice
restricts the space of possible solutions. The setup func-
tion with its free parameters, the transition time and
the constraints have to define a nonempty set of possi-
ble solutions. If this is not the case, the numerical solver
will not converge to a solution. Furthermore, the func-
tion bvp5c requires an initial guess for the solution and
an initial mesh grid. The solver may not find a solution
if the initial guess does not adequately represent the
behavior of the system, see, e.g., [10]. As the adequate
initial guess is not easy to find, there is a need for a
systematic solution procedure. The two-point boundary
value problem (26) is therefore numerically solved in a
sequential procedure that can be summarized as follows:
A linear interpolation between the boundary conditions
(10) and (11) on a uniform mesh of N = 200 grid points
at the time steps t; = j1j,5 =0,1,...,N,T; = T/N
serves as initial guess for the trajectories y*(¢;), ¥*(¢;),
n*(t;) and 1*(¢;). The initial guess for the parameters
is set to p = 0. Then the problem is solved for

(i) a sequence of setup functions (24) with h; €
{1,...,7}, v € N"\{0}, i = 1,2,...,n for h; #
h;,Vi # j and

(ii) a uniform sequence of transition times

Te {Tstarh e 7Tcnd} with Tstart < Tcnd

monitoring the Jacobian and the true error. The comput-
ing time is decreased by using the PARALLEL TOOLBOX
from MATLAB. Figure 6 shows a solution for the swing-
up maneuver following this procedure for the output
constraints yi = —y, = 0.7m, y;” = —y; = 3m/s and
vy = —y; = 22m/s?. The transition time is 7 = 3.5s
and the setup function (24) with coefficients h; = i for
i €{2,3,4,5,6,7,8,9} was found. In order to illustrated
this motion, Figure 7 shows time-discrete snapshots of
the pendulum for this swing-up maneuver.
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The previous section was concerned with the feedforward
control design. This section presents the development of
a stabilizing state feedback controller.

4.8.1 State space formulation and linearization

For the subsequent controller design, the system (5)
is linearized along the desired trajectory (x*)T(t) =

[q* t) q* (t)] . In this context, a trajectory of the system

(5) for an input uw*(¢) with initial condition x; = x*(0)
will be denoted by x*(t). For sufficiently small devia-
tions from the desired nominal trajectory x(t) = x* () +
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Figure 6. Numerical results for the swing-up maneuver with a transition time of "= 3.5s.
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Figure 7. Swing-up maneuver with the transition time 7' = 3.5s.
4.8 Feedback controller and observer design Ax(t), y(t) = y*(t)+Ay(t) and u(t) = u*(t)+Au(t), the

system (5) can be described by the linear, time-variant
state space formulation

Ax = A(t)Ax + b(t)Au,
Ay = cTAx,

Ax(to) = AXO

(27)
with Axg = xo —x{, and system matrix and input vector

9 (b(a) + glax)u) ,

ox x=x*(t),u=u*(t)

b(t) = g(x"(t))-

At) = (28a)

(28b)
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A simple numerical integration by means of the Fuler-
method, see, e.g., [16], is utilized to calculate the time-
discrete system representation (29) for the sampling time
T, in the form

Axk+1 = &, Axy + T Auy,
Ay = cTAxy,

AX(to) = AXU, (29)

with Ax, = Ax(kTy.), Aup = Au(kT,), Ay =
Ay(kTa)a Qk = ISXS + Ta (kTa
T, b(kT,), k € Z.

4.8.2  Time-variant Riccati Controller

In order to compensate for constant perturbations and
parameter mismatches, a state controller with integral
part

Axr 41 = Az + (y;: - CTXk) . Azp(0) = Az,

Aug = kf Ax i, (30)

with the extended state vector Axl]V = [Ax-kr Axl,k]
and the time-variant gain k] = [kzlk kl,k} was designed.

Augmenting the state space formulation (29) with the
integrator state from (30) gives rise to the extended sys-
tem matrix <i>k, the extended input vector f‘k and the
extended output vector &'. With this, the discrete Ric-
cati equation, see, e.g., [4],

P = (Q + é{PkHék) + (f{PkHék)Tk;, (31a)

~ ~ -1 _ ~
k= — (p + r;PkHrk) 1P, (31b)

with P41 = A was solved to calculate the time-variant
gain k] € R% k = 0,...,J with J = T/T,. Herein,
P, € R?*Y is symmetric and positive definite, Q € R?*?
denotes the positive definite weighting matrix of the ex-
tended states Ax, j and p > 0 is the scalar input weight-
ing factor. The solution P of the discrete algebraic Ric-
cati equation (Pry1 = Pr = Py) was used as the termi-
nal condition A in (31). The controller design parame-
ters are chosen as Q = diag (¢1 ¢2 ¢1 g2 ¢1 ¢2 50020 0.01)
with g1 = 900, g2 = 100 and p = 1000.

4.4 Observer design

As only the three pendulum angles ¢;,7 € {1,2,3} and
the cart position s are measurable, a nonlinear observer
was designed to estimate the non-measurable states.
Therefore, the design of an Fztended Kalman Filter is
carried out. For this, again the Euler-method is applied
to (5) to obtain the time-discrete model representation

Xpt1 =X + T, (f(xk) + g(xk)uk) ~ F(xp,uk). (32)

Taking into account additive zero-mean Gaussian mea-
surement and process noise, wy, and v, with the associ-
ated positive definite covariance matrices S € R®*8 and
R € R*** respectively, the following time-discrete non-
linear model

Xpt1 = F(xg, ur) + wi,  x(0) = %o, (33)

Ym.k = Cnxy + vy
serves as a basis for the observer design. The measured
states are collected in an output vector y). = [¢1 02 @3 5]
with associated output matrix C,, € R**8. The al-
gorithm of the discrete Extended Kalman Filter, see,
e.g., [1], consists of a prediction and correction step. The
a posteriori estimate of x, taking into account the mea-
surements up to the time k7, is denoted by 5(‘,5 and the
a priori estimate of xi, taking into account the mea-
surements up to the time (k — 1)7,, is denoted by %X .
In the correction step

~ ~ ~ -1 ~
L, =P, CT (cmP,;c,Tn + R) , P(0) = Py,

% =%, + Lk (Ymr — Cnky ), %(0) = %o, (34)

P/ = (ngg - Iﬁkcm> P,

the gain matrix L  is computed and the a posteriori state
vector )A(z and the positive definite covariance matrix
of the estimation error Py, is updated by means of the
current measurement y,, . The prediction step

0
&, = —F (x;,,u ,
F= ot (X, ur) e (35)

X = F (X0, ), Pl;rl = ékPZ‘I’Z +8S

estimates the a priori state vector x;,; and the covari-

ance matrix of the estimation error P, 1y at the time in-
stant (k+1)T,. The observer design parameters are cho-
sen as S = diag (s1 s2 81 2 51 82 51 $2) with s1 = 50 and
SS9 = 5007 R = dlag (5 5 54), PO = 1OOIS><8 and 5(0 = Xp.

5 Experimental results

Prior to its implementation, the overall swing-up strat-
egy was verified in several simulation studies in MAT-
LAB/SIMULINK. The control strategy was then im-
plemented on the real-time measurement and control
system DSPACE DS1103 with a sampling time of
T, = 1 ms. The desired nominal trajectories y*(t), y*(t),
n*(t),n*(t) and the feedforward control u*(t) = §*(t)
were calculated offline, interpolated at a time grid
tr = kT, k = 0,1,...,J and stored in look-up tables.
The same procedure was carried out for the controller
gain kj. Figure 8 shows the experimental results and
the nominal trajectories as well as the overall control
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Figure 8. Measurement results for the swing-up maneuver with a transition time of 7' = 3.5s.

of the swing-up maneuver with a transition time of
T = 3.5s. The time interval ¢ € [0, T] corresponding to
the swing-up trajectory is highlighted in gray. The de-
viations of the angles and angular velocities from their
nominal trajectories are very small. As can be seen from
Figure 8, even these small tracking errors result in a
position over-shoot of approximately 0.6 m, which illus-
trates the high sensitivity of the system with respect to
control errors. Nonetheless, the cart position, velocity
and acceleration comply with their physical constraints
and the swing-up maneuver can be successfully accom-
plished. As already mentioned in the introduction, a
video of exactly this swing-up maneuver is made avail-
able on http://www.acin.tuwien.ac.at/fileadmin/
cds/videos/TP_Swing_up.wmv

6 Conclusion

The presented work deals with the swing-up of the triple
pendulum on a cart. The swing-up maneuver is accom-
plished within a two-degrees-of-freedom control scheme
consisting of a nonlinear feedforward controller and an
optimal feedback controller. Based on a precise mathe-
matical model, the feedforward controller was obtained
by solving a nonlinear two-point boundary value prob-
lem with free parameters. A time-variant Riccati Con-
troller was developed in order to stabilize the system
along the nominal trajectory and an Eztended Kalman
Filter was used to estimate the non-measurable states.
The overall control strategy for the swing-up maneuver
was successfully implemented and tested on an experi-
mental test bench. Up to the authors’ knowledge, this is
the first contribution so far providing numerical and ex-
perimental results of the swing-up maneuver for a triple
pendulum on a cart.
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