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Modeling of a permanent magnet synchronous machine with interal
magnets using magnetic equivalent circuits

Wolfgang Kemmetmiilldr Member, |EEE, David Faustnér and Andreas KudiMember, IEEE

1automation and Control Institute, Vienna University of Teology, Vienna, Austria

The design of control strategies for permanent magnet synebnous machines (PSM) is almost exclusively based on classi dq0-
models. These models are, however, not able to systematigatiescribe saturation or non-homogenous air gap geometrgetypically
occurring in PSM. This paper deals with a framework for the mathematical modeling of PSM based on magnetic equivalent aiuits.
Different to existing works, the model equations are derivd by means of graph theory allowing for a systematic choice od minimal
set of state variables of the model and a systematic considgion of the electrical connection of the coils of the motorThe resulting
model is calibrated and verified by means of measurement re$s. Finally, a magnetically linear and a dg0-model are dened and
their performance is compared with the nonlinear model and neasurement results.

Index Terms—magnetic equivalent circuit, electric motor, permanent nagnet motors

I. INTRODUCTION plexity are necessary to accurately describe field profites i

PERMANENT magnet synchronous motors (PSM) arEhe motor, models of significantly reduced complexity afiyea

widely used in many technical applications. NumerougPresent the behavior with respect to the torque, cureerds

papers and books dealing with the design of PSM have be%%tages of the motor in sufficient detail. Thus, models base

published in recent years, see, e.g., [1], [2], [3] [4].. [5]on adequately chosen reluctance models promise to be a goc

[6], [7]. The mathematical models proposed in these pap gsis for dynamical simulations and the (nonlinear) cdietro
' sign.

range from finite element analysis over reluctance models . . -
9 y In this paper, a framework for the systematic derivation

classical dg0-models. Finite element (FE) models exhibit%% a state-space model with a minimum number of nonlinear
high r for th Iculated magnetic fiel nd all T . . .
gh accuracy for the calculated magnetic fields and alio guatlons and state variables is presented. The main muofos

for an exact consideration even of complex geometries . ) . X
plexg the derived model is to provide a state-space representatio

the motor, see, e.g., [5], [6], [7], [8], [9], [10]. Due to ihe .
high (numeric) complexity, these models are, however, lgar dvanced mod_el-based control strate_zgles and thus to ““’FFEOd
he dynamic input-to-output behavior of the motor in an

suitable for dynamical simulations and a controller design . .
The design of control strategies for PSM is typically base%ccurate manner. The framework developed here is uniyérsal
IS applied here to a specific internal magnet PSM that exhibit

on classical dq0-models, which, in their original form, ase baoth large cogging torque and saturation. Section |l prssen

Fl {]]OszgierEig]s ?Eulr4]ga[p1;nd[llé?sﬁl;;atfldalrol\r/llacnoyre;bzztrer,] & considered model and a complete reluctance model of th
designs of PSM (including e.g. PSM with internal magnetg)mtor' To obtain a minimal set of (nonlinear) equations that

exhibit considerable saturation and non-sinusoidal flurxéise escribe the reluctance network, a method based on grap

. : . theory is proposed. This method, well known from electrical
coils. To cope with these effects, extensions of dg0-models : ) :
LT . networks, see, e.g. [36], [37], [38] is adjusted to the asialy
have been reported in literature, which are all based on

. L i of’Jl magnetic networks. Subsequently, the description of the
heuristic approach and are limited to a very specific mOt%Yectrical connection of the coils and the choice of a sigtab
design, see, e.g., [16], [17], [18]. In most cases, theseetsod

Sﬁt of state variables for the dynamical system is outlitied.

are no.t able to. gccurately describe the motor behavior in g ould be noted that the framework presented in this sectiof
operating conditions. - . . .

. . - can be applied to any PSM. Section Il is concerned with a
Magnetic equivalent circuits have become very popular f%duced model based on findings of simulation results of the
the design and the (dynamical) simulation of PSM in the 9

recent years, see, e.g.. [1], [2]. [19], [20], [21], [22].3]2 complete model. Section IV shows the systematic calibmatio

of the reduced model and a comparison with measuremen

[24], [25], [26], [27], [28], [29], [30], [31], [32], [33], B4], : omp -
S S . .results. Starting from the nonlinear model, a magnetically
[35]. This is due to the significantly reduced complexity in . .
. . - ? _linear model and a classical dg0-model are systematically

comparison to FE models and their capability to systemidtica ; . . . . .
. : . derived in Section V. Finally, the results of the nonlinear
describe saturation and non-homogenous air gap geometries . .
. odel, the magnetically linear model and the dg0-model are

The accuracy and complexity of reluctance models can be

; . compared with measurement results.
easily controlled by means of the choice of the reluctance P

network. While reluctance networks with a rather high com- || consIDEREDMOTOR AND COMPLETE MODEL

Manuscript received September 26, 2013; revised ??, 20di8esponding The motor conS|der(_ad 'r_] this paper is a permanent_ magne
author: W. Kemmetmdller (email: kemmetmueller@aciniamac.at). synchronous motor with internal magnets. It comprises 12
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stator coils, each wound around a single stator tooth, and 8 Gi31

NdFeB-magnets in the rotor, which are alternately mageetiz @51
The setup of the motor is periodically repeated eveoy Gs31 bs31
(number of pole pairg = 4), such that only a quarter of =

the motor has to be considered. Fig. 1 shows a sectional view G2 Ggo3

of the PSM and the permeance network used to model the 1 9 1
stator and the rotor (air gap permeances are not included in Os1 $s12 D52 Gs23 bs3
this figure).
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Fig. 1. Sectional view of the PSM with permeance network.
Fig. 2. Permeance network of the PSM.

The motor is designed to exhibit a large cogging torque
by means of an inhomogeneous construction of the air gap,
see Fig. 1. This is due to the fact that the motor is us&yth the aread,;, the lengthi,, and the magnetomotive force
in an application where external torques beyond a certdin; Of @ stator tooth, and the permeability, of free space.
limit should not yield large changes in the rotor angle The permeances of the stator yoke can be found analogousl|
The large cogging torque, however, makes the design of higR-the form
performance control strategies more involved. Thus, taio
mathematical models which accurately describe the cogging Ay o fir (M>

Toy .
torque and the saturation are required for the controllsige ~ Gsjx (wsji) = . jke{12,23,31}, (2)

lsy

A. Permeance network . . .
. . . . where A, is the area/,, describes the length and,;; is

As already outlined in the introduction, a network of Nong,e ¢qrresponding magnetomotive force. The center of the

linear permeances is utilized for the derivation of a model Qotor is divided into 4 elements, which are described by the
the motor. Fig. 2 depicts the proposed permeance network Qf oo cas

the motor. The permeances describing the core of the stator
and the rotor are approximated by cuboids of ledgihd area

. X . Jtrjk |
A. To account for saturation effects in the core, the relative B Arpropir ( zrk ) ”
permeability,,. is defined as a function of the absolute value ~'77% Unjk) = I, , Jk € {11,12,21,22}.
of the magnetic field strengthl = /I, i.e. u, (Ju| /1), where 3)

u denotes the magnetomotive force. Fig. 3 shows the relative

permeability.,. for the applied core material M800-50A.  Here, A, is the effective ared, the effective length and,. ;.
The nonlinear permeances of the stator teeth then read gge magnetomotive force of the rotor element. The permanen

Agtpiogt <M> magnets are placed inside the rotor of the motor. The regulti
G (ug)) = S0P \ T j=1,2,3 (1) construction of the rotor exhibits parts, which have tharfor
T Lt ' U of very slender bars. The circumferential bars are destribe

Post-print version of the article: W. Kemmetmiiller, D. Faustner, and A. Kugi, “Modeling of a permanent magnet synchronous machine
with internal magnets using magnetic equivalent circuits”, IEFE Transactions on Magnetics, vol. 50, no. 6, 2014. por: 10.1109/TMAG.
2014.2299238

The content of this post-print version is identical to the published paper but without the publisher’s final layout or copy editing.


http://dx.doi.org/10.1109/TMAG.2014.2299238
http://dx.doi.org/10.1109/TMAG.2014.2299238

AIC|IIN

4500 T T tooth, andG, .. is the maximum value ap = 0. GivenG,
4000 | of (7), the air gap permeances between the individual stato
4500 teeth and permanent magnets are defined as
B G-Dr (k-1
T‘Eé 3000 F Gajr = Ga <<p — 6 — 1 ) , (8)
L 2500+ .
% with j = 1,2,3 andk = 1, 2.
S 2000 ¢ The NdFeB-magnets exhibit an almost linear behavior in
2 1500} the operating range, which can be modeled in the form of
% a constant magnetomotive foreg,,;, j = 1,2 and a linear
= 1000 f permeance
500
Ao o b
0 i ; ij (umj) = W7 =12, (9)
102 103 10* m
o with the constant relative permeability..,, the effective area
magnetic field strengti# (A/m) A,, and the length,,. Given the coercive field strengtd.
Fig. 3. Relative permeability:, of the core material M800-50A. of the magnets, their magnetomotive forces are described by
Umsl = —Ums2 = 7H(:lm- (10)
by The stator coils withV, turns are modeled by
o ( ) AbcMOMr (%) { } Ucsj = Ncicju ] = 172737 (11)
bik (Ubjk) = ) jke 11712721722 ’ . . . .
! ! Ibe with i.; being the electric current through the cgil

with the aread,., the lengthi;, anq the magnetomotive force B. Balance equations
uyj. The permeances of the radial bars read as

\ubjl)

Abr/«L(J/M" ( Tor

Two approaches for the derivation of the balance equation;
(Kirchhoff’s node and branch equations) are typically used
for magnetic reluctance networks: (i) mesh analysis [33],
) [34], [35] and (i) node potential analysis [2], [19], [20],
Again, A, denotes the ared,, the length andu,,; the [21], [23], [25], [26], [27], [28]. While a proper choice of
magnetomotive force of the radial bar element. meshes, yielding a set of independent equations might b

The air gap of the motor is modeled by two types ofijcky, the node potential analysis automatically guazast
permeances: the permeancds;,, jk € {12,23,31}, de- the independence of the resulting equations. Thereforge no
scribing the leakage between adjacent stator teeth Gang, potential analysis is typically favored.
jk € {11,12,21,22,31, 32}, describing the coupling between | this paper an alternative approach for the systematig
stator and rotor. The leakage permeances are defined as gerivation of a minimal set of independent equations based
Ao on graph theory is proposed. It uses a tree, which connect
L (6) " all nodes of the network without forming any meshes. This

with the effective aread, and lengthi;. The air gap perme- approach is well known from electric network analysis, see,

. : .~ e.g., [36], [37], [38], and can be, as will be shown in this
ancesG,;;, are, of course, functions of the relative rotatipn er directly anplied to maanetic permeance networles. se
of the rotor with respect to the stator. A geometric model &ap ; y app g P ’

. : - also [29].
thesg permeapces ysmg an approximate air gap geometry |'f‘he chosen tree has to connect all nodes of the networl
possible but yields inaccurate results due to stray fluxes no,

: . without forming any meshes. Moreover, all magnetomotive
covered by the approximate air gap geometry. Therefore, a
heuristic approach, as has been proposed in [2], [19], id use

force sources have to be included in the tree, which is always
to approximate the coupling between the rotor and star, -possible for non-degenerated networks. It further turrtstou
the air gap permeandg,.

ij (ub]-) = 7 =12.

)

Zbr (5)

Gk = jk € {12,23,31},

)

i .
be advantageous to exclude as many air gap permeance fro
the tree as possible. One possible choice of a tree is given i

0 —I<p< =6 Fig. 2 by the components depicted in black. The co-tree is
Ga(p) = G;T (1 + cos (%5)) 5< (< @) then composed of gll c_omponentsf which are not part of the
0 f<p<T tree (depicted gray in Fig. 2). Adding one co-tree element to

the tree yields a single mesh.
Therein, ¢ is the relative rotationp mapped to the interval For the subsequent derivation, it is useful to subdivide the
(—m/4,7/4) by means of a modulo operation. Moreovér, elements of the tree into magnetomotive force sources of th¢
is a parameter which can be approximately determined by tb@ls (indextc), magnetomotive force sources of the permanent
geometrical overlap between a permanent magnet and a statagnets (indexm) and permeances (linear, nonlinear, angle

Post-print version of the article: W. Kemmetmiiller, D. Faustner, and A. Kugi, “Modeling of a permanent magnet synchronous machine

with internal magnets using magnetic equivalent circuits”, IEEE Tra
2014.2299238

nsactions on Magnetics, vol. 50, no. 6, 2014. por: 10.1109/TMAG.

The content of this post-print version is identical to the published paper but without the publisher’s final layout or copy editing.


http://dx.doi.org/10.1109/TMAG.2014.2299238
http://dx.doi.org/10.1109/TMAG.2014.2299238

AIC|IIN

dependent, indety). Then, the overall vector of the tree fluxewariables of (17) aré;., ¢, andu,. A simple reformulation

¢ = [¢F. ¢, 0] is defined by of (17) yields
o T I 0 D(:GcDg d)tc
d)tc - [¢cslv ¢C§27 ¢;§3] (12&) 01 DchDZ ¢tm
¢tm - [¢m517 ¢m32] (12b) 0 o0 Gt + DchDz; Uy (18)
Dty = [Ds1, Ps2, Ps3, Ps12, Ps23, Po1, Po2, Pri1, Priz, (120) -DG, (Dl use + DY wyyn)
T
Gra1, Pm1, dm2, Par1]” - with the identity matrixI. It can be easily seen that a set

of dim (w,) = n = 13 nonlinear algebraic equations has
to be solved foru,,. All other quantities of the network

é‘}?p be calculated from simple linear equations. A proof of
the existence and uniqueness of a solution of the nonlinea
algebraic equations (18) is given in the Appendix A.

The vector of the corresponding tree magnetomotive forges
is defined in an analogous manner.

The co-tree only comprises permeances such that the ve
of the co-tree fluxes is given by

Gc = D112, D123, D131, Ds31, Po11, Db12, Po21, P22,

T (13)
¢7>227 ¢a127 ¢a217 ¢a227 ¢a31’ ¢a32}
Starting from the magnetic co-energy of the permeance

and the vector of co-tree magnetomotive foregsis defined ; : -
. i : network, the electromagnetic torque of the motor is defined
in the same way. Now, the following relations between the tre

and co-tree fluxes and magnetomotive forces, respectivaty,
be formulated 7= lp (ufT LGtut +ul 9Ge,, ) (19)
tg aﬁp g9 c 899 c |
¢: = Do, (14a)

C. Torgue equation

2

with the numbemp of pole pairs, see, e.g., [2]. With the help
u. =-D"u,. (14b)  of (14b) this equation can be reformulated in the form

G,
dp

The incidence matriXD describes the interconnection of the — lp (uT %u D
individual elements of the permeance network and its entrie 2 9 0¢ " !
a_1re_either—1, 0 or 1. It can pe decomposed_ into a padt. with ugp _ [ugrc’ug“m7uz‘].

linking the co-tree fluxes with the tree coil fluxes, a part g
D,, linking the co-tree fluxes with the tree permanent magnet .
fluxes, and a parD,, which connects the co-tree fluxes with D. Voltage equation

the fluxes of the tree permeances, I¥. = [DZ,DT DgT}. The mathematical model (18) and (20) allows for a calcu-

mo

The constitutive equations of the permeances can be suation of the magnetomotive forces, fluxes and the torque for
marized in the form given currentd... This model is useful for a static analysis of

the motor. In a dynamical analysis, however, the coil vatag
b1y = Gruy, (15a) v, must be used as inputs. This relation is provided by
¢. = G.u,, (15b) Faraday’s law

DTut) . (20)

dype

with the permeance matrice&; and G. of the tree and T
co-tree, respectively. Note that in general these matrices . ’ .
functions of the corresponding magnetomotive forces (due ith _the flux linkage 4. = Nc¢y., the winding ma-
saturation) and the displacement of the rotor, Ga(u,, ) trix N, = diag [N¢, N., N.], the electrlc. resistance matrix
and G.(u., ¢). For the permeance network of Fig. 2 thesfe = diag[Rc, Re, Rc| and the electric voltages. =

=R i. - Ve, (21)

matrices read as [Ve1,Ve2,Ve3]” . Here, N, is the number of turnsR. the
electric resistance and.; the voltage of the respective coil
G = diag [Gs1, G2, Gos, Gs12, Gsa3, Gor, Gz, (16a) J =123 Eq. (21) links the fluxeg. of the coils with their
Gr11,Gr12, Gro1, Gty Gz, Gati] currentsi.. Thus, eitherp;. has to be defined as a function of
G. = diag [Gi12, Gio3, Gis1, Gst, Goir, Goiz, G, i. or vice versa. For nonlinear permeance networks, it proves

to be advantageous to express the coil currgngs functions

Gz, Gra2, Gar2, Gaz1, Ga22, Gas1, Gasal - of the fluxes by reformulating (18) in the form

(16b)
i ) ) ) D.G.DT o DCGCDg Wse
Inserting (15) into (14), we find the following set of D.eD? 1 D.G.D? bim | =
. m et e m el g m
equations D,G.D! 0 G,+D,G.D]| | uy
——
¢tc Uie K, X (22)
¢im | = —DG,[DI,DL, D] (upm|. (17) bre
Giuyg Utg -1 0 —DGCDauf,m.
T 0
If it is assumed that the coil currents = [ic1,%c2,%.3] and — M
thus the magnetomotive forcas. are given, the unknown M,
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This means that the dynamical model of the motor is givés analyzed. The matriT’;. can be written in the form
by a set of nonlinear differential-algebraic equations E)A - 7

i.e. (21) and (22). Now, the following questions arise: &
1) Do the state variables of (21) represent the minimum T
number of states or is it possible to reduce the number Ty, = | 2mt |, (29)
of states? by
2) Does the nonlinear set of equations (22) have a unique :
solution? bﬁ.mL

3) How can the electric interconnection of the coils (e.g.
delta or wye connection) be systematically taken intahere a; € D} and b; € DIL. The inverseTl‘c1 =
account? [Vi,eeos Vit , Wi, ..., Wyy_po | has to meeT; T}, = Tand

To answer the first two questions consider the maktix therefore

of (2_2). _Using the results of Appendix_A, it turns out that a;;vk =k ajTWk —0 (30a)
K, is singular if the rows ofD. are linearly dependent. 7 T
Let us assume thab. € R™ " m < n hasm? linear bj wi = 90, bj vy =0, (30b)

dependent rows. Then, the column spaep = span (D.) ith the Kronecker symbof ., holds. Obviously, this means
has dimensionm — m* and the orthogonal complementyaiv. ¢ DL andw, ¢ D!. Based on this discussion

DLt = span(a€R™a’b=0, Vb e D!) has dimension T T

m™ . Let D! be a matrix composed of. — m* independent DIT! = [0,4] (31)
vectors ofD! (i.e. the image oD,) andD be composed of
m* independent vectors @+ (i.e. the kernel oD?’). Then,

(D4)" D, = 0 holds and the nonsingular matrix

holds, where the number of zero columns is equahtb and
% is a matrix withm — m* non-zero columns. Thu¥, has
m=+ zero columns and rows.

The application ofT'; to the vector of unknowns gives

Ty 0 O
T, = 0 I 0 (23) Utc Ticuge
0 0 I T1 |Ptm| = | Ptm | (32)
u u
with 1 1
. the multiplication ofM; with the transformation matrix results
D! in
Ty, = {( CI)T] (24)
(Dc) ¢tc Tlc¢tc
. . . ) T,| 0| = 0 (33)
can be defined. Applying the transformation maffix in the 0 0
form
andT; used in combination wittM, yields
U¢e
T K T T | o | = —T:M; — T'M 25 Ti.De
— MM (29) T.DG.D uy, = | Dy | GD uyn,  (34)
Ko & D
g

results in a matrixK, with the structure which again hasn' zero rows.

0 0 This discussion shows two important results: (i) From (25)
K> = {0 K27} ) (26) with (32) and (24) it can be seen that the péﬂj‘)Tutc

of the coil currents cannot be calculated from the permeancs
where the number of zero rows and Co|umnmj§. To prove network but has to be defined by the electrical connection
this statementK, is formulated as of the coils. Only the par(D{)Tu,/C is determined by the

(reduced) set of nonlinear equations
T,.D.G.DIT;! 0 T, D.GD”

T T
K,=| D,GDIT;! I D,GD!I |. (27) (D) us (DY)" dbre
D,GDIT;! 0 G,+D,GD’ Ko | e | = 0
’ lltg 0
It can be seen that the product (DI)T D (35)
0 - bm ‘ GCDgut771-

T ch = 28 D
0= (o7 ) :

(i) Not the entire part ofp,. is independent but the compo-
gives m* zero rows. Of course, the right-hand side multinents are restricted to fulfill
plication with an arbitrary matrix does not change the zero
rows. To prove the zero columns K, the producﬂ)le‘c1

(DY) e = 0. (36)
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This implies that the set of differential equations (21) flee where
flux linkage can be reduced to —m* differential equations, Tro1ysT

. . . . =H,,T,.D.G.D,. T H{ H,, T,/ V, 4
where(D{.)T@c is a possible choice of independent states. Su 1rT1eDeGeD, Ty Hy Hiy ToeV (453)

Remark 1: To systematically obtain the reduced set of  S21 = DG DI T 'H] Hi, T1.V, (45b)
nonlinear equations from the transformed set of equati@ss ( S3; = D,G.DI T 'H] H;, T, V.. (45c¢)

the reduction matrix, ) . .
! Under the previous assumption tH§,.T,. V. is not square,

H; 0 0 the matrixK; has more rows than columns, which implies that
H, = g (I) (I) ’ 37 not all components of the reduced flux vects, T.¢;. in

(38) can be arbitrarily assigned and therefore used as stat
H,H7 = I with H,, = [0,1] ¢ R(m=m")xm s introduced. variables in (21). Thus, a part of the reduced flux vector has
to be added to the vector of unknowns. Let us assume tha
the upper-left entnS,; of K3 hasn' dependent rows. The
transformationT, = [S{;,S{,], whereS{, is the column

Multiplying (25) with H; from the left side directly yields the
reduced equations

— leglcutc HlTT(;10¢’tC T M space 0fS;; andS7; is the orthogonal complement &, is
10821y tm == — AT AT used to introduce a transformed vecthy. in the form
— ) 0 oy
R
: T2¢tc = Sll [I/ 0] +Sll [O'I] ¢tc = leTlcd)to (46)
with —~— ~—~—
H;,T:.D.G.DIT'H], 0 H;, T;.D.G.DT Hsr Har
Ko, = D,,G.D!'T; H], I D,,G.DY It can be seen that adding the first elements ofp,. to the
D,G DT 'HT, 0 G;+D,G.D] | vectorofunknowns results in a set of nonlinear equatioris wi

(39) aunique solution. To do so, (46) is inserted into (38) with)(4

and the new vector of unknowns and (44), (45) resulting in

Uie leTlcutC Hli’r'q;tc S{1H4 -¢Zt i
HlTl d)tm = d)tm . (40) [SZ KS} Ute — 0 _ H1T1M2,
Uty Uty bDim 0
In a further step, the electrical connection of the coild wil Utg
be considered by means of the interconnection mafrixi.e. (47)
_ T ~
Ui = Vi lge. (41) with S, = [(Sfl)T ,0, 0] . Obviously,Hs, ¢:. is obtained as

Here,u,. corresponds to the independent currents of the coils.solution of (47) andl,, ¢, has to be used as independent
Using e.g. a wye connection of the three coils, the constraigtate in the dynamical equation (see (21), (38) and (41))
reads as.; + i.2 + 7.3 = 0, which can be accounted for by d

the interconnection matrix EH”(Z)“ =Hy; T ' H, TN (RN Vet — ve)
el 107, (48)
| =0 1] (42) . :
2‘2 1 1 teal|” As aresult of this modeling framework we get the DAE system
c3 - -

(47), (48) which is of minimal dimension and systematically
Thus, G;e = N. [id,icz]T has been chosen as the vector giccounts for the electric interconnection of the coils.
independent currents. Replacing. by (41) in the reduced

vector of unknowns (40) results in E. Smulation results
Hy, Tiouge H;, TV .y, To evaluate the behavior of the PSM, simulations of the
Ptm = Ptm . (43) mathematical model were performed. In a first step, the ®rqu
Uy Uyg and the magnetomotive forces for fixed currents were investi

If the matrix H;, T;. V.. is nonsingularii,. can be used as 9ated using (18) and (20). Fig. 4(a) shows the cogging torque
the new vector of independent unknown coil currents and h§- the torque for zero currents; = 0, j = 1,2,3. It can
further action is necessary. In cases where the matrix is M§ seen that a pronounced cogging torque with a periodicity
square, the resulting nonlinear set of equations is overdetof 15° is present in the motor. The results given in Fig. 2(b)-
mined, i.e. there are more equations than unknowns. This d&h were obtained for-ic; = ics = 2.5 A, ici = 0 A, which

directly be seen by calculating the left-hand side of theiced @PProximately corresponds to the nominal value. A closek lo

set of equations (38) in the forfs [ﬁg;., d)gmugf’ with atthe t_orque in Fig. _4(b) _show_s that th_e characteristichef t

L qi torque is far from being sinusoidal, which would be expected

K3 given by ) . .

. for an ideal PSM. The magnetomotive forces in the stator|
Su 0 HlT'TchvGTfng teeth and yoke depicted in Fig. 4(c)-(d) further reveal that

K3=|Sau I D, G:Dy o | (44) magnetomotive forces in the yoke are much smaller than for
Ssi 0 Gy +DyGeDy the teeth.
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Fig. 4. Simulation results of the complete model (a) for zeworents and

(b)-(d) for —igs = ics = 2.5 A, ic1 = 0 A.

This fact gives rise to the development of a simplified
permeance network, which covers the essential effectseof th
complete model. A simplified model of reduced dimension and
complexity is especially desirable for a prospective calter
design. Thus, the following simplifications will be made) (i
The permeance§i2, Gs23 and Gg3; of the stator yoke are
neglected, i.e. set too. (ii) Simulations show that the fluxes
in the radial rotor bars are very small compared to the fluxes i
the rest of the motor. Thus, the simplificati6h; = G2 =0
is used. (iii) With the last simplification, the circumfeti
rotor bars and the centre of the rotor can be modeled by ¢
single equivalent permeancg, and G,., respectively.

In the subsequent section, the simplified model will be
presented in more detail. A comparison of simulation rasult
of the complete with the reduced model will justify the
simplifying assumptions being made.

Ill. REDUCED MODEL

A. Permeance network

Fig. 5 shows the reduced permeance network. Therein, th
effective permeances of the circumferential bars and theece
of the rotor are given by

AbC/LO,ur (g;:l)
Gy = ———) (49a)

lbe
)

Avpiony (52

o)
I ’

(49b)

while all other components remain the same as for the com;
plete model.

Given the tree in Fig. 5, the flux vector of the tree perme-
ancesgy, reads as

(Z)tg = [Qbsh ¢527 ¢533 ¢b7 ¢m17 ¢7n27 (ball}T (50)

and the vector of the co-tree fluxes is given by

¢(: = [¢'r‘7 ¢l12a ¢l237 ¢1317 ¢a127 ¢a213 ¢a227 ¢a317 ¢<1,32]T .
(51)

The magnetomotive forces are defined accordingly and the
remaining fluxes and magnetomotive forces are equal to thg
complete model. The permeance matrices of the tree and cg
tree reduce to

Gt - dlag [Gsh G327 G337 Gb7 Gmh Gm27 Gall]
G. = diag [G;, Gz, Gi23, G131, Gai2,
C;111217 Ga22~, Ga317 Ga32}

(52a)

(52b)
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Giz1 o by
) X = [UCSlv Ucs2, Ucs3, ¢’ﬂ]l;l7 ¢m.§27 Us1, Us2, Us3, (54&)
Ub, Wm1; Um2, Uall
¢S‘l (Z)SQ (bs?) T
Ml = [¢cslv ¢0527 ¢cs37 07 07 07 07 07 07 07 07 0] . (54b)
G G2 Gss The column spac®! of D, from (53a) reads as
¢091 QSCS? ¢033 :
lucsl luCSQ Ues3 1 0
nz gV G g, DI=|0 1 (55)
x Garz ) a3l & -1 -1
a22
P11 | Par2 Man N ¢a31v¢a32 ) -
with the orthogonal complemed = [1,1,1]". Thus, the
ﬁaﬂ Glazz o transformation matrixr';. according to (24) is given by
a a32
1 1 1
e 4 Ti.=|1 0 -1, (56)
LT 01 -1
Pm1 Om2 and the matrixH,,., see (37) reads as
0 1 0
Gum1 G2 H,, = {0 0 J . (57)
lumsl lumsg The linear combination of coil currents which can be calcu-
lated from the set of equations are defined by

¢msl Gr (Z)T ¢ms2

-

Fig. 5. Reduced permeance network of the PSM.

and the sum of the curren(Dci)T Upe = Uest + Ues + Ues3,

see (36), cannot be deduced from the permeance network. Th

and the components of the incidence matrix read as is immediately clear, since applying the same current to all
three coils does not change the fluxes in the machine.

The vector of independent coil fluxes is then given by

o 1 o0 -1 0 -1 -1 -1 -1
D.={0 -1 1 0 0 1 1 0 O

o 0 -1 1 0 0 0 1 1 —
H17‘T16¢)t6 = [iCSI _ ¢CSS:| (59)
cs2 ¢(5$3
(532) and the constrain(D)” ¢, = dest + dess + dess = 0 has
(<1 0 0 0 0 00 00 to be met.
D = (1 00 0 00 O0O0O0 (53b)
[0 -1 0 1 0 1 1 1 1]
0 1 -1 0 0 -1 -1 0 0
00 1 -1 0 0 0 -1 -1
D,=|-1 0 0 0 1 0 1 0 1
1 0 0 0 0 0 0 0 0
-1 0 0 0 0 0 0 0 0
0 0 0 0 -1 -1 -1 -1 -1
(53c)

The balance and the torque equations are defined equally to
the complete model and are, therefore, not repeated here. In
the subsequent section, however, the derivation of thagelt
equations according to Section II-D is carried out for the
reduced model.

Fig. 6. Electrical connection of the motor coils (delta).

B. \oltage equation

Following (22) the vector of unknownsand the right-hand  The coils of the motor are connected in delta connection, set

side M; for the reduced permeance network of 5 are giverig.

Ucsl — Uess:
H;, T = |:u ;_ u z:| (58)

Ub¢ 1
2 2

6, which does not directly imply an additional congitai
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on the currents. The electric voltages, however, have ta mee

Vet + Vea + Ue3 = 0. Using this constraint in the ode 60 P A " A A P
q so Y
. . . - 1 Iy i i\ ! [
Nc& (¢csl + ¢682 + ¢CSB) = 7Rc (ch + 2e2 + ZCB) (60) g 2 ' ' , l ) 'l l| " ‘| : |I , ‘ )
+ Ve1 + Vea + Ves, £ BEEEEEEEEEE
- (1)) SRR TR FPR TERT (AR ERTE TR FRUS PRES SR FEPS- R
[ 1 ] ' . | | 1 |
ic1 +ico+ic3 = 0 can be directly deduced. Finally, the set of $ Vo 'l i | Lol : | ,' 'l i
independent differential equations is given by S 20p Gopyt 'l " R S A
has \ I 1 | | i
d —40 | || ,' O SO B R T S l”' \ ,'
. . § |- \/ . \ / 1.
Nca (¢csl - (bcs?)) = 7Rc (ch - ZC?)) + Vel — Ve (61a) ‘\‘I '\,' ‘-‘;’ “," \‘I '\_’
—60 i i i i
d ) . a
Nca (¢cs2 - ¢053) = 7Rc (262 - ZCS) + Veg — Ve3- (61b) 2.0 T T (.) T .
I Sl TN :
Remark 2: Note that the electrical interconnection of the Lol 7 A \‘\
coils does not have to be considered sidde. T:. V. = I, o : : s : S
with = 0.5 R - - . \‘,\
~ . Vi . . .
t~ 0 / \
1 2 -1 % el ;o \
V.= 3 -1 2 (62) 5 —Y /' : : : o
-1 -1 L0 | AN o
./ AY
isb R N\
andﬁtc = Nc [icl - 7"637 icZ - icS]T 90 X
' (b)
] S S
C. Comparison with complete model and measurements < sl 7 o ,-' \
To prove that the reduced model captures the essential? aob R ,-', : ‘-\
behavior of the complete model with sufficient accuracy, a 2 y \
comparison of the torques for zero current (see Fig. 7(a))g LS SRR AR §
and for —ics = i3 = 25 A, iy = 0 A (see Fig. % 0 b s M .
7(b)) is given. It can be seen that almost perfect agreemeng
between the two models can be achieved. The comparison 0% —15+¢
the magnetomotive force,s in Fig.7(c) shows some minor 2 —30f ... ;. Sl complete ||
differences between the complete and reduced model, whichg s —-— reduced
however, do not significantly influence the torque. Themfor
0 15 30 45 60 75 90

the simplifications of the reduced model can be considered
feasible.

For the evaluation of the model quality in comparison with
the behavior of the real motor, measurements at a test beRgh 7. Comparison of the complete with the reduced modelf¢a)zero
were performed. The test bench given in Fig. 8 is compos@grents and (b)-(¢) for-icz = ics = 2.5 A, ic1 =0 A.
of (i) the PSM, (ii) a torque measurement shaft, (iii) a highl
accurate resolver, (iv) an inertia disk and (v) a harmoniedr
The PSM is connected to a voltage source, where the termipal
voltagew,. is adjusted to obtain a desired currénwhile the
terminal voltagesy, and v, are set to zero, see Fig. 6. To
measure the torque as a function of the angle, the PSM
is driven by a harmonic drive motor at a constant rotation. : ™\ K. v -l
speed ofn = 2 rpm. e — n \\[ ) ~ =

Fig. 9 depicts a comparison of the measured and simulal & . : . =" g . : »—]
torque of the PSM. It can be seen that a rather good agreem \@ L = ) - | FEE
between measurement and reduced model is given, whic o ; :
remarkable, since the model has only been parameterized — 5
means of geometrical and nominal material parameters. — harmonic drive

The reduced model, however, is not accurate enough fo = C—— \
high precision control strategy. Therefore, the next sects
concerned with the calibration of certain model parametrsFi9- 8- Test bench for the PSM.
further improve the model accuracy.

angley (°)
©

PSM  torque sensor angle sensor inertia
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80 J as
60 , . N, N,
~ ] I ’. ’. — — — —_—r — -
= ol ; i 2 ] Vim = mod <k: (1-1) 3 (m—1) 5 1,N, | + 1.
> oy i il it | 63
£ 20y t b ] I R (63)
5 Op bt P (iii) For each angley”, the relation
o I o 1
2 20 h S 4 '
S ol &) ; ] - | i (G +D,G. DY) uf, = -D,G, (D! u;e + D} upy) (64)
= L . X - “
—60f " : : 1 with G (¢*, uf,) andG. (", uf,) has to be fulfilled, see (18).
—80} ] (iv) The derivationdAG,/dy, needed for the calculation
(é) of the torque, see (20), is approximated by
2.0 T . .
-~ 0AG, AGET — AG)
L5 | ST ‘ 7 R v E— (69)
1.0 ." .\'\ R v LFIC"F% v
€ 0.5 / "‘\, | The corresponding magnetomotive forces of the air gap alsc
£ ’ / \ have to be evaluated af® +- Ay /2. Since they are calculated
q;,) 0 ' 1 from (64) at the angles”, these values are obtained by
T 05} ¥ . averaging the magnetomotive forces at the angiésand
e 2 PFtL e,
~1.0¢} 4 i )
s k+1 k
—1.5 |z Ugp + U,
"~ N ualmkaJrM - —alm____alm (66)
—-2.0 E)) 2 2
5 i (. i with 1 =1,2,3 andm =1, 2.
4t AN A With these prerequisitesy,, torque equations in the form
31 4 ‘\., A ¢ = 7% and 7N, nonlinear equations defined by (64), are
= 2f /: N ] given. TheN,, unknown values oAG* and the7 N, unknown
= 1L s Y | VeCtOI’Suf’g are given as the solution of this set of equations.
= ol \;\ | This solution is found numerically using e.g.AvLAB and
g 1 \ results in the desired corrective tertG* as a function ofp.
o —r 3y A 1
s -2} ! ]
! 1.6 ! !
-3} I measurement N S S nominal | o
—4 R . —-—  simulation N £ : AN : —.—  identified S
-5 = i: 12 v e
& \ 4
0 15 30 I45 o 60 90 > 10f TP -
angley (° = R 7
(©) %5 0.8F \\ .................. i
o 0.6F - N Y TR
Fig. 9. Comparison of the reduced model with measurementéo(azero % \ /
currents, (b) for—ico = ic3 = 2.5 A, ic1 =0 A and (c) for—ico = ic3 = ) 04p - \ " Jo
7.5 A, i1 =0 A. € \ : i
) 02 R W \ c
=% Yoo ./
OF - ,.I ..... e i__‘ . .
IV. M ODEL CALIBRATION 0 15 30 45 60 75 90

The main reason for the model errors are the inaccuracies
in the air gap permeances, ;. Thus, the following strategy
is introduced for the identification of the air gap permeancerig. 10. Comparison of the identified and the nominal air gepmeance
(i) The torque is measured for fixed currerits; = 0, © (@)-
—ics2 = des3 = s and a fixed step size in the angle
Ay, resulting in a measurement vectdfl, E=1,...,N,
with the corresponding anglegs® = kA, the number of
measurementd/, and ApN, = /2.

angley (°)

Fig. 10 shows a comparison of the nominal air gap per-
meanceG, (¢) model adopted from [2] with the identified
values, where measurements with fixed currenis = 0,

(ii) It is assumed thatd, = Ga.nom +AG,, with the nomi- —i.so = i.s3 = ics = 5 A were used for the identification.
nal valueG, .. and the corrective terdG,, to be identified. It can be seen that the basic shape is equal to the noming
Of course, the corrective term has to meet the symmetry caaracteristics, only the maximum value is reduced and the
dition (8), AGum = AG, (¢ — (1 —1)7/6 — (m — 1)x/4), transition phase is slightly changed. The identified shape
1=1,2,3 andm = 1, 2. For fixed angles>* the correspond- seems to be reasonable since the changes might account f
ing values are given bhG7' , where the index;,,, is defined unmodeled leakages.

alm’
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for low and high currents.

Fig. 11. Comparison of the torque of the calibrated modeh wieasurements
(a) for zero currents, (b) foFico = ic3 = 2.5 A, ic1 = 0 A and (c) for
—ien = i3 =T.5 A, ic1 =0 A.

The comparison of the induced voltages;, j = 1,2, 3 for
a fixed angular velocity 0f20 rad/s given in Fig. 12 further
confirm the high accuracy of the proposed model.

12 T T T

] M

4
211

)N A
6} A, :
-8 measurementl”

—10|] ---  simulation
—12

voltagev.s (V)

6F \ .

/ \: o

angley (°)

Fig. 12. Comparison of the induced voltages of the calibrateodel with

measurements fap = 120 rad/s.

In conclusion, it was shown that a calibrated permeance
model in form of a state-space representation with minimum
number of states is suitable for the accurate description o]
the behavior of the motor in the complete operating range. In
the subsequent section, a classical dg0-model of the moto|
as it is typically employed in the controller design of PSM,
will be derived. To do so, first a magnetically linear model
is extracted from the nonlinear reduced model. It will be
shown that the simplifications associated with the magalkfic
linear and especially with the dqO-model result in rathegéa
deviations from the measurement results. This also implies
that a controller design based on dgq0-models is not able tc
exploit the full performance of model based nonlinear azintr

strategies.

V. SIMPLIFIED MODELS
A. Magnetically linear model

If it is assumed that the relativ permeabilify, of all
permeances is constant, then a magnetically linear perceean
model is obtained. Starting from (18) (of course using the
incidence matrixD and the tree and co-tree magnetomotive
forces and fluxes of the reduced model of Section Ill), the

In Fig. 11, the torque of the calibrated model is compargfdagnetomotive forcesy, of the tree permeances can be
with measurement results. These results show a significaaiculated in the form
improvement to the uncalibrated model in Fig. 9 and a very
good agreement in the complete operating range of the motottts = —
Thus, it can be deduced that both the inhomogeneous air gap
as well as saturation in the motor are adequately reprebeni@d the coil fluxesp:. read as, see (17)
by the proposed model. It is worth noting that an even better .
agreement between measurement and model could be achieveg;,. = —D. {Gc - GCDZ (G + DgGCDgT) DgGC}
for the cogging torque if the calibration would have been
performed at a lower current, e, = 2.5 A. Then, however,
the results for high currents would be worse such that the
presented results are a good compromise between the agcufidws, the coil fluxes are given in the form of a superposition o
the flux due to the coil currenis,. = N.i. and the permanent

(DZutc + Dﬁutm) .

0 15 30 45 60 75 90

(Gt + DgG(;Dg) -t DgG(; (Dzut(: + DT utm)

m

(67)

(68)
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magneta,,. Inserting (68) into the voltage equation (21), wevith the constant main inductands,,. The termJ reduces to
get for the left-hand side

e sin (pgp)2
Nci(btc — N, Obrc +N, a‘?tc ii(:. (69) J(p) = J |sin (P — §7T) (77)
dt Op Oi. dt sin (pgp — 3T
~— N——
J L

and the torque can be formulated as= pul,, M., (¢) .,

The (symmetric) inductance matrlx can be formulated as  whereM..,,, () reads as

—1 . . T : us
L=-N?D, [GC — GCDZ; (Gt + DgGCDgT) DgGC} Dz I { sin (pe) sin (pga — 27272 sin (pn,o — %472
(70) —sin(pp) —sin(pp — %) —sin(pp - F)
78
and the vectod reads as (78)
J— _N.D.T (DTu DTu ) 71) The coefficientd.,,,, J andM can be obtained e.g. by a fourier
eet S\ He Tte mtm analysis of the corresponding entries of the magnetically
with linear model. Fig. 13 shows a comparison of the entries of
T, — 0G, aGCDTH DG - GD'H-D 0G, the inductance matridL, the vectorJ and the matrixM..,,,
T 0p  9p 9 hTeTe T MeEg BT, between the magnetically linear model and the fundamenta
. G, 0Ge .y wave model. It can be seen that a rather good approximatiol
+ G:D,H; (8— +D, 3 Dg> HSDch:| of the magnetically linear model can be obtained by means o
v v (72) the fundamental wave model.
The well-known dqgO-representation of the fundamental
and wave model can be found by using the transformations
-1
H5 = (Gt + DQGCD(I;) . (73) id Z'(:1 Vd Vel
Given these results, the voltage equation (21) can be formu- |ig| =K (¢) [icz|, |vg| =K (p) |ve2 (79)
lated in the well-known form &y Le3 Yo Ve3
d . . .
L (¢) Eic = _J(p)w+ Reiv — ve. (74) with the transfor(mat)lon matnK_(Z)T, .
Note that the inductance matrix and the vectod are both K (4) = ETS (p(p) ETS ((pgo_ ﬁg Z?s g;zxp_ ﬁ))
nonlinear functions of the rotor angle. According to (20), v = fw pﬁ 3 pﬁ 3
the torquer of the motor in the magnetic linear case is given 2 2 2 (80)
by
1 1 Then, the dg0-model takes the form
T = §putTCDCTJDCTu,gC + iputTmDmTJDﬁutm d 9 1 3
—ig=—— [ =S Lpwi id — 1
e ~ 75) gz 3T ( 5 pwiq + Reig vd> (81a)
+pul D, T;DTu.. d. 21 /3 R .
%;_(t/ &zq = gL_m 5meouzd — 5]&) + Reig — vy (81b)
Here, three different parts can be distinguished: (i) Fapzeand the torque is given by
coil currents, i.eu;. = 0, the remaining part. represents S 2p]\2[umslNciq« (82)

the cogging torque of the motor. (ii) Excluding the permanen

magnets of the motor, i.e. setting,,, = 0, only the reluctance .

torquer, due to the inhomogeneous air gap is present. (iii)C: Comparison of the models

The partr, represents the main part of the torque. It is the only Up to now three models of different complexity, i.e. a

part which can be found in an ideal PSM with a homogenotiagnetically nonlinear model, a magnetically linear and a

air gap. fundamental wave model, were presented in this paper. $n thi
section, the torque calculated by these models is compared

B. Fundamental wave model with measurement results, see Fig. 14.

The magnetically linear model of the previous section still 1" results for zero current (Fig. 14(a)) show that the

covers the complete nonlinearity due to the air gap perm@299ing torque can be reproduced rather well by the nortinea
ances. In this subsection, a further simplification is mad&odel- Even the magnetically linear model shows the basic

where only the average values and the fundamental waghavior of the cogging torque, however, with larger errors

components of the corresponding parts are considered. compared to the nonlinear model. As a matter of fact, it is not

Applying this approach to (70), the inductance matrix jRossible to reproduce the cogging torque with the fundaatent
given by wave model. Thus, this model gives the worst results as it was

of course, expected.

1 1
?m —5Lm *ng For nominal and high currents depicted in Fig. 14(b) and
L= *?Lm %m —glm| (76) (c), respectively, this result is confirmed. Again the noedr
—3Llm zlm  Lm model gives excellent agreement with the measurements whil
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Fig. 13. (a) EntryLy; of the inductance matris, (b) J1 of the vector Fig. 14. Cor_nparison of the measurement results with theimeanl, the

J and (c) Mum.11 of the matrix Menm, for the magnetically linear and the magnt_atlcally_llnear and the fundamental wave modgl forc@q)zéro currents,

fundamental WéVe model. b) —ie2 = 1e3 = 2.5 A, ic1 =0 A and (C) fOrflCQ = 1c3 = 7.5 A,
ic1 =0 A.

the performance of the magnetically linear model degrad
with increasing currents. This results from the fact thatsa
ration is not included in the magnetically linear model. Th
basic shape is, however, much better reproduced than in
fundamental wave model.

This brief comparison shows that a controller designed
using a fundamental wave model cannot systematically ac-A systematical modeling framework for PSM with internal
count for the cogging torque and saturation. Using instead tmagnets was outlined in this paper. Different to existingkso
nonlinear model for a controller design it can be expectede balance equations were derived based on graph-theor
that the control performance is superior to controllersedaswhich allows for a systematic calculation of the minimum
on fundamental wave models. The obvious drawback of tme@mber of nonlinear equations. Further, the choice of ablgt
nonlinear model is the increased complexity of the resgltirstate and the systematic consideration of the electricaieo-
control strategy. Here, the magnetically linear model rhighion of the coils were discussed. The quality of the calibdat

68 a good compromise between model complexity and mode
accuracy for the controller design and will yield significan
ﬁ%)rovements in comparison to fundamental wave models.

VI. CONCLUSION
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