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Motion Planning for an Adaptive Wing Structure with Macro-fi ber
Composite Actuators

J. Schröck, T. Meurer, and A. Kugi

Automation and Control Institute, Vienna University of Technology,
Gußhausstr. 27–29, 1040 Vienna, Austria

ABSTRACT

A systematic approach for flatness-based motion planning and feedforward control is presented for the transient shaping of
a piezo–actuated rectangular cantilevered plate modelingan adaptive wing. In the first step the consideration of an idealized
infinite-dimensional input allows to determine the state and input parametrization in terms of a flat or basic output, which
is used for a systematic motion planning approach. Subsequently, the obtained idealized input function is projected onto a
finite number of suitably placed Macro–fiber Composite (MFC)patch actuators. The tracking performance of the proposed
approach is evaluated in a simulation scenario.

Keywords: Trajectory planning, feedforward control, cantilever plate, tracking, flatness

1. INTRODUCTION

Smart structures nowadays can be found in a large variety of applications with vibration suppression in lightweight struc-
tures representing one of the classical key examples. Due tothe vast progress in both material as well as actuator develop-
ment new application areas evolve such as adaptive optics intelescopes, adaptive wings, or so-called smart skins, see,e.g.,
Ref. 1. Here it is desired to suitably affect the shape of a structure in order to achieve, e.g., the modulation of optical wave
fronts, the reduction of drag, or the improvement of aeroelastic characteristics. Thereby, piezoelectric elements typically
serve as actuators by exploiting the indirect piezoelectric effect, which allows to convert electrical voltage into mechanical
strain.

For flexible structures, in general two problems have to be distinguished. In the so–called static or dynamic shape
control, the undeformed or respectively the initial state of a structure is preserved in view of static or dynamic disturbances
(see, e.g., Ref. 2 for a comprehensive overview). On the other hand, the transient shaping of a flexible structure, i.e. the
design of a suitable input in order to achieve a transient change of the structural shape, provides new and particularly
promising applications. This is for example outlined in Ref. 3 for a piezo-actuated simply-supported elastic plate. There,
flatness-based methods (see, e.g., Ref. 4–6) for motion planning and feedforward control design are combined with results
from optimal actuator placement to achieve a desired transient shaping of the plate.

In the following, these results are extended to realize the transient shaping of a cantilevered Kirchhoff plate by piezo-
electric actuation. This configuration for example represents a simple model of an adaptive wing with the wing shape
changing transiently according to an appropriately prescribed desired wing profile. For this, in a first step an idealized
setting is considered, where the input acts arbitrarily on the plate, which directly allows a parametrization of the deflection
and the input in terms of a flat or basic output and its spatial and temporal derivatives. This inverse system representation
can be efficiently utilized for motion planning, namely the determination of a suitable transient deflection profile, e.g., a
flapping wing motion. In a second step the idealized setting is projected to a realistic one where the input acts via suitably
located piezo actuators. In this scenario Macro-fiber Composite (MFC) patch actuators are considered, which provide high
flexibility and a larger piezoelectric coupling coefficientthan monolithic piezoceramic (PZT) patches. The presentedpatch
configuration is determined by maximizing the controllability gramians of the the first two eigenmodes for motion planning
while minimizing the control spillover.
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The paper is organized as follows: in Section 2, the equations of motion for the MFC-actuated plate are determined
using Hamilton’s principle. Based on the corresponding variational formulation and spectral analysis in Section 3, motion
planning and feedforward control design for the plate are considered in Section 4. Simulation results for the controlled
bending and torsion motion of an airfoil are presented in Section 5.

2. MODELING OF THE MFC–ACTUATED CANTILEVERED KIRCHHOFF PLA TE

In the following, a cantilevered rectangular isotropic Kirchhoff plate is considered, which is actuated by a finite number of
MFC–patches that are symmetrically placed on the upper and lower surface of the plate. For the derivation of the govern-
ing equations letB = {e1,e2,e3} denote the orthonormal basis of a three-dimensional Euclidean space with coordinates
x j , j = 1, 2, 3. Assuming small displacements of a thin plate, homogeneous and isotropic material, neglecting transverse
shear effects, and assuming that linear filaments of the plate initially perpendicular to the middle surface remain straight
and perpendicular to the deformed middle surface without undergoing tension or contraction (Kirchhoff assumption), the
potential energy due to bending reads as

Wp =
1
2

DE

∫

Ω

[(
∇2w

)2
+2(1−ν)

((
∂ 2w

∂ (x1)∂ (x2)

)2
− ∂ 2w

∂ (x1)2
∂ 2w

∂ (x2)2

)]
dx1dx2. (1)

Here, Ω represents the plate domainΩ = (0,L1)× (0,L2), w(x,t) = w(x1,x2,t) denotes the plate deflection in thex3-
direction,∇2 = ∂ 2/∂ (x1)2 + ∂ 2/∂ (x2)2, andDE = EH3/(12(1− ν2)) yields the flexural rigidity with Young’s modulus
E, Poisson’s ratioν, and the plate heightH. Neglecting the rotational inertia of the plate, its kinetic energy due to bending
follows as

Wk =
1
2

∫

Ω
ρH

(∂ w
∂ t

)2
dx1dx2 (2)

with ρ the mass density of the plate.
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Figure 1. Schematics of the considered MFC–actuated cantilevered plate with details on the structure of an MFC–patch.

MFC–patch actuators are composed of rectangular piezoceramic fibers embedded in an epoxy matrix which are covered
by interdigitated electrodes on both sides (cf. Fig. 1). Formodeling purposes this complex structure is replaced by a
homogenized orthotropic material with appropriate material parameters provided by the distributor, see Ref. 7. Whilethe
kinetic energy of the actuators is neglected the potential energy of an MFC–patch at timet is given in the form

Wpa =

∫ t

0

∫

V

(
σ i j ∂

∂ t εi j +Ei
∂
∂ t Di

)
dx1dx2dx3dτ, (3)

with the mechanical stressσ , the strainε, the electric fieldE, the electric flux densityD andV as the volume of the
MFC–patch. By consideration of the general constitutive relations of piezoelectric material, see, e.g., Ref. 8

σ i j = ci jkl εkl −hi j
mDm,

En =−hkl
n εkl +βnmDm,

(4)
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with the integrability conditions

ci jkl = c jikl = c jilk = ckli j , hkl
m = hlk

m, βnm= βmn, (5)

the potential energy (3) evaluates to

Wpa =
1
2

∫

V

(
ci jkl εi j εkl −2hi j

mDmεi j +βnmDnDm
)

dx1dx2dx3. (6)

In the following the electric field between the interdigitated electrodes in the MFC–patch is approximated by an exclusive
homogeneous field componentE1 (cf. Fig. 1). Due to the Kirchhoff assumption of zero traverse strains,ε33= ε13= ε23= 0
the shear stresses inx3-direction for orthotropic material disappearσ23 = σ13 = 0. On the additional assumption of a zero
traverse stress componentσ33= 0 and of vanishing electric flux density componentsD2 =D3 = 0 the constitutive relations
(4) simplify to




σ11

σ22

σ12


 =




c1111 c1122 0
c2211 c2222 0

0 0 c1212






ε11

ε22

ε12


−




h11
1

h22
1
0


D1,

E1 =
[
−h11

1 −h22
1 0

]



ε11

ε22

ε12


+β11D1.

(7)

Note that the material parameterh12
1 = 0 in this case. Assuming that the self–generated electric field due to the direct

piezoelectric effect−hii
1εii with i ∈ {1,2} is insignificant compared to the field componentE1 the integration alongE1

between two neighboring electrodes spaced by the distancee leads to
∫ xe+e

xe

E1dx1 = β11D
1e=U, (8)

whereU denotes the voltage applied to actuator. Hence, if the stiffness of the MFC-patch actuatorci jkl is neglected and
the voltage sources are considered to be ideal such that the termβnmDnDm vanishes in the following variation formulation
the potential energy (6) reads as

Wpa = γ pU
∫

Ωp

(
h11

1

β11

∂ 2w
∂ (x1)2

+
h22

1

β11

∂ 2w
∂ (x2)2

)
dx1dx2, (9)

with γ p = H p(H +H p)/(2e), Hp the patch height andΩp the plate area covered by the patch. In order to induce bending
of the plate each actuator pair is driven in an asymmetric configuration with the voltage applied to the upper and lower
electrodes given byUu(t) = U0+U(t), andU l (t) =U0−U(t), respectively, whereU0 denotes a constant supply voltage
to symmetrically preload the MFC actuators. With this specific voltage control the potential energy of an MFC-patch pair
is equal to the energy given in (9) multiplied by a factor 2.

With these preparations, the equations of motion of the MFC–actuated plate can be directly determined using Hamil-
ton’s principle, which yields the strong formulation of theconsidered system for(x,t) ∈ Ω×R+ in form of

ρH ∂ 2w
∂ t2

+DE∇4w+u= 0, (10)

see also Ref. 9, where∇4 = ∂ 4

∂ (x1)4
+2 ∂ 4

∂ (x1)2∂ (x2)2
+ ∂ 4

∂ (x2)4
is known as the bi-harmonic operator and

u(x, t) = 2
m

∑
q=1

γ p
qUq(t)

(
h11

1

β11

∂ 2

∂ (x1)2
Λq(x)+

h22
1

β11

∂ 2

∂ (x2)2
Λq(x)

)
(11)

represents the effect of them≥ 1 attached pairs of MFC–patches with spatial characteristicsΛq(x). For the cantilevered
plate, the respective boundary conditions (BCs) follow as

w= 0, ∂ w
∂ (x1)

= 0, for x1 = 0 (12)

∂ 2w
∂n2 +ν ∂ 2w

∂s2 = 0,
∂ 3w
∂n3 +(2−ν) ∂ 3w

∂n∂s2 = 0

}
for x1 = L1∨x2 = 0∨x2 = L2, (13)
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wheren ands denote the normal and the tangent component to the respective boundary, e.g,n= x1 ands= x2 at x1 = L1.

For the sake of simplicity, zero initial conditions (ICs) are assumed, which for stationary ICs can be obtained by a
simple state transformation. Furthermore, it should be pointed out that gravitational effects can be easily incorporated by
adding the term

∫
Ω ρgHwdx1dx2 to the potential energy (1) with the gravitational constantg.

3. VARIATIONAL FORMULATION AND SPECTRAL ANALYSIS

From (11) it follows that any spatial patch characteristicsΛq(x) has to be twice continuously differentiable. Hence, for
piezoelectric patches with spatial characteristics of theform (cf. Fig. 1)

Λq(x) =
[
h
(
x1−X1

q

)
−h

(
x1−X1

q −Lp
1,q

)]
×
[
h
(
x2−X2

q

)
−h

(
x2−X2

q −Lp
2,q

)]
, (14)

whereh(·) denotes the Heaviside function, it is required to consider the weak or variational form, see, e.g., Ref. 10, of
(10)-(13) for a suitable class of test functionsξ (x).

3.1 Weak and Variational Formulation

Let V = H2
Γ0
(Ω) whereΓ0 = {x | x1 = 0} and letH = L2(Ω). Givenξ (x)∈ V the weak form of (10)-(13) follows directly

from the determined energies, i.e.

∫

Ω
ρH ∂ 2w

∂ t2
ξ dx1dx2+a(w,ξ ) =−2

m

∑
q=1

γ p
qUq(t)

∫

Ωp
q

(
h11

1

β11

∂ 2ξ
∂ (x1)2

+
h22

1

β11

∂ 2ξ
∂ (x2)2

)
dx1dx2 (15)

with

a(w,ξ ) = DE

∫

Ω

[(
∂ 2w

∂ (x1)2
+ν ∂ 2w

∂ (x2)2

)(
∂ 2ξ

∂ (x1)2
+ν ∂ 2ξ

∂ (x2)2

)
+(1−ν2) ∂ 2w

∂ (x2)2
∂ 2ξ

∂ (x2)2
+2(1−ν) ∂ 2w

∂ (x1)∂ (x2)
∂ 2ξ

∂ (x1)∂ (x2)

]
dx1dx2 (16)

such thatWp = a(w,w)/2. The existence and uniqueness of the solutionw(·,t) ∈ V can be established by considering (15)
in the dual spaceV ∗ as shown in Ref. 10. In the following, only the results are summarized, which are essential for the
further analysis.

Note that (16) represents a sesquilinear form for allw,ξ ∈ V with a(w,w) ≥ 0 anda(w,w) = 0 iff w= 0. In addition,
the spacesV andH form a Gelfand tripleV ⊂ H ≃ H ∗ ⊂ V ∗, whereH can be identified with its dualH ∗ by the
Riesz representation theorem. Hence, the duality pairing〈F,ξ 〉V ∗,V = F(ξ ) with F ∈ V ∗, ξ ∈ V can be considered as the
continuous extension of the inner product〈·, ·〉H onV ∗×V . Definingu from (11) asu∈ V ∗ by

〈u,ξ 〉V ∗,V =

〈
2

m

∑
q=1

γ p
qUq(t)Λq(x),

h11
1

β11

∂ 2ξ
∂ (x1)2

+
h22

1

β11

∂ 2ξ
∂ (x2)2

〉

H

, (17)

the weak form (15) can be formulated as

〈
ρH ∂ 2w

∂ t2
,ξ

〉
V ∗,V

+a(w,ξ ) =

〈
−2

m

∑
q=1

γ p
qUq(t)

(
h11

1

β11

∂ 2

∂ (x1)2
Λq(x)+

h22
1

β11

∂ 2

∂ (x2)2
Λq(x)

)
,ξ

〉

V ∗,V

. (18)

Note that for control design, (18) can be re-written as an abstract first order differential equation in the product spaceV ×
H , see Ref. 10. On the other hand, the variational formulationis particularly suitable to determine a spectral representation
of the system dynamics by selecting the test functionξ (x) from the orthonormal set of eigenfunctions of the bi-harmonic
operator∇4.
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Figure 2. Orthonormalized eigenfunctionsφk(x) for k∈ {1,2,3,4}.

3.2 Eigenproblem for the Cantilevered Plate

Consider the bi-harmonic operator

Aφ = ∇4φ

defined on the domain

D(A) =
{

φ ∈ H4
Γ0
(Ω) | ∂ 2φ

∂n2 +ν ∂ 2φ
∂s2 = 0, ∂ 3φ

∂n3 +(2−ν) ∂ 3φ
∂n∂s2 = 0 atx1 = L1∨x2 = 0∨x2 = L2

}
. (19)

In particular,A : D(A)⊂ V → V is a linear self-adjoint operator with domain dense inV . Furthermore, the eigenproblem

Aφ = λ φ , φ ∈ D(A) (20)

admits a sequence of real eigenvalues{λk}k∈N of finite multiplicity satisfying

0< λ1 ≤ λ2 ≤ . . .≤ λn ≤ . . .→ ∞.

The respective eigenfunctions{φk(x)}k∈N (cf. Fig. 2) form an orthonormal basis forV such thatA can be represented as
Aw= ∑k∈N λk〈w,φk〉H φk for anyw∈ D(A) with D(A) = {w∈ V | ∑k∈N |λk|2|〈w,φk〉H |2 < ∞}, see, e.g., Ref. 11 . Note
that exact solutions to the eigenproblem (20) are not available for the considered clamped-free case. In order to determine
approximate solutions, typically a Rayleigh-Ritz approach is applied with ansatz functions constructed from the set of
eigenfunctions for a cantilevered beam (in thex1-direction) and a beam with both ends free (in thex2-direction), see, e.g.,
Ref. 12. This allows to obtain a rather high accuracy in the approximation of the eigenvalues. However, the determined
ansatz functions do not satisfy the natural BCs (13), which results in a rather poor convergence of the ansatz functions to
the eigenfunctions of the plate. Since the proposed approach for motion planning relies on both the eigenvalues and the
eigenfunctions, for the results presented in the followinga high-order finite-difference discretization is applied to calculate
an approximate solution to the eigenproblem (20), which satisfies the clamped-free BCs at the respective grid points. Note
that this approach also allows to incorporate additional effects such as the local stiffening of the structure due to theattached
MFC–patches, which are neglected in this contribution.
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3.3 Spectral Representation

With the results of the previous section, the spectral or modal representation of the MFC–actuated plate equation can be
determined by considering the series expansion

w= ∑
k∈N

wkφk (21)

with thek-th modal statewk(t) and the eigenfunctionφk(x). Substitution of (21) into the weak or the variational formulation
(15) or (18), respectively, and choosing the test functionξ (x) = φk(x) for fixed but arbitraryk ∈ N yields the modal
representation

d2wk
dt2

=−ω2
k wk−2

m

∑
q=1

Uq(t)
γ p
q

ρH

∫

Ωp
q

(
h11

1

β11

∂ 2

∂ (x1)2
φk+

h22
1

β11

∂ 2

∂ (x2)2
φk

)
dx1dx2, (22)

whereω2
k = DEλk/(ρH) denotes thek-th eigenfrequency. This result follows in a straightforward manner by applying

Green’s theorem together with (20) and the fact thatφk(x) ∈ D(A) ⊂ V with 〈φk,φl 〉H = δk,l for all k, l ∈ N with the
Kronecker symbolδk,l .

In the following, both the strong (10)-(13) and the modal representation (22) for the MFC–actuated Kirchhoff plate are
utilized for motion planning and feedforward tracking control design.

4. MOTION PLANNING FOR THE PIEZO-ACTUATED CANTILEVERED PLA TE

In order to determine the input voltagesUq(t), q= 1, . . . ,m to the attached pairs of MFC–patches, which are required to
realize a prescribed transient shaping of the plate, in a first step an idealized scenario is considered under the assumption
of an infinite-dimensional inputu(x, t) acting arbitrarily on the domainΩ. This enables to introduce a flat or basic output,
which provides an easily applicable approach for motion planning. For the realization of the determined motion, in a
second step, the determinedu(x, t) is projected onto a finite number of suitably placed MFC–patches by using results from
optimal actuator placement.

4.1 Idealized Flatness-based Parametrization

Let the number of MFC–patch pairsm→ ∞ while simultaneously eachΩp
q → 0, q = 1, . . . ,m. In this case,u(x,t) as

defined in (11) represents a distributed input acting arbitrarily on the domainΩ. Under this assumption, lety(x,t) =w(x, t),
which in view of (10), (11) directly provides the inverse system representation in terms ofy(x,t) and its spatial and time-
derivatives, i.e.

w= y (23)

u=−
(

ρH ∂ 2y
∂ t2

+DE∇4y
)
. (24)

Hence, prescribing suitable trajectories(x, t) 7→ yd(x,t) for the basic output satisfying the BCs (12), (13), i.e.yd(x, t) ∈
C2(Ξ;D(A)) for Ξ ⊂ R+, the evaluation of (24) directly yields the feedforward control ud(x,t), which is required to track
the deflection profilewd(x, t) = yd(x, t) in open-loop. Obviously, for the considered idealized scenario with an input acting
arbitrarily on the plate domainΩ, an inversion-based solution to the tracking control problem follows naturally from the
governing PDE. Prior to discussing the implications of the considered idealization in view of the realization ofud(x,t) by
a finite number of MFC–patches, the problem of motion planning, i.e. the choice of suitableyd(x,t) ∈ C2(Ξ;D(A)), is
considered.

4.2 Motion Planning

Since the eigenfunctionsφk(x), k∈N satisfyφk(x) ∈ D(A), it follows directly that the choice

yd = ∑
k∈In

akφk (25)
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with time-varying coefficientsak(t) ∈ C2(Ξ) for an n-dimensional index setIn ⊂ N ensures thatyd(x,t) ∈ C2(Ξ;D(A)).
Hence, re-planningak(t), k ∈ In yields different deflection profileswd(x,t) = yd(x,t). As an example, in Ref. 3 the deter-
mination of a desired profile is considered in order to achieve a transient deflection of a simply-supported plate realizing
the formation of a bulge whose global minimum moves along a prescribed path in the(x1,x2)-plane.

In the following, the bending and torsional motion of an airfoil is considered by a prescribed time-varying superposition
of the first two eigenfunctionsφk(x), k∈ I2 = {1,2}, which are depicted in Fig. 2 (a),(b). Note that more generaltrajectories
can be treated similarly. In particular, the coefficientsak(t), k∈ I2 in (25) are chosen as

ak(t) = Ak

(
gσk,T

0
k
(t − t0

k)−gσk,T
1
k
(t − t1

k)
)

(26)

where

gσ ,T(t) =





0 t ≤ 0

1 t ≥ T
∫ t
0 hσ ,T (τ)dτ

∫ T
0 hσ ,T (τ)dτ

t ∈ (0,T),

(27)

with

hσ ,T(t) =

{
0 t 6∈ (0,T)

exp
(

−1
[(1− t

T ) t
T ]σ

)
t ∈ (0,T).

The parametersT j
k , j = 0,1 andt0

k < t1
k , k ∈ I2 are chosen such that the desired profileyd(x,t) as defined in (25) realizes

the transition from the initial profileyd(x,0) = 0 to the first profileyd(x,t0
1 +T0

1 ) = a1φ1(x) (cf. Fig. 2 (a)) followed by
the transition to the final profileyd(x, t0

2 +T0
2 ) = a2φ2(x) (cf. Fig. 2 (b)). Obviously, the question arises whether thecorre-

sponding idealized infinite-dimensional inputud(x,t) resulting from the substitution ofyd(x,t) into (24) can be projected
onto a finite number of inputs in order to accurately realize the desired motionwd(x,t) = yd(x,t). As is illustrated in the
following, this results in an approximate feedforward tracking control, which utilizes the spectral system representation
(22) in combination with a suitable optimization-based approach for the distribution of a certain number of MFC–patches.

4.3 Approximate Flatness-based Parametrization

For the realization of the determined idealized feedforward control, recall that from (24) and the ansatz for the desired
trajectory (25),ud(x, t) evaluates to

ud =− ∑
k∈In

[
ρH d2ak(t)

dt2
+DEλkak(t)

]
φk

since∇4φk(x) = λkφk(x) by (20). Hence, the coefficientsud
k(t) of ud(x,t) with respect to the basis{φk(x)}V read as

ud
k =

{
−
(

ρH d2ak(t)
dt2

+DEλkak(t)
)
, k∈ In

0, k∈ N\ In.
(28)

As expected from the motion planning approach of the previous section, in the modal representation only then modal
stateswk(t), k ∈ In are excited by the feedforward control. In view of the modal representation (22), this directly implies
thatm≥ n pairs of MFC–patches are required for the realization of thedesired profile. Moreover, the conditions

2
m

∑
q=1

Uq(t)γ p
q

∫

Ωp
q

(
h11

1

β11

∂ 2

∂ (x1)2
φk+

h22
1

β11

∂ 2

∂ (x2)2
φk

)
dx1dx2 =

{
ud

k , k∈ In
0, k∈N\ In

(29)

have to be satisfied, which relate the spectral representations of the idealized inputud
k(t) given by (28) and the actuation of

them pairs of MFC–patches as introduced in (22).
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Figure 3. Actuator configuration form= 6 MFC–patches for the realization of the desired trajectory(25) with coefficients (26).

The conditions (29) constitute a linear system of equationsfor the input voltagesUq(t), q= 1, . . . ,m≥ n. It is obvious
that onlymequations can be solved while the remaining (infinite) homogeneous equations not necessarily evaluate to zero.
This corresponds to the well-known control spillover, i.e.the excitation of modes not considered for control design, which
might decrease the achievable tracking performance. Hence, only an approximate realization of the idealized flatness-based
feedforward tracking control is possible. However, it can be directly deduced from the left hand side of (29) that the size,
shape, and location of the MFC–patches serves as degrees-of-freedom, which can be efficiently utilized twofold. At first
a suitable shaping and placement allows to decrease the control effort, i.e. the necessary amplitudes of the input voltages
Uq(t), q= 1, . . . ,m, which are required to excite the modeswk(t), k ∈ In considered for motion planning. Secondly, it is
possible to significantly reduce the control spillover.

4.4 Realization by Optimal Actuator Placement

In general, the available results for the optimal placementof actuators and sensors for flexible structures are based ona
modal system representation according to (22). Thereby theuse of controllability gramians, see, e.g., Ref. 13 or spatial
H2-norms Ref. 14 is proposed in order to improve a certain controllability measure while minimizing the effect of residual
modes. However, besides the fact that in particular the latter criterion performs best if each MFC–patch is placed inde-
pendently by neglecting the interactions of multiple actuators, the focus of these approaches is rather related to vibration
suppression than to tracking control with the desire to transiently shape a given structure. Additionally possible actuator
limitations have to be taken into account, i.e. in the case ofpiezoelectric patches that the applicable input voltage islimited.
Hence, the appropriate location and shape of the patches is of crucial importance in view of applications.

For the realization of the combined bending and torsional motion as introduced in (26), at least 2 pairs of patches are
required. In order to deal with the voltage limitations as well as control spillover, in the following, six quadratic patch
pairs are distributed on the plate according to Fig. 3. The patch location was thereby determined by maximizing the
controllability gramians of the first two modeswk(t), k= 1,2 considered for motion planning while minimizing the control
spillover. Once the patch distribution is determined, the corresponding voltagesUq(t), q= 1, . . . ,6 are directly obtained by
solving (29). However, the combinatorial complexity arising from the available degrees-of-freedom, i.e. shape, location,
and orientation of the patches, requires the incorporationof an appropriate optimization approach in view of the demands
of motion planning, which is a topic of current research.

5. SIMULATION RESULTS

For the numerical simulation, a rectangular plate of dimension L1 = 0.6 m,L2 = 0.3 m, andH = 1×10−3 m is considered
with the material propertiesρ = 1800 kg/m3, E = 20 GPa, andν = 0.33 corresponding to a fiber re-enforced composite.
The actuator configuration is depicted in Fig. 3, which includesm= 6 pairs of MFC–patches. The dimensions of the
patches correspond toLp

1,q = 0.085 m,Lp
2,q = 0.057 m,Hp = 3×10−4 m and the material parameters according to Ref. 7

are given byγ p
q = 2.55× 10−4 m, h11

1 /β11 = 13.61 N/m/V, h22
1 /β11 = −1.12 N/m/V with q = 1, . . . ,6. Note that

anisotropic material behavior as well as the local stiffening of the structure by the attached MFC–patches are subsequently
neglected. However, as already pointed out above, these effects only influence the considered eigenproblem and can be
easily incorporated into the analysis. The prescribed bending and torsional motion as defined in (25), (26) is parametrized
by a1 = 6.4×10−3 m, a2 = 2.4×10−3 m, t0

1 = 0.5 s,t1
1 = 2 s,t0

2 = 3 s,t1
2 = 5 s,T0

k = T1
k = 0.5 s, andσk = 1.3 for k= 1,2
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Figure 4. Plate deflection at different instances of timet ∈ {0,1,3,4} s.

in order to realize a bending motion with a maximal deflectionat the free corners of 0.03 m and a torsional motion with
0.015 m.

The obtained numerical results for the feedforward controlled MFC–actuated plate are presented in Fig. 4, Fig. 5
and Fig. 6. Thereby, the modal approximation (22) withk = 1, . . . ,20 is used as a simulation model and is solved
using a Newmark scheme. The resulting transient shaping of the rectangular plate is depicted in Fig. 4, where the
plate deflectionw(x, t) as defined in (21) is shown at different instances of timet ∈ {0,1,3,4}s. This clearly illus-
trates the desired motion consisting of a bending behavior in the first time-interval and a torsional motion in the sec-
ond time-interval, also depicted in Fig. 5 (a) for three specific points at the free edge opposite the clamping(x1,x2) ∈
(0.6,0),(0.6,0.15),(0.6,0.30). The absolute tracking error in the plate domain during the first and the second time-interval,
given bye1 = maxt01<t<t11+T1

1
|w(x, t)−yd(x, t)|, e2 = maxt02<t<t12+T1

2
|w(x,t)−yd(x,t)|, respectively, are shown in Fig. 5 (b).

Note that only the open-loop control is considered for the undamped plate model without any feedback part. The total
maximal error given bye= maxx∈Ω{e1,e2} = 2.1×10−3m confirms the excellent tracking performance. Furthermore, it
should be pointed out that more general trajectories for theplate deflection can be realized similarly.

For the further evaluation of the tracking performance, a comparison of the desired modal states, i.e.wd
k(t) = ak(t),

k = 1,2 in view of (21), (23), and (25), and the obtained modal states wk(t), k = 1,2 is illustrated in Fig. 6 (a). There in
addition the excitation of the residual modeswk(t), k= 3, . . . ,20 representing the control spillover is shown by the dotted
lines. Obviously, the chosen patch configuration enables tosignificantly reduce the excitation of the higher order modes
while ensuring that the desired trajectoriesak(t), k= 1,2 are tracked in an accurate way.

The corresponding input voltagesUq(t) for theq= 1, . . . ,6 pairs of MFC–patches distributed according to Fig. 3, which
are obtained from the evaluation of (29), are depicted in Fig. 6 (b). Note that MFC–patch actuators offer an admissible
input voltage range from−500 V to 1500 V, such that choosing the constant voltage supply U0 = 500 V the asymmetric
voltage portionUq(t) can be varied in the range of−1000 V to 1000 V. For the chosen desired trajectoryyd(x,t) according
to (25) with coefficients (26) the two phases of bending motion and torsional motion can be clearly distinguished. In
particular for the bending motion, the necessary input voltages evolve in a rather non-trivial way.

6. CONCLUSIONS AND FUTURE WORKS

The presented approach for flatness–based motion planning and feedforward control design for a rectangular cantilevered
MFC–actuated plate modeling an adaptive airfoil is in a firststep based on the analysis of an idealized scenario with
infinite-dimensional input. This on the one hand allows to directly determine the state and input parametrization in terms
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Figure 5. (a) Plate deflection at the free corners(x1,x2) = (0.6,0), (x1,x2) = (0.6,0.3) and at the middle of the free edge be-
tween the free corners(x1,x2) = (0.6,0.15). (b) Tracking error in the plate domain during the first and the second time-interval,
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Figure 6. (a) Desired modal stateswd
k(t) = ak(t) for k= 1,2 (indexed withd in the legend) compared to the numerically obtained states

wk(t), k = 1,2, and residual stateswk(t) for k = 3, . . . ,20 (dotted). (b) Input voltagesUq(t), q= 1, . . . ,6 applied to the MFC–patches.
The line styles correspond to the actuator locations shown in Fig. 3.

of the basic output and on the other hand accounts for a systematic motion planning approach. The obtained idealized input
function is in a second step projected onto a finite number of suitably placed MFC–patches. For this, approaches of optimal
actuator placement are used, which enable to accurately realize the inputs necessary to achieve the desired motion while
suppressing control spillover. The tracking performance of the proposed approach is evaluated in a simulation scenario,
where the plate is transiently deformed in order to realize acombined bending and torsional motion. However, more
general trajectories can be realized similarly. In addition, the presented feedforward control will be extended by a suitable
(output) feedback control, e.g., within the two-degrees-of-freedom control concept, see Ref. 15, to deal with model errors
or disturbances within our future research activities.
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