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Modeling and Static Optimization of a Variable Speed Pumped Storage Power Plant

J. Schmidt∗, W. Kemmetmüller∗, A. Kugi∗

Automation and Control Institute, Vienna University of Technology, Gußhausstraße 27–29, 1040 Vienna, Austria

Abstract

Pumped storage power plants are key components to stabilize electric distribution networks with high amount of in-
termittent power sources as, e.g., solar and wind power plants. Tailored mathematical models are important for the
transient and the stationary analysis of such plants. A comprehensive mathematical model of a variable speed operated
pumped storage power plant, which incorporates reversible pump turbines in combination with doubly fed induction
machines, is developed in this paper. Special emphasis is laid on an accurate description of important dynamic effects
(e.g., water hammer) and of the energy losses of the system. Based on this model, optimal stationary operating points
are determined, which minimize the overall system losses and systematically take into account the operating constraints.

Keywords: variable speed pumped storage power plant, doubly fed induction machine, mathematical modeling,
optimal stationary operation

1. Introduction

Electric power industry is currently faced with environ-
mental issues, increasing energy consumption and limited
resources of fossil fuels. These challenges are, amongst ot-
hers, tackled by an intensified usage of renewable energy
sources, in particular wind and sun. The intermittent na-
ture of these energy sources calls for a sufficient amount of
large scale energy storage capabilities in order to ensure a
generation-load balance and thus grid stability. The well-
established pumped storage power plants (PSPPs) still
represent the most attractive way of large scale energy
storage, having a worldwide installed capacity of approxi-
mately 130 GW [1]. In particular variable speed operated
PSPPs with reversible pump turbines offer distinct advan-
tages in comparison to conventional fixed-speed PSPPs,
including: (i) increased efficiency (especially during part-
load operation) and an enhanced operating range in tur-
bine mode, (ii) improved network frequency regulation ca-
pabilities due to rapid injection of active power (flywheel
effect) as well as (iii) improved active power regulation
capability during pump operation, see, e.g., [2, 3, 4, 5].

Together with the ability of reactive power control, these
features make variable speed PSPPs an excellent aid for
improving grid stability, e.g., by primary frequency con-
trol. Two types of variable speed PSPPs are typically
considered in literature: the doubly fed induction machine
(DFIM) with a part-load converter at the rotor terminals
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and the synchronous machine with a full-load converter
at the stator terminals [5, 6, 7]. The converter fed syn-
chronous machine inherently offers some advantages over
the DFIM, including a much larger possible speed range
[7]. While power electronics components typically limit
the power range of a full-load converter, the recent ad-
vances in power electronics technology allow to build such
PSPPs with ever increasing power, see, e.g., [8] where a
commissioned PSPP applying a 100 MW full-load conver-
ter is described.

Nevertheless, the usual restriction of the speed range to
approximately ±10 % around the synchronous speed al-
lows to size the part-load converter of the DFIM topology
to only a small portion of the rated machine power. This
constitutes a decisive economic advantage of the DFIM
topology, currently making it the predominant technology
for high power (& 100 MW) applications, with several ex-
amples of commissioned power plants, see, e.g., [9, 10, 11].
Hence it is a variable speed PSPP employing the DFIM
topology that is considered in the present contribution.

Mathematical models of the PSPP are required for the
dynamic simulation, the controller design and the optimi-
zation of the operation of PSPPs. Thus, one goal of this
contribution is the derivation of a comprehensive mathe-
matical model of a variable speed PSPP. In particular,
special focus is laid on the accurate description of the dy-
namic behavior as well as of the losses of the overall plant,
incorporating both the mechanic as well as the electric key
components. In literature, see, e.g., [10, 12, 13], simplified
pump turbine models are often used, which are not suit-
able to properly reflect pump turbine losses in a larger
operating range. A more sophisticated PSPP model in-
tended for power system simulations is presented in [14].
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Figure 1: Setup of the considered variable speed pumped storage power plant (PSPP). The pipe segment numbering corresponds to Table 3.
The electric system of each plant consists of a DFIM, a step-up transformer (S), a converter transformer (C) and a voltage-source converter
(VSC), comprising a grid side inverter (GSI) and a rotor side inverter (RSI). Vector notation is applied for the respective dq-quantities, e.g.,

uD
dq1 =

[
uDd1 uDq1

]T
.

Here, the hydraulic system is modeled in a similar way
as in this paper, i.e. modeling the pump turbine in a
quasi-stationary manner by its characteristics and nume-
rically solving the pipe model’s partial differential equa-
tions (PDEs) by the Method of Characteristics (MOC).
The mathematical model of the electric system, however,
is not described in detail. This might be reasonable for
power system simulations, but is not appropriate for con-
troller design and optimization. In [4] a variable speed
PSPP is modeled based on the hydraulic modeling appro-
ach of [15, 16], which applies a finite difference scheme for
the numerical solution of the pipe PDEs. The simulation
builds upon an existing software tool, which was originally
developed for the simulation of electric systems [16]. Thus,
also the hydraulic components are described by equiva-
lent electric models. As the pump turbine characteristics
are interpolated with continuity of order 0, it is, howe-
ver, difficult to directly use this model for optimization
purposes. In [17] a simulation model based on the MOC
and a continuously differentiable surface interpolation of
the pump turbine characteristics [18] is applied for water
hammer studies. This modeling approach is also described
in [19]. A continuously differentiable interpolation of the
pump turbine characteristics allows for the application of
numerically efficient gradient based optimization methods.
Therefore, a similar interpolation scheme is also provided
in the present work, combining a state-of-the-art modeling
approach of the hydraulic system with a detailed model of
the electric system, particularly modeling the energy los-
ses of the electric subsystem in more detail compared to
above mentioned works.

Since PSPPs involve remarkable investments, suitable
building sites are limited and due to liberalized energy
markets, efficient operation is becoming increasingly im-
portant. In particular, the additional degree of freedom
gained from variable speed operation is utilized to incre-
ase the efficiency of hydraulic machines. Reference [20]
briefly describes the determination of optimal stationary
operating points of a hydro power plant, where the hydrau-
lic components and the generators are taken into account

in a special software tool. Stationary operating points of
maximum efficiency are determined by an iterative pro-
cess. Since the generators are modeled as active power-
depending efficiencies, their operating constraints are not
systematically considered in the optimization process. In
[4] control strategies for the optimized stationary opera-
tion of variable speed pump turbines are suggested. In
turbine mode, the optimal set point of the turbine speed
is determined for a given net head and a desired output
power from a lookup table. Similarly, in pumping mode
an optimal guide vane opening is calculated for a given
rotational velocity and a given net head by a stationary
law. In these cases, operating constraints are not explicitly
taken into account and in [4] optimality is solely based on
the pump turbine characteristics.

The mathematical model proposed in this paper is in-
tended to serve as a basis for the analysis of the static and
dynamic system behavior (e.g., water hammer studies),
the design and test of control strategies and the determi-
nation of optimal system operation. In this paper, the mo-
del is used to calculate optimal stationary operating points
of the PSPP for different modes of operation, which yield
minimal energy losses of the overall system while adhering
to operating constraints.

The paper is organized as follows: Section 2 introduces
the considered variable speed PSPP and summarizes the
mathematical models of its components. In Section 3, the
dynamic behavior of the PSPP is analyzed by simulation
studies. Section 4 describes the optimization problem for
optimal stationary operating points and presents its nume-
rical results. Finally, Section 5 gives some conclusions.

2. Mathematical Model

The overall system, depicted in Fig. 1, consists of two
plant units A and B, which are coupled by a common
pipe system. Assuming constant grid voltage amplitude
and frequency, the coupling over the common electric grid
segment can be neglected. Further, it is assumed that
both plant units have an identical configuration, which al-
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lows to apply the same mathematical model to both plant
units. If necessary, the superscripts A and B are utili-
zed to distinguish the different plant units. Subsequently,
quantities in per unit representation are often used, which
will be marked by (̃·).

2.1. Electric Subsystem

The equations of the electric system are given in a
per unit dq-representation, normalized with respect to
the stator of the DFIM. The reference frame is synchro-
nously rotating with the constant grid frequency ωgrid =
2π50 rad/s, which is also used as the base frequency ωb in
the per unit representation, i.e. ωb = ωgrid, see Table 1.
The respective 0-components are not taken into conside-
ration, since they do not influence the dynamic behavior
of the system. The base values of power Sb and voltage ub
for the per unit representation of the electric subsystem
are derived from the rated stator values of the DFIM, see
Table 1. The other base quantities are selected in accor-
dance to [21], e.g., the base current and the base torque
read as

ib =
2

3

Sb

ub
and Tb =

nppSb

ωb
, (1)

see Table 1, with the number of pole pairs npp = 7.

Table 1: Base quantities.

Description Parameter Value Unit

apparent power Sb 182.50 MVA

peak value of phase voltage ub 15
√

2
3

kV

phase current ib 9.93 kA

grid frequency ωb 2π50 rad/s

torque Tb 4.07 MNm

The electric grid is modeled as a balanced three-phase
voltage source of constant amplitude ũgrid = 1 and, as
already mentioned before, a constant angular frequency
ωgrid = 2π50 rad/s. The corresponding dq-components of
the grid voltage are constant and coincide with the dq-
components ũSd1, ũSq1 of the step-up transformer, see Fig.
1. Using proper alignment between grid voltage and the
reference frame, these voltages can be written as

ũSd1 = ũgrid = 1, ũSq1 = 0. (2)

The electric system of each plant incorporates a DFIM (D),
a step-up transformer (S), a converter transformer (C) and
a voltage source converter (VSC), see Fig. 1. The trans-
formers are necessary to adjust the corresponding voltage
levels. As discussed before, the DFIM can operate both
in generator mode (turbine mode) and motor mode (pum-
ping mode). To allow for operation in both directions of
rotation, switching facilities are incorporated to reverse
the phase order at the stator terminals, see, e.g., [22]. The
start-up of the DFIM and the transition between pumping
and turbine mode require additional measures, both in the

electric and the hydraulic system, see, e.g., [23, 24]. These
operations are, however, not considered in this contribu-
tion and thus not further discussed.

A magnetically linear model, which includes the influ-
ence of iron losses, is used to describe the dynamic be-
havior of the DFIM, see, e.g., [25, 26]. The differential
equations for the stator flux components ψ̃D

d1 and ψ̃D
q1 read

as

1

ωb

dψ̃D
d1

dt
= −R̃D

1 ĩ
D
d1 + ω̃D

synψ̃
D
q1 + ũDd1 (3a)

1

ωb

dψ̃D
q1

dt
= −R̃D

1 ĩ
D
q1 − ω̃D

synψ̃
D
d1 + ũDq1, (3b)

with the stator resistance R̃D
1 , the components ĩDd1 and ĩDq1

of the stator currents, and the components ũDd1 and ũDq1 of

the stator voltages. Moreover, ω̃D
syn is equal to the sign of

the rotation frequency ω̃ of the rotor, i.e. ω̃D
syn = sign(ω̃).

The rotor fluxes ψ̃D
d2 and ψ̃D

q2 are given in an equivalent
form

1

ωb

dψ̃D
d2

dt
= −R̃D

2 ĩ
D
d2 +

(
ω̃D
syn − ω̃

)
ψ̃D
q2 + ũDd2 (4a)

1

ωb

dψ̃D
q2

dt
= −R̃D

2 ĩ
D
q2 −

(
ω̃D
syn − ω̃

)
ψ̃D
d2 + ũDq2. (4b)

Here, R̃D
2 is the rotor resistance, ĩDd2 and ĩDq2 denote the

rotor current components, and ũDd2 and ũDq2 are the corre-
sponding rotor voltage components. The dynamic model
of the DFIM is completed by the differential equations,
see, e.g., [25, 26]

1

ωb

dψ̃D
dm

dt
= −R̃D

i

(̃
iDdm − ĩDd1 − ĩDd2

)
+ ω̃D

synψ̃
D
qm (5a)

1

ωb

dψ̃D
qm

dt
= −R̃D

i

(̃
iDqm − ĩDq1 − ĩDq2

)
− ω̃D

synψ̃
D
dm, (5b)

describing the magnetization flux components ψ̃D
dm and

ψ̃D
qm as functions of the magnetization current components

ĩDdm and ĩDqm and the stator and rotor current components.

Therein, the resistance R̃D
i is used to represent the iron

losses of the DFIM. The fluxes of the DFIM are connected
with the currents in the form

ψ̃D
d1 = ψ̃D

dm + L̃D
1 ĩ

D
d1 ψ̃D

q1 = ψ̃D
qm + L̃D

1 ĩ
D
q1

ψ̃D
d2 = ψ̃D

dm + L̃D
2 ĩ

D
d2 ψ̃D

q2 = ψ̃D
qm + L̃D

2 ĩ
D
q2

ψ̃D
dm = L̃D

mĩ
D
dm ψ̃D

qm = L̃D
mĩ

D
qm,

(6)

with the leakage inductances L̃D
1 and L̃D

2 of the stator and
rotor, respectively, and the magnetization inductance L̃D

m.
Finally, the torque T̃ of the DFIM reads as

T̃ = L̃D
m(̃iDd2ĩ

D
qm − ĩDq2ĩDdm). (7)

The mathematical models of the converter transformer
(superscript C) and the step-up transformer (superscript

3
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S) are directly obtained from the model of the DFIM (3)-
(6) by setting ω̃ = 0, ω̃S

syn = ω̃C
syn = 1 and exchanging

superscripts. Different to the stator and rotor windings of
the machine, the transformer windings are connected in
the vector group Yd5. This is incorporated into the model
by multiplying the voltages and currents of the secondary
side by appropriate constant rotation matrices, see, e.g.,
[27].

The frequency converter is the essential component to
allow for a variable speed operation of the pumped storage
plant. There are a number of possible converter topologies
available in the medium voltage range and for the required
power ratings of approx. 20 MVA [28]. These converter to-
pologies certainly have large differences in their setup and
the control strategies used to operate them. However, the
objective of the mathematical model derived in this pa-
per is to describe the essential dynamic behavior of the
overall pumped storage plant. Thus, a rather generic ap-
proach, which is capable of describing the average behavior
of many converter topologies, is used. It is an extension
of the so-called fundamental frequency or pseudo continu-
ous converter model, see, e.g., [4, 29] and based on the
following assumptions:

• a back-to-back voltage source converter topology is
used and

• the switching rate of the VSC is much faster than the
remaining dynamics of the electric system.

The converter allows to directly assign the average voltage
components ũCd2, ũCq2 at the secondary side of the converter

transformer and ũDd2, ũDq2 at the rotor of the machine within
certain limits.

Simplifying the results in [30], the losses of the grid side
inverter (GSI) and the rotor side inverter (RSI) are ap-
proximated by

P̃GSI = k̃GSI,0 + k̃GSI,1ĩ
C
2 + k̃GSI,2

(̃
iC2
)2

(8a)

P̃RSI = k̃RSI,0 + k̃RSI,1ĩ
D
2 + k̃RSI,2

(̃
iD2
)2

(8b)

with the current magnitudes

ĩC2 =

√(̃
iCd2
)2

+
(̃
iCq2
)2

and ĩD2 =

√(̃
iDd2
)2

+
(̃
iDq2
)2
, (9)

and estimated parameters k̃GSI,j , k̃RSI,j , j = 0, 1, 2. The

power P̃C
2 and P̃D

2 transferred by the converter to the
transformer and the DFIM, respectively, read as

P̃C
2 = ũCd2ĩ

C
d2 + ũCq2ĩ

C
q2 and P̃D

2 = ũDd2ĩ
D
d2 + ũDq2ĩ

D
q2. (10)

Using the balance of energy, the dynamics of the DC-link
voltage ũDC can be written in the form

1

ωb

dũ2DC

dt
= − 3

C̃DC

(
P̃C
2 + P̃GSI + P̃D

2 + P̃RSI

)
, (11)

with the effective DC-link capacitance C̃DC .

The mathematical model of the electric system is com-
pleted by the electric interconnection of the transformators
and the DFIM in form of the following constraints, see Fig.
1:

1. The voltages at the common node are equal, i.e., in
terms of phase voltages of the three-phase system,



ũSa2
ũSb2
ũSc2


 =



ũDa1
ũDb1
ũDc1


 or



ũSa2
ũSb2
ũSc2


 =



ũDa1
ũDc1
ũDb1


 (12)

holds, depending on the switching state at the stator
terminals of the DFIM. Neglecting the 0-components,
this reads as

[
ũSd2
ũSq2

]
=

[
ũCd1
ũCq1

]
= K

[
ũDd1
ũDq1

]
(13)

in dq-representation, with K = diag[1, sign(ω̃)].

2. The sum of the currents at the common node is zero
[
ĩSd2
ĩSq2

]
+

[
ĩCd1
ĩCq1

]
+ K

[
ĩDd1
ĩDq1

]
=

[
0
0

]
, (14)

which implies that only four of the six currents are
independent. In the following, ĩSd2 and ĩSq2 are chosen
as the dependent currents.

The resulting mathematical model of the interconnected
electric components can be represented in the form

1

ωb

dxe

dt
= ge (xe, ω̃,ue,ugrid) (15)

with

xT
e =

[̃
iSd1, ĩ

S
q1, ĩ

S
dm, ĩ

S
qm, ĩ

C
d1, ĩ

C
q1, ĩ

C
d2, ĩ

C
q2, (16a)

ĩCdm, ĩ
C
qm, ĩ

D
d1, ĩ

D
q1, ĩ

D
d2, ĩ

D
q2, ĩ

D
dm, ĩ

D
qm, ũDC

]
,

uT
e =

[
ũCd2, ũ

C
q2, ũ

D
d2, ũ

D
q2

]
. (16b)

The corresponding active and reactive power output of
the pumped storage plant to the grid P̃grid, Q̃grid are de-
fined at the secondary side of the step-up transformer by1

P̃grid = −ũDd1ĩDd1 − ũDq1ĩDq1 − ũCd1ĩCd1 − ũCq1ĩCq1 (17a)

Q̃grid =
(
ũDd1ĩ

D
q1 − ũDq1ĩDd1

)
sign(ω̃) + ũCd1ĩ

C
q1 − ũCq1ĩCd1.

(17b)

2.2. Hydraulic Subsystem

The hydraulic system of the pumped storage power
plant consists of two reservoirs which are connected to two
Francis turbines via a hydraulic pipe system, see Fig. 1.
The hydraulic system is responsible for a major part of the

1In these equations, the voltages are functions of the system state
xe, i.e. ũDd1 = ũDd1(xe), ũDq1 = ũDq1(xe), ũCd1 = ũCd1(xe) and ũCq1 =

ũCq1(xe).
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dynamics and losses of the system. Thus, special emphasis
is laid on an accurate modeling of the hydraulic compo-
nents.

The central hydraulic component is the Francis turbine,
which operates both in pumping and turbine mode. Since
the transients of the pressures and volume flows inside the
turbine are considerably faster than the dynamics of the
remaining hydraulic system, it is possible to describe its
behavior by a quasi-stationary characteristics, see, e.g.,
[16, 31, 32]. It is common practice in literature to represent
the turbine characteristics by using the specific speed N11,
the specific volume flow q11 and the specific torque T11,
which are related to the physical quantities in the form

N11 =
NDr√
Hn

, q11 =
qPT

D2
r

√
Hn

, T11 =
TPT

D3
rHn

, (18)

see, e.g., [4, 33]. Here, N is the rotational speed, qPT is
the volume flow, TPT describes the torque and Dr is the
reference diameter of the turbine. Further, the net head
Hn (also called dynamic head) is defined as

Hn =
pUS − pDS

ρg
+ ∆z +

v2US − v2DS

2g
, (19)

with the fluid mass density ρ, the gravitational accelera-
tion g = 9.81 m2/s, the upstream pressure pUS , the do-
wnstream pressure pDS , the corresponding fluid veloci-
ties vUS and vDS as well as the height difference ∆z =
zUS − zDS between the inlet and the outlet of the turbine,
see, e.g., [31]. Fig. 2 shows the measured characteris-
tic maps of the Francis turbine as a function of the guide
vane opening χ. Here, the quantities are normalized to the
operating point of best turbine efficiency, which is charac-
terized by χr, N11,r, q11,r, T11,r.

The S-shape characteristics in the transition from tur-
bine mode (N11, q11, T11 > 0) to the inverse pumping mode
(N11 > 0, q11, T11 < 0) is problematic for the interpolation
of the data points in a simulation model due to ambiguous
operating points for the same values of χ and N11. To ci-
rcumvent this problem, the polar coordinates r and θ are
introduced in the form

r2 =

(
N11

N11,r

)2

+

(
q11
q11,r

)2

=
Hn,r

Hn
f(N, qPT ), (20a)

θ = arctan

( q11
q11,r
N11

N11,r

)
= arctan

( qPT

qPT,r

N
Nr

)
, (20b)

see, e.g., [16]. Here, the abbreviation f(N, qPT ) reads as

f(N, qPT ) =

(
N

Nr

)2

+

(
qPT

qPT,r

)2

, (21)

and the reference values qPT,r, Hn,r, TPT,r can be calcula-
ted from the best efficiency point by (18) for a given value
of N = Nr. In this work, Nr is chosen2 as the synchronous
rotational speed of the DFIM, see Table 2 for a definition
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Figure 2: Normalized characteristic maps of the Francis turbine,
parametrized by the guide vane opening χ.

Table 2: Pump turbine parameters.

Parameter Value Unit

N11,r 81.37 rpm

q11,r 0.20 m3/s

T11,r 211.05 N m

χr 0.55

Nr 428.57 rpm

Hn,r 355.53 m

qPT,r 47.59 m3/s

TPT,r 3.44 MNm

Dr 3.58 m

∆z 11.50 m

of the pump turbine parameters. Using these new coordi-
nates allows to calculate the transformed charactistic maps
in the form

WH =
1

r2
=

Hn

Hn,r

f(N, qPT )
(22a)

WB = WH
T11
T11,r

=

TPT

TPT,r

f(N, qPT )
, (22b)

see, e.g., [16, 31], which are shown in Fig. 3. While this
transformation eliminates the problem with ambiguous
operating points, it is no longer possible to represent the
case of a fully closed guide vane χ = 0 by the transformed

2Instead of choosing Nr, it would also be possible to choose Hn,r,
e.g., as the nominal value of the net head.
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characteristic maps. This case is, however, only of minor
practical interest and thus not considered in this paper. As
already discussed before, an at least continuously differen-
tiable approximation of the characteristic maps is required
for the simulation model and for the usage in gradient ba-
sed optimization strategies. In this work, cubic B-Spline
surface interpolation based on surface skinning [34] was
applied. The resulting interpolated characteristic maps
are given together with the measured data points in Fig.
3.
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Figure 3: Transformed pump turbine data points from Fig. 2 and
interpolated characteristic maps WH(χ, θ) and WB(χ, θ).

Using (22), the net head Hn and the pump turbine tor-
que TPT

Hn(χ,N, qPT ) = Hn,rWH(χ, θ(N, qPT ))f(N, qPT ),
(23a)

TPT (χ,N, qPT ) = TPT,rWB(χ, θ(N, qPT ))f(N, qPT )
(23b)

are defined for given volume flow qPT , rotary speed N and
guide vane position χ of the pump turbine.

Note that in [18] the specific quantities N11, q11 and
T11 are interpolated on B-Spline surfaces, which allows to
represent fully closed guide vanes. In some circumstances,
however, it might be considered a drawback, that instead
of θ a more general parametrization variable has to be
applied, which doesn’t have an immediate relationship to
any physical variable of the system.

The pump turbines of the power plant are connected to
the upper and lower reservoir by an arrangement of pipe
segments, cf. Fig. 1. Assuming a one-dimensional axial
flow, a single pipe segment is modeled by the PDEs for the

pressure p and the fluid velocity v = q
A in the form, see,

e.g., [31, 35, 36, 37]

1

ρa2

(
∂p

∂t
+ v

∂p

∂x

)
+

1

A

∂A

∂x
v +

∂v

∂x
= 0, (24a)

1

ρ

∂p

∂x
+

(
∂v

∂t
+ v

∂v

∂x

)
+
λv |v|
2D

+ g sin(α) = 0, (24b)

where a is the wave speed, A(x) is the cross sectional area,
D(x) the corresponding diameter, α the inclination of the
pipe segment and λ the Darcy-Weissbach friction parame-
ter. Table 3 summarizes the parameters of the hydraulic
pipe system of the power plant. It is assumed that the dia-
meter D(x) of a pipe element varies linearly with the posi-
tion x along the pipe, i.e. D(x) = D(0)+(D(l)−D(0))x/l,
with the diameters D(0) and D(l) corresponding to the
areas A(0) and A(l) at the beginning and the end of the
pipe segment, respectively.

Table 3: Parameters of the pipe system according to Fig. 1.

i
li

lmax

Ai(0)
Amax

Ai(l)
Amax

αi ai λi × 103

1 2.0× 10−1 1.00 1.00 −3.7◦ 1250 m/s 5.3

2 6.2× 10−3 1.00 0.85 −3.7◦ 1250 m/s 5.3

3 3.8× 10−1 0.85 0.85 −90◦ 1250 m/s 5.3

4 5.9× 10−3 0.85 0.43 0◦ 1200 m/s 5.3

5 9.7× 10−2 0.43 0.43 0◦ 1200 m/s 5.3

6 3.0× 10−3 0.21 0.23 0◦ 1200 m/s 5.8

7 2.7× 10−2 0.23 0.23 0◦ 1200 m/s 5.8

8 4.9× 10−2 0.32 0.32 6.1◦ 1250 m/s 5.8

9 3.1× 10−3 0.32 0.21 6.1◦ 1250 m/s 5.8

10 4.0× 10−2 0.43 0.43 6.1◦ 1250 m s 5.3

11 6.2× 10−3 0.43 1.00 6.1◦ 1250 m/s 5.3

12 1.0 1.00 1.00 5.6◦ 1250 m/s 5.3

The interconnection of the pipe segments and the con-
nection with the pump turbine or the reservoirs is repre-
sented by suitable boundary conditions. Assuming that
the filling levels of the reservoirs are approximately con-
stant during the considered short time scales of the dyna-
mics simulations, the upper and the lower reservoir intro-
duce the following boundary conditions

p1(0) = pUR and p12(l12) = pLR, (25)

with the pressures pUR and pLR at the inlets of the upper
and lower reservoir.

The lossless connection of two pipe segments i and i +
1 with differing parameters is modeled by the boundary
conditions

pi(li, t) = pi+1(0, t), (26a)

qi(li, t) = qi+1(0, t), (26b)

i = 1, . . . , 11. The boundary conditions for a lossless
junction of the pipe segment i into the two pipe segments
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j and k are given by

pi(li, t) = pj(0, t) = pk(0, t), (27a)

qi(li, t) = qj(0, t) + qk(0, t), (27b)

and the boundary conditions for the junction of pipe seg-
ments j and k to pipe segment i read as

pi(0, t) = pj(lj , t) = pk(lk, t), (28a)

qi(0, t) = qj(lj , t) + qk(lk, t). (28b)

Finally, the connection of a pump turbine to the up-
stream pipe segment i and the downstream pipe segment
j is described by the boundary conditions

pi(li, t) = pj(0, t) + ∆pPT (29a)

qi(li, t) = qj(0, t) = qPT , (29b)

where the pressure drop ∆pPT = pUS − pDS is defined as
a function of the volume flow qPT , the guide vane position
χ and the rotary speed N of the pump turbine by

∆pPT = ρg

(
Hn −∆z − q2PT

1
(Ai(li))2

− 1
(Aj(0))2

2g

)
, (30)

cf. (19). Here, the net head Hn = Hn(χ,N, qPT ) is defined
by (23a).

In conclusion, the overall hydraulic part of the power
plant is represented by a set of coupled PDEs, which needs
to be numerically solved for a dynamic simulation of the
power plant. For this task, it is useful to apply a number
of simplifications to (24): (i) In the present application,
the fluid velocity is much smaller than the wave speed, i.e.
v � a, which allows to neglect the convective terms v ∂p

∂x

and v ∂v
∂x in (24), see, e.g., [37]. (ii) It is further feasible

to assume a constant mass density ρ = 1000 kg/m3 and a
constant wave speed3 a. This yields a simplified PDE of
the form

1

ρa2
∂p

∂t
+

1

A

∂A

∂x
v +

∂v

∂x
= 0, (31a)

1

ρ

∂p

∂x
+
∂v

∂t
+
λv |v|
2D

+ g sin(α) = 0, (31b)

which can be numerically solved by applying the well-
established MOC, see, e.g., [31]. To do so, the simplified
PDE (31) is transformed to

dp

dt
± ρadv

dt
+
ρa2

A

∂A

∂x
v ± ρa

(
λv |v|
2D

+ g sin (α)

)
= 0,

(32)

which is defined on the characteristics

dx

dt
= ±a. (33)

To solve this set of differential equations, a discretization
in time and space is used in the subsequent simulations,
see, e.g., [31].

3Note that the wave speed summarizes the effects of the fluid
compressibility and the pipe wall elasticity.

2.3. Drive Train

The drive train couples the turbine with the generator
and thus the hydraulic with the electric subsystem. Using
the base quantities in Table 1, the balance of momentum
for the drive train in per unit representation is given by

2Hdω̃

dt
=T̃ + T̃PT − d̃c sign(ω̃)− d̃qω̃ |ω̃| , (34)

with the inertia constant H, see, e.g., [21], comprising the
inertia of the pump turbine and the rotor of the DFIM.
The torque T̃ of the DFIM and the torque T̃PT are given by
(7) and the per unit representation of (23b), respectively.
The mechanical losses of the drive train are split into a
Coulomb part d̃c sign(ω̃) and a quadratic part due to ven-
tilation losses d̃qω̃ |ω̃|. Table 4 summarizes the essential
parameters of the mechanical system.

Table 4: Parameters of the mechanical system.

Parameter Value Unit

H 3.86 s

d̃c 4.12× 10−3

d̃q 6.13× 10−3

3. Transient Simulation

As it is discussed in the introduction, the mathematical
model developed in the previous section serves two pur-
poses: (i) First, it is capable of accurately simulating the
transient system behavior. Thus, it is suitable for an ana-
lysis of the dynamic system behavior and for testing diffe-
rent control and operating strategies in simulation studies.
(ii) Second, the mathematical model also serves as a ba-
sis for reduced models, which are used for the design of
control and estimation strategies. In this context, optimal
operating and control strategies, which allow for energy-
optimal (dynamic) operation of the power plant, are of
particular interest.

In the next section, a simplified model is derived and
optimal stationary operating points are calculated. In this
section, some main features of the pumped storage po-
wer plant are discussed using transient simulations of the
mathematical model. For this purpose, the model is im-
plemented in Matlab/Simulink. The MOC is applied
for the numerical solution of the PDEs of the pipe system,
using a total of 594 spatial discretization points.

At first, it is assumed that both plant units A and B are
operated identically. In the following simulation results,
values of volume flow and pressure are depicted in per unit
representation. Therefore, the base volume flow qb = qPT,r

and the base pressure pb = Sb/qb are defined, see Table 5.
Fig. 4 depicts simulation results of the open-loop beha-

vior of the power plant for filtered (first order delay with
100 ms rise time) step-like changes of the inputs uT

e =
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Table 5: Base quantities of the hydraulic subsystem.

Parameter Value Unit

qb 47.59 m3/s

pb 38.35 bar

[ũCd2, ũ
C
q2, ũ

D
d2, ũ

D
q2] of the electric system and χ of the hy-

draulic system. The input values in Fig. 4(a) correspond to
stationary operating points with PA

grid = PB
grid = 160 MW

and PA
grid = PB

grid = 55 MW active power, respectively,
using a power factor of cos(ϕ) = 0.9 to calculate the cor-
responding reactive power QA

grid = QB
grid.
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χ ũD
d2 ũD
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Figure 4: Fast change of operating points from PA
grid = PB

grid =

160 MW to PA
grid = PB

grid = 55 MW: (a) System inputs, (b) mecha-

nical system variables, (c) active and reactive power and (d) magni-
tude of the stator voltage ũD1 .

Fig. 4(b) shows the upstream pressure p̃US = p̃7(l7), the
downstream pressure p̃DS = p̃8(0), the volume flow q̃PT

and the rotational speed ω̃ of the pump turbine. The rapid

reduction of the guide vane opening causes a fast decrease
of the volume flow q̃PT . Furthermore, large oscillations
are induced in the upstream and downstream pressures,
which propagate through the pipe system as pressure wa-
ves. The peak value of the upstream pressure exceeds the
stationary pressure by almost 35%, which poses a possi-
ble threat to the pipe’s mechanical integrity. A similar
problem occurs for the downstream pressure which almost
reaches zero. In this case, cavitation can occur, which also
results in large stress of the pipe system and the turbine.
These simulation results show that water hammer effects
are immanent hazards to pumped storage power plants if
fast changes between operating points occur.

In Fig. 4(c) the active and reactive output power of one
plant unit are shown. The pronounced oscillating behavior
after changing the operating point indicates a significantly
faster dynamics of the electric system in comparison to the
hydraulic and mechanical system. This fact can be advan-
tageously used for the design of a control strategy, where,
e.g., a cascaded control of the electric and hydraulic sy-
stem is employed. Note that the oscillations in the electric
system can be easily suppressed by a suitable control of
the inverter of the DFIM. Finally, the magnitude of the
stator voltage

ũD1 =

√(
ũDd1
)2

+
(
ũDq1
)2

(35)

is depicted in Fig. 4(d), which also shows large variations
during the fast transition. Fig. 5 illustrates this transition
in the pump turbine characteristic map.
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Figure 5: Fast change of operating points from PA
grid = PB

grid =

160 MW to PA
grid = PB

grid = 55 MW: Trajectory in the pump turbine

characteristics.

To point out the strong dynamic coupling between the
plant units, the simulation is repeated applying the step-
like changes in Fig. 4(a) only to unit A, while keeping
the inputs of unit B constant. Fig. 6 reveals that the
pressure waves initiated at pump turbine A travel along to
pump turbine B, driving it away from its initial stationary
operating point. At the end of the simulation horizon, the
system is in a condition of slowly decaying oscillations.
Apparently, in the case of independent operation, the plant
units can cause remarkable mutual disturbances, which
have to be thoroughly treated by a control strategy.

Large oscillations in the pressures and the active and re-
active power are inadmissible in practical application and
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are prevented by limiting the rate of change of, e.g., the
guide vane position χ in existing pumped storage power
plants. This, on the other hand, also limits the rate of
change of the output power, which is a major drawback
if the power plant should be used for the stabilization of
fast fluctuations in the grid. An accurate model which cor-
rectly predicts the water hammer phenomena in the pipe
system, as the one presented in this paper, is thus indis-
pensable for the design and test of control strategies which
allow for a fast reaction to fluctuations in the distribution
network.

4. Optimal Stationary Operating Points

The presented dynamical model can be used as the basis
for dynamic simulation studies, the design of control and
observer strategies and the calculation of optimal statio-
nary and dynamic operating strategies. In this section, op-
timal stationary operating points are calculated for given
values of the active and reactive power, Pgrid and Qgrid,
respectively, based on a minimization of the overall sy-
stem losses. To do so, a stationary solution of the pipe sy-
stem model is determined in the subsequent section. This
stationary pipe model in combination with the stationary
equations of the electric system serves as the basis for the
formulation of the optimization problem to minimize the
system losses.

4.1. Stationary Solution of the Pipe System

If the time derivative ∂p/∂t in (31a) is set to zero, it is
immediately clear that the volume flow q(x) is independent
of x, i.e. q(x) = q = const.. Using this result and ∂q/∂t =

0 in (31b), and integration over the pipe length l, gives
the pressure drop p(l)− p(0) over this pipe segment in the
form

p(l) = p(0)− q(l)2ρ
1

(A(l))2
− 1

(A(0))2

2

− q(l) |q(l)| ρλ
2

∫ l

0

1

D(x) (A(x))
2 dx− ρgl sin(α).

(36)

Application of this stationary solution to the equations of
the interconnected pipe system gives, after some calcula-
tions, the stationary solution of the overall pipe system in
the form

0 = ρg(Hg −Hn(χA, NA, qAPT )) +
(
qAPT

)2
c0

− (qAPT + qBPT )
∣∣qAPT + qBPT

∣∣ c1 − qAPT

∣∣qAPT

∣∣ c2
(37a)

0 = ρg(Hg −Hn(χB , NB , qBPT )) +
(
qBPT

)2
c0

− (qAPT + qBPT )
∣∣qAPT + qBPT

∣∣ c1 − qBPT

∣∣qBPT

∣∣ c2,
(37b)

where A and B refer to the two pump turbines of the
pumped storage power plant. The overall gross head Hg

is given by

Hg =
pUR − pLR

ρg
+ ∆z −

12∑

i=1

li sin(αi)

and the coefficients c0, . . . , c2 in (37) are defined as

c0 =
ρ

2

((
1

AUS

)2

−
(

1

ADS

)2
)

c1 =
ρ

2

∑

i∈Ic
λi

∫ li

0

1

Di(x) (Ai(x))
2 dx

c2 =
ρ

2

∑

i∈Ib
λi

∫ li

0

1

Di(x) (Ai(x))
2 dx.

Therein, the set Ic refers to the pipes which are common
to both pump turbine units, Ic = {1, . . . , 5, 10, . . . , 12}
and Ib summarizes the branched pipe segments, i.e., Ib =
{6, . . . , 9}.

The hydraulic input power for the turbine operation is
defined as

Phyd,in = ρg
(
qAPT + qBPT

)
Hg +

((
qAPT

)3
+
(
qBPT

)3)
c0.

(39)
Utilizing the stationary solution (37), the balance of hy-
draulic power can be formulated as Phyd,in = PA

in + PB
in +

Pdiss, with the hydraulic input power PA
in and PB

in of pump
turbine A and B, respectively, and the dissipated power
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Pdiss due to the friction in the pipe system.

PA
in = ρgqAPTHn

(
χA, NA, qAPT

)
(40a)

PB
in = ρgqBPTHn

(
χB , NB , qBPT

)
(40b)

Pdiss = (qAPT + qBPT )2|qAPT + qBPT |c1 (40c)

+
((
qAPT

)2 ∣∣qAPT

∣∣+
(
qBPT

)2 ∣∣qBPT

∣∣
)
c2

4.2. Constrained Nonlinear Optimization Problem

In this section, optimal stationary operating points for
the pumped storage power plant comprising two pump tur-
bines, which share a common pipe system, are calculated.
The main goal is to minimize the losses Pl of the over-
all hydraulic and electric system. The stationary system
losses consist of

• pipe friction losses,

• hydraulic losses in the pump turbines,

• mechanical friction and ventilation losses and

• electric losses including losses of the VSCs as well as
copper and iron losses of the converter transformers
and the DFIMs.

A per unit representation of the complete system is applied
for the numerical treatment of the optimization problem,
using the respective base quantities, see Tables 1 and 5.

Instead of summarizing all the individual losses, the
overall losses can be formulated as the difference of the
hydraulic input power P̃hyd,in and the power supplied to

the distribution network P̃A
grid + P̃B

grid, i.e.

P̃l(x,u) = P̃hyd,in − P̃A
grid − P̃B

grid. (41)

Therein, the input and output power are (nonlinear)
functions of the system state x and system input u

xT =
[
q̃APT ω̃A

(
xA
e

)T
q̃BPT ω̃B

(
xB
e

)T] (42a)

uT =
[
χA

(
uA
e

)T
χB

(
uB
e

)T] . (42b)

In addition to minimizing the overall system losses, the
stationary operating points should be calculated such that
the active and reactive power P̃ j

grid and Q̃j
grid, j ∈ {A,B},

supplied to the grid by the two DFIMs are equal to the
desired values P̃ j∗

grid and Q̃j∗
grid. This is considered in the

optimization task by the equality constraints

gj1(x,u) = P̃ j
grid − P̃

j∗
grid = 0 (43a)

gj2(x,u) = Q̃j
grid − Q̃

j∗
grid = 0, (43b)

j ∈ {A,B}. Furthermore, in order to reduce the losses
of the grid side inverter, it is common practice to set the
reactive power Q̃Cj

1 at the converter transformers to zero,
i.e.

gj3(x,u) = ũCj
q1 ĩ

Cj
d1 − ũ

Cj
d1 ĩ

Cj
q1 = 0, j ∈ {A,B}. (43c)

Finally, a stationary operating point is obtained by (37)
and by setting the right hand sides of (15) and (34) to
zero.

For a stationary operating point to be feasible, the con-
straints of the real system have to be met. The guide vane
position χj is limited by χmin ≤ χj ≤ χmax, which can be
equivalently formulated by

hj1(x,u) = χj − χmax ≤ 0 (44a)

hj2(x,u) = −χj + χmin ≤ 0, (44b)

for j ∈ {A,B}. The stator and rotor current amplitudes
of the DFIM are limited due to thermal constraints in the
form

hj3(x,u) =
(
ĩDj
d1

)2
+
(
ĩDj
q1

)2
−
(
ĩDj
1,max

)2
≤ 0 (44c)

hj4(x,u) =
(
ĩDj
d2

)2
+
(
ĩDj
q2

)2
−
(
ĩDj
2,max

)2
≤ 0 (44d)

and the rotor voltage amplitude is basically limited by the
DC voltage of the VSC

hj5(x,u) =
(
ũDj
d2

)2
+
(
ũDj
q2

)2
−
(
ũDj
2,max

)2
≤ 0, (44e)

j ∈ {A,B}. Finally, the rotor active power is limited due
to the thermal constraints of the VSC by

hj6(x,u) = ũDj
d2 ĩ

Dj
d2 + ũDj

q2 ĩ
Dj
q2 − P̃D

2,max ≤ 0 (44f)

hj7(x,u) = −ũDj
d2 ĩ

Dj
d2 − ũ

Dj
q2 ĩ

Dj
q2 − P̃D

2,max ≤ 0. (44g)

The respective limits are summarized in Table 6.

Table 6: Limits for the inequality constraints (44).

Parameter Value

χmin 0.06

χmax 0.95

P̃D
2,max 0.082

ĩD1,max 1.000

ĩD2,max 1.346

ũD
2,max 0.121

In order to avoid results outside of valid area of the
interpolated pump turbine characteristic maps, cf. Fig. 3,
the auxiliary inequality constraints

hj8(x,u) = P̃ j
out − P̃ j

in ≤ 0, (45)

j ∈ {A,B}, are introduced. Therein P̃ j
out = ω̃j T̃ j

PT and

P̃ j
in represent the per unit mechanical output power and

the per unit hydraulic input power, cf. (40a) and (40b),
of the respective pump turbines.

Putting together the equality and inequality constraints,
the task of calculating optimal stationary operating points
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is formulated as the constrained nonlinear optimization
problem

min
u

P̃l(x,u)

s.t. g(x,u) = 0

h(x,u) ≤ 0.

(46)

This optimization problem is numerically solved by a gra-
dient based method using the fmincon command of Mat-
lab. The utilization of a B-Spline interpolation of the
pump turbine characteristics of Fig. 3 allows to provide
analytical expressions for all required gradients, which sig-
nificantly improves the accuracy and speed of the numeri-
cal solution.

In the following, optimal stationary operating points are
presented for four scenarios: (i) In the first scenario, both
plant units are operated identically, i.e. with the same
inputs, states and output power, which is a possible ope-
rating mode when the two plant units are owned by one
company. (ii) For small values of the desired grid power,
the results of (i) are compared with the optimal operation
using only a single plant unit, while the other plant unit
is switched off. (iii) Typically, both plant units distribute
their power to the same transmission line. Thus, the third
operating scenario examines if there are any benefits of a
coordinated operation of the two plant units. (iv) Finally,
the advantages of a variable speed system in view of the
overall efficiency of the plant and the operating range is
examined in the fourth scenario.

It has to be noted that the optimal operating points
are strongly influenced by the interpolated characteristic
maps WH(χ, θ) and WB(χ, θ), cf. Fig. 3. Therefore, the
reliability of the optimization results strongly depends on
the accuracy of the pump turbine characteristics.

4.3. Identical Operation of Plant Units

In this first scenario, it is assumed that both plant units
are operated identically in turbine mode, distributing the
same active power PA

grid = PB
grid to the grid. A series of 200

optimal stationary operating points is calculated for three
different gross heads Hg = 275 m, Hg = 335 m and Hg =
395 m. Here, the first value corresponds to the minimum
gross head for almost empty upper reservoir and almost
completely filled lower reservoir, while the last value is
given for an almost completely filled upper reservoir and
almost empty lower reservoir. The range of the desired
active power P ∗grid delivered to the distribution network is
then defined in the form

P ∗grid = 100 MW, . . . , 250 MW for Hg = 275 m

P ∗grid = 100 MW, . . . , 340 MW for Hg = 335 m

P ∗grid = 100 MW, . . . , 350 MW for Hg = 395 m,

with P ∗grid = PA∗
grid + PB∗

grid. The desired reactive power

Q∗grid = QA∗
grid + QB∗

grid > 0 is set according to the power
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Figure 7: Optimal stationary operating points for identical operation
of the plant units: (a) guide vane opening χ, (b) volume flow of a
plant unit qPT and (c) angular velocity ω̃.

factor cos(ϕ) = 0.9, which is the equivalent choice as has
been used in the dynamic simulations in Section 3.

The resulting values of the guide vane position χ, the
volume flow qPT and angular velocity ω̃ are depicted in
Fig. 7. Fig. 7(b) reveals that smaller gross heads Hg im-
ply higher volume flows in order to produce the same hy-
draulic input power, cf. (39). This in turn leads to larger
guide vane openings, as depicted in Fig. 7(a). Fig. 7(c)
shows that the angular velocity of the plant units is gene-
rally decreased for lower desired grid power. The minimum
velocity is, however, limited by the constraints of the elec-
tric system described in (44c)-(44g), in particular by the
maximum rotor voltage which can be supplied by the VSI,
see also Fig. 9(b).

The overall system efficiency for the turbine mode

η =
P̃A
grid + P̃B

grid

P̃hyd,in

(48)

is depicted in Fig. 8(a), showing differing points of maxi-
mum efficiency for the three values of the gross head Hg.
For all cases, however, a high overall system efficiency is
obtained in a rather wide operating range of the desired
grid power. To a significant degree, this can be attributed
to the variable speed operation of the plants, which, in
the case of Hg = 335 m, will be shown in Section 4.5. The
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Figure 8: Optimal stationary operating points for identical operation
of the plant units: (a) overall efficiency η and (b) operating points
in the pump turbine characteristics.
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ĩD
1 /ĩ
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Figure 9: Optimal stationary operating points for identical operation
of the plant units and Hg = 335 m: (a) electric system inputs and
(b) constrained electric variables.

operating points are represented in the characteristic map
of the Francis turbine in Fig. 8(b), where again the ope-
rating area with constant angular velocity can be clearly
identified.

Fig. 9(a) displays the electric system inputs, i.e. the ro-
tor voltages ũDd2, ũDq2 and the grid side converter voltages

ũCd2, ũCq2, necessary to obtain the desired grid power for the
case Hg = 335 m. In Fig. 9(b), the corresponding constrai-
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Figure 10: Optimal stationary operating points for identical ope-
ration of the plant units and Hg = 335 m: analysis of the system
losses.

ned variables of the electric system are shown. As already
mentioned before, the magnitude ũD2 of the rotor voltage
sticks to its upper bound for Pgrid < 206 MW resulting in
the limitation of the angular velocity in Fig. 7(c).

Finally, Fig. 10 shows the contribution of the different
parts of the plant to the overall system losses. Obviously,
the majority of the system losses results from the losses
in the pump turbine. On the other hand, with an over-
all amount of approximately 10 MW, consideration of the
remaining losses (mechanical, electric and pipe friction los-
ses) is certainly important and relevant for the calculation
of optimal operating points.

4.4. Independent Operation and Single Plant Unit

In the last subsection, it was assumed that both plant
units operate identically. The purpose of this subsection
is to analyze if an improvement of the overall system ef-
ficiency can be achieved by an independent operation of
the two plant units, which means that the assumption
PA∗
grid = PB∗

grid is dropped in the calculation of optimal ope-
rating points. Moreover, it is examined in which cases it
is more efficient to operate only a single plant unit and
to switch off the second plant unit. The subsequent op-
timization results are calculated for Hg = 335 m, and the
entire possible pumping and turbine mode of operation is
considered. The corresponding maximum and minimum
values of the grid power P ∗grid are limited by the system
constraints. The desired reactive power Q∗grid > 0 is again
set according to the power factor cos(ϕ) = 0.9.

Fig. 11(d) reveals that there is some room of impro-
vements in terms of overall efficiency in the case of inde-
pendent operation compared to the identical operation of
the plant units, in particular for the pumping mode. These
improvements of efficiency primarily result from reducti-
ons in pump turbine losses caused by asymmetric opera-
ting points, cf. Fig. 11(a)-(c). A larger share of the total
power is transmitted over a pump turbine unit that is ope-
rated at higher efficiency. Furthermore, Fig. 11(d) shows
that it is far more efficient to use a single plant unit for
small values of the grid power Pgrid, up to cases of almost
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Figure 11: Optimal stationary operating points for independent ope-
ration of the plant units and single plant unit: (a) guide vane opening
χ, (b) volume flow of a single plant unit qPT , (c) angular velocity ω̃
and (d) system efficiency η.

the maximum possible grid power of a single plant unit.
This results from the fact that the dominating part of the
overall system losses are the pump turbine losses, such
that it makes sense to choose operating points of the plant
where the efficiency of the pump turbine is best. Given
the results of Fig. 11(d) this is the case for large values of
the guide vane opening.

4.5. Variable and Fixed Angular Speed Operation

In this final simulation scenario, the benefits of a va-
riable angular speed operation compared to an operation
with fixed angular speed with respect to the overall system
efficiency is examined. For this scenario, again an identical
operation of both plant units is considered.

Fig. 12(a) shows that the overall system efficiency can
be significantly increased by the variation of the angular

−300 −200 −100 0 100 200 300
0.75

0.80

0.85

0.90

0.95

Pgrid in MW

η

(a)

variable
fixed

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
0

0.5

1

1.5

χ = 0.06
χ = 0.17

χ = 0.33

χ = 0.55
χ = 0.76
χ = 0.95

N11/N11,r

q 1
1/

q 1
1,

r

(b)

−1.4 −1.2 −1 −0.8 −0.6
−1.5

−1

−0.5

0

0.5

χ = 0.06

χ = 0.17

χ = 0.33

χ = 0.55

χ = 0.76

χ = 0.95

N11/N11,r

q 1
1/

q 1
1,

r
(c)

Figure 12: Optimal stationary operating points for variable and fixed
angular speed operation: (a) overall system efficiency η, (b) and (c)
operating points in the characteristic map of the pump turbine.

speed of the pump turbine, in particular in operating ran-
ges with a power below the rated power of the plant. Mo-
reover, the overall feasible operating range of the pump
turbine is increased by variable speed operation, which
is most visible in the pumping mode of the power plant.
Fig. 12(b) and 12(c) show the operating points in the cha-
racteristic map of the pump turbine.

Finally, Fig. 13 shows the values of the guide vane posi-
tion, the volume flow of a single plant unit and the angular
speed corresponding to the optimal operating points. It
can be deduced from these plots that in the pump mode
more water can be pumped from lower reservoir to the up-
per by the variable speed plant compared to a fixed speed
plant, while using the same electric input power. Analo-
gously, less water is necessary to generate the same power
using a variable speed plant compared to a fixed speed
plant. These results clearly show the advantages of using
a variable speed pumped storage plant system.
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Figure 13: Optimal stationary operating points for variable and fixed
angular speed operation: (a) guide vane opening χ, (b) volume flow
of single plant unit qPT and (c) angular speed ω̃.

5. Conclusions

In this contribution, a detailed mathematical model of
a variable speed pumped storage power plant is presented.
The behavior of the electric and mechanical key compo-
nents are considered to obtain a comprehensive description
of the overall dynamic system behavior. In particular, the
infinite-dimensional nature of the pipe system is properly
handled by the application of the Method of Characteris-
tics, accurately reproducing important dynamical effects
like wave propagation due to water hammer. This mathe-
matical model can therefore serve as a basis for dynamical
simulation studies and the development and test of (opti-
mal) control strategies.

The proposed model is also utilized to calculate optimal
stationary operating points of minimum energy losses. The
most important energy losses including pump turbine los-
ses, pipe friction, mechanical friction as well as several elec-
tric losses are systematically included in the model. The
nonlinear optimization problem also takes into account the
constraints of the system states. Optimization results for
different operating scenarios are presented, which clearly
show the advantages of a variable speed plant compared
to a fixed speed plant. Moreover, some important conclu-
sions on the optimal operation of variable speed pumped

storage power plants with double fed induction machines
are drawn from these optimization results.
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