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Motion planning for an elastic Kirchhoff plate

J. Schrock, T. Meurer, and A. Kugi

Abstract— The motion planning problem is considered for a
cantilevered orthotropic Kirchhoff plate with spatially varying
coefficients and distributed piezoelectric patch actuators. For
this, the spectral representation of the corresponding equations
of motion is utilized to systematically construct a flatness-
based parametrization of state and inputs. These enable a very
intuitive motion planning to realize prescribed high-speed rest-
to-rest motions as is illustrated in simulation scenarios.

I. INTRODUCTION

In many technical fields, researchers try to learn from
nature to improve system performance and efficiency. While
most technical machinery represent multi-body systems typi-
cally consisting of several rigid parts connected by moveable
links, objects in nature extensively utilize flexible elastic
structures, which allow a direct adaptation of their shape and
orientation. In order to imitate this concept, in recent years,
the development of so-called smart structures, i.e. elastic
materials with integrated actuators and sensors, has received
significant attention. Selected applications in particular com-
prise adaptive optics, flow control as well as adaptive wing
structures.

Motivated by these ideas, we subsequently address the re-
alization of a transient elastic deformation of a 2-dimensional
flexible structure. In particular, the benchmark example of a
cantilevered plate is considered, which is actuated by a finite
number of spatially distributed patch actuators, see Figure
1. The considered motion planning and feedforward con-
trol problem thereby concerns the realization of high-speed
rest-to-rest transitions between different desired deflection
profiles. Our solution approach directly exploits the infinite-
dimensional system dynamics in terms of the Kirchhoff plate
equation. The governing partial differential equation (PDE)
includes spatially varying coefficients to cover local damp-
ing and stiffening effects arising from spatially distributed
actuators.

For motion planning and feedforward control of finite-
dimensional systems, differential flatness [5] is a widely
approved concept. A system is called differentially flat if
all system states and inputs can be parametrized by a so-
called flat or basic output and its time-derivatives up to a
certain problem dependent order. In recent years, significant
progress has been made for the extension of the flatness con-
cept to systems governed by PDEs. For flexible structures,
selected examples address Euler-Bernoulli and Timoshenko
beam models [6], [2], [15] as well as circular Kirchhoff
plate models [17]. Given rectangular plate geometries with

J. Schrock, T. Meurer, and A. Kugi are with the Automation and Control
Institute (ACIN), Vienna University of Technology, GuBhausstr. 27-29, 1040
Vienna, Austria, neurer@acin.tuwien.ac.at

constant coefficients [13], [16] proposes a projection—based
design under the assumption of an infinite-dimensional sys-
tem input, which is approximated by a finite number of
distributed actuators.

In the present contribution, a general approach for the
flatness-based solution of the motion planning and feedfor-
ward control problem is presented for 2-dimensional flex-
ible structures. Based on the spectral representation of the
Kirchhoff plate model the state and input parametrization are
systematically constructed in the operational domain in terms
of Weierstrass canonical products, which correspond to dif-
ferential operators of infinite order in the time domain. Their
convergence is briefly analyzed and a graphical convergence
indicator is introduced together with an efficient realization
of the feedforward controller by making use of a weighted-
residual approach. With this, very intuitive motion planning
is developed to track prescribed rest-to-rest transitions. The
tracking performance is studied in simulation scenarios for
the realization of highly transient spatial-temporal desired
trajectories for the plate deflection.

The paper is organized as follows: Section II introduces
the motion planning problem for a cantilevered Kirchhoff
plate. The weak formulation and the resulting spectral plate
representation are derived in Section III. The latter serves
as the basis for the proposed design approach presented in
Section IV. Finally, simulation results shown in Section V
illustrate the tracking performance.

II. MOTION PLANNING PROBLEM

In the following, motion planning is considered for a
damped cantilevered orthotropic Kirchhoff plate (see Figure
1) governed by the PDE

pOFw + 0w + 02, (1102 w) + 02 (1202 w)

Ny
+ V2(IsV2W) 4 051 0y2 (11051 0pew) = — > Trur (1)
k=1

Here, V? = 02, + 9%, w(z',2?,t) is the deflection, and
p(at,2?), v(z, 2?), I;(z',2%) > 0, j = 1,...,4 denote
mass per unit area, viscous damping, and flexural rigidity,
respectively, with (z1, 22) € Q. = [0, L'] x [0, L?]. Spatially
varying coefficients arise from the structural contributions
of N, piezoelectric patch actuator pairs (each consisting
of two individual patches mounted symmetrically on the
upper and lower plate surface) in terms of spatial charac-
teristics represented by Ay(x!,z2) (cf. Figure 1). In par-
ticular we have p(zt,22) = p° + 2307, A(z!, 22)p,
Y@t a?) = 9° + 2307, Aw(e!,a?)af, and Ij(at,a?) =
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w(z!, 2%, t)

Fig. 1: Schematics of the patch-actuated plate.

Is + QZgﬁlAk(Il,ﬁ)Iﬁk with superscripts ¢ and p re-
ferring to the carrier and patch material (see, e.g., [1]).
In addition, we have I'y(z',2?) = I'}[ai'0% Ag (2, 2?) +
a3?02, A (2!, 2?)] with ai’, af? referring to the actuator
material and I'} summarizing remaining parameters of the
actuators. The respective geometric and natural boundary
conditions for the cantilevered plate are given by

w=0pw=0, =0 (2a)
L,0%.w+ IsV2w =0 N

AT, =LV
azn(lnawnw) $2€ {07 L2} (2b)

F0pn (I3V2w + 1,0%w) =0

with V2 = 92, + 92., where n and 7 refer to the normal
and the tangential component of the boundary 0f).. Zero
initial conditions are assumed such that w(z!,z% 0) =
Oyw(zt, 22, 0) = 0. The deflection at N, reference locations
on the plate is considered as system output, i.e.

i=1,...,N,. 3)

Yi = w|(zl,z2)=($%,z?)7

With these preparations, the considered motion planning
problem concerns the design of the feedforward control
uld(t) = [ud(t),... ,u‘]i\,p (1)]T to realize desired trajectories
t e yl(t) = [y{(t), ...,y (1)]" for the system output
y(t) = [y1(t),...,yn, (t)]" within prescribed time intervals.
This in particular covers finite time transitions between
steady state deflection profiles (rest-to-rest motion).

III. WEAK FORMULATION AND SPECTRAL
REPRESENTATION

The strong form (1), (2) of the equations of motion
holds only if Ag(z',2?), k = 1,...,N, are sufficiently
smooth. Nevertheless, to address more general situations,
subsequently the mathematical model is considered in a weak
sense. The weak form can be at first utilized to determine
the spectral system representation, which serves as the basis
for the proposed approach. Secondly, it enables an efficient
realization of the controller by means of a finite-dimensional
weighted-residual approximation.

A. Weak form of the equations of motion

Let V = HZ(Q.) = {w € H*Q.) | w(0,2?) =
Oprw(0,22) = 0} and let H = L%(Q.) such that the inner
product on H is given by

(h¢2),, = /Q I drlda?

for any ¢!(z!,2?),?(2!,2%) € H. Multiplying (1) with a
suitable test function ¢(x!,2?) € V and integrating! over
the domain 2. taking into account the boundary conditions
(2) yields the weak formulation

<8t2w7 C>7.[ + 01 (wv C) + 02 (8,5’[0, g)
N,

== (YA /p,at* 0% + a20%0)y  (4)
k=1

with
o (Ch,2) = / (1,02, C'0%, (2 + 1,02 ¢ 0%, 2
Q

c

+ IVACV2(E + 140,41 0,21 0,1 0,2 (% | da' da?
72( ) = |

¢C2 datda?.

Qe

It can be shown that o1 (-, ) and o3(-, -) represent symmetric
sesquilinear forms, where o1(-,-) : V x V — R is V-elliptic
and o5(-,+) : H x H — R is H-elliptic. In addition, the
spaces V and H form a Gelfand triple V < H =H' — V'
with the pivot space H = H ' (here V' and H’ denote the
respective dual spaces). Hence, the duality pairing (-, )y y
can be considered as the continuous extension of (-,-),,
on V' x V. By the Lax-Milgram theorem, this implies
the existence of invertible linear operators .A; defined as
a; (¢, ¢?) = <AjC1,C2>H, j = 1,2. As is shown, e.g.,
in [1], these operators allow to interpret (4) as an abstract
differential equation in V', i.e.

Np

0w + Ayw + Apdyw =Y _ by, (&)

k=1
with byug(t) € L2 ([0,00); V') given by

(brur, €y sy = (TP AL/ p,a1' 021 ¢ + aF2 0% ()3 (6)

With these preparations, existence and uniqueness of a
solution w(x!,z2,¢) can be guaranteed by [I, Thm. 4.1]
with regularity properties w(z!,z%,t) € L2(0,T;V),
dyw(zt, % t) € L*0,T;H), and w(zt,2%t) €
L2(0,T; V).

The abstract differential equation (5) can be rewritten as
a coupled system of first order equation in V, =V, x V,,
where V', equals V but with oy (-, ) as inner product. Hence,
let w(t) = [w(-, 1), w(-,1)]T, then (5) implies

Np
Oyw = —Aw + ) by, %)
k=1
with by, = [0, b;]" and —A € L(V, V) defined as
0 T
—Aw:{_Al _A2}w )

with identity operator Z. The operator —.A is the infinitesimal
generator of an analytic Cp-semigroup on H, =V, x H as
well as on H =V x H [1, Thm. 4.8].

I'This requires special attention due to the orientation of the domain Q.
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B. Spectral system representation

The weak form introduced above can be directly utilized
to determine the spectral system representation. For this, it is
necessary to analyze the eigenproblem —A¢ = A¢. Contrary
to cantilevered Euler-Bernoulli beam models with spatially
varying coefficients (see, e.g., [7]) no analytic or asymptotic
solutions to the eigenproblem are available for the considered
cantilevered Kirchhoff plate model®. Hence, the following
assumption is imposed.

Assumption 1: Let —A be as above. Then

(A1) —Ais aRiesz-spectral operator in the sense of [8] with
isolated point spectrum (A, )nen and A, # 0, Vn € N,

(A2) The algebraic and geometric multiplicity % and rJ of
An, 1 € N coincide with 7% < oo and sup R(A,,) < .

(A3) The generalized eigenvectors ((d’n,-) j=1,...,ra )nen and
((1/Jn7)j:1,____,r%)n€N of —A and its adjoint (—A)*
form a biorthogonal Riesz basis for 7.

With this, any w(t) € H can be represented in terms of the

Fourier series

neN j=1

Moreover, for any A € o(—A) with o(—.A) denoting the
resolvent set of —A the resolvent operator R(\,—A) =
(AT — (=A))~*! is given by

ZA)\

neN

Z bny- (O)
Since —.A is the infinitesimal generator of a Cp—semigroup

taking the Laplace transform of (7) yields the spectral
representation

NP
w = R(S, *A) Z bkﬁk

’I‘”’

P wd,, (D

neN k= 1 ] 1

with s € p(—.A) the Laplace variable and w(s) and 4y(s)
the Laplace transforms of w(t) and wy(t), respectively.

Remark 1: It should be pointed out that the case rJ < r?
can be treated in a way similar to the presentation above
with additional terms arising from the resulting Jordan-like
structure. However, this case is outside the scope of this
contribution.

IV. FLATNESS-BASED MOTION PLANNING AND
FEEDFORWARD CONTROL DESIGN

The spectral representation (11) directly enables the in-
troduction of a flat output parametrizing state and input
to provide a particularly intuitive solution of the motion
planning and feedforward control problem.

2Solutions do exist only for plates with special domains (e.g. circular or
rectangular) or special boundary conditions, see, e.g., [9], [11].

A. Flatness-based system parametrization

The spectral representation (11) yields an equivalent for-
mulation according to

. (;n ,9) 'Dw
D) S w«z "5,
neN k=1
(12)
where
Aw S F(x=:9)
D = 1—— A
n(s) ZEI\II_Z[;é ( )\l>€ l )
e (13)
AU S F(x=.9)
'D(S):H(lf—>e IV
leN Al

denote so-called Weierstrass canonical products of genus® g
of its sequence of zeros (\;);en [10]. Herein, F(s,g) = 0 if
g =0or F(s,g) = >7_,s/j if g > 1. This formulation
becomes apparent by considering the relationship between
Weierstrass canonical products and entire functions. For any
sequence (\;)ien with genus g > 0 the products D“’( ) and
D“( ) converge and define entire functions whose zeros are
exactly (Ar)ien, izn and (Ar)en.

This Weierstrass factorized representation enables the in-
troduction of a flat output in the operational domain by
substituting & (s) = @ig(s)/D*(s), which together with (12)
yields

ZZE}'(A”,Q)'Dw 52 k’ n] n]

neN k=1
(14a)
D*(s)&k: (14b)
Moreover, note that any entire function can be expanded into
a MacLaurin series, i.e.

"Dy (s) =" D (s) = Y cf's!

leN
Du § cu l

leN

iy, = k=1,..,N,.

(15)

with ¢ff = c¢§ = 1, which converge for all s € C. Hence,
by taking into account that s is the operational equivalent to
time differentiation the state and input parametrizations (14)
are equivalent to

a

Ty b 7 N
)ZM@%

Z Z Dw ; (l6a)
neN k=1 j=1 An
up =DU) o0&k, k=1,..,N,. (16b)

These computations are so far only formal and rely on the
convergence of (16). This, however, can in principle be
reduced to a problem of trajectory assignment for the flat
output taking into account the eigenvalue distribution, which
determines the series coefficients in (15).

3The smallest positive integer g’ for which D meN |an\_-‘7l < oo with
an # 0, limp o0 |an| — oo is denoted as g + 1 and g is the genus of
the sequence (an)nen [10].
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B. Convergence analysis

Similar to the treatise in [14] for an Euler-Bernoulli
beam and [12] for a diffusion-reaction system with higher-
dimensional spatial domain the convergence of w(t) and
u(t), k = 1,..., N, parametrized according to (16) relies
on the order and type* of "D¥(s) and D“(s). In addition, it
is obvious from (16) that necessarily & (t) € C®(R). We
have the following convergence result.

Theorem 1: Let (A\;)nen be of convergence exponent’
v and genus g, then 25“(8) is an entire function of order
¢ = v and genus g. If D%(s) is of finite type 7, then
ug(t) = D*(0;) 0 & (t) converges uniformly for any & (t) €
Gp.o(R), the Gevrey class® of order a < 1/s.

Proof: Since D“(s) is a Weierstrass canonical product
it is an entire function of order equal to the convergence
exponent v of its sequence of zeros (A, )nen [3, Thm. 2.6.5].
The genus follows from the Hadamard theorem [10, Sec.
4.2]. Moreover, if f)“(s) is of finite type, then there exists a
finite m(e) € N s.t. for any € >0 the coefficients ¢} of the
MacLaurin series expansion satisfy |cf'| < [(esT + €)/1]!/¢
for all I > m(e). Since (14b) is equivalent to uy(t) =
> ien ¢ 04&(t) uniform convergence can be directly de-
duced by taking into account the bound on ¢, the Gevrey
condition, and the Cauchy-Hadamard theorem. ]
As is shown in [14], [12] a rather similar argument al-
lows to deduce the convergence of 'D¥(9;) o &(t) for
any n € N. The convergence of the parametrized Fourier
series (16a) can be in addition deduced provided that
ZneNZJ 1|Zk (‘D (0) o fk)<bk7'¢nj>7-t//\n|2 <
holds. The latter obviously depends on the actuator type and
location. The explicit proof of these claims is subsequently
omitted but makes use of the following assumption, which
implies the approximate controllability of (7) according to
[4, Thm. 4.2.1].

Assumption 2: For all n € N the (rf x N,,)-matrix defined
by [<b1»'¢’nj>’ﬂ7 . <pr,’l/J >’H.]j 1,...,ra is of rank 7‘%.
The verification of the convergence condltions on the one
hand relies on appropriate trajectory assignment for the flat
output addressing the Gevrey condition with o < 1/¢ and
the considered motion planning problem. On the other hand,
order and type depend on the zero set of "D¥(s) and D¥(s),
which corresponds to the eigenvalue distribution. Both tasks
are addressed below.

C. Trajectory assignment for the flat output

The parametrization of the system state directly yields the
parametrization of the output (3), i.e.

Np re
_ZZ(/D ogk)zwcn]’i7

a7
; An
neN k=1 j=1

4For a definition of these notions for entire functions consult [3], [10].

SThe infimum v of positive numbers v/ such that 3, o \an\_”/ < o0
with an, # 0 and limy,— o0 |an| — oo is called the convergence exponent
of the sequence (an)nen [10].

The function f(t) € C°(R) is in Gp o (R) if there exist D, a > 0
such that sup,cp |07 f(t)| < D™*1(n!)® for any n € N. f(t) is entire if
a < 1, analytic if o = 1, and non-analytic if o > 1.

with ¢n, s = ¢1n, (2}, 27), i = 1,...,N,. Obviously, for-
mally prescribing different & (t) results in different output
trajectories y;(t). Hence, the motion planning problem can
be solved indirectly by assigning a suitable desired trajectory
t — £1(t), which realizes the desired motion y?(t). Once
fg(t) is available the necessary feedforward control directly
follows from (16b).

In particular, (17) can be used to realize rest-to-rest motion
from y? = y(0) to yT = y(T) with prescribed transition
time 7. The corresponding values of the flat output 52 =
£(0) and ¢¥ = £(T) can be directly determined from the
output parametrization under steady state conditions, i.e.

(b,
y;{()l T = Z Zé{o " #an,i

neN k=1 j=1

(18)

for ¢ = 1,...,N,, which directly follows from (17) by
making use of the final value theorem of Laplace transform.
Assumption 2 thereby implies that dim & = [V,, independent
output trajectories can be assigned. Thus, let NV, = N,, and
let the conditions of Theorem 1 hold, then (18) represents a
linear system of equations for £ §07T}. Moreover, it is obvious
that the connection of £7 and &7 requires £(t) to be locally
non—analytic at t € {0, T}, i.e. £(0) = &2, £(T) = ¢ with
Op&(t)=0att=1{0,T} for all n > 1. In view of Theorem
1 this requires a« > 1 or ¢ < 1.

D. Finite-dimensional approximation and a graphical con-
vergence indicator

It is obvious that in general no analytical solution to the
operator eigenvalue problem is available. Hence, to address
the explicit (approximate) computation of the eigenvalue
distribution, the weak formulation (4) can be utilized to de-
termine a finite-dimensional approximation of the equations
of motion in the sense of weighted residuals [11]. For this,
consider the Fourier series (9) truncated at an arbitrary finite
integer m € N, i.e.

m

ZZ W, b, = 33 n b, (19

1=1 n=1j=1

where an (t) == (w(t), vy, )2 By selecting the test func-
tions ¢(z!',2%) € V equal to the set of basis functions
((¥n,)j=1,....ra )=y, the evaluation of (4) directly yields a
finite-dimensional model of the considered patch-actuated
cantilevered plate in the form

Md?q+ Ddq+ Kq = Bu

y=0Cq 20
with ¢T(t) = [qll(t),.4.7q1T,1,,(t),...,qml(t),...,qu%(t)],
ul(t) = [ui(t),...,un, (1)), yi = wf Mzl a?), i =

., Ny and the symmetric RN*Y, N = "™ | r¢ matrices
M, D, and K as well as B € ]RNXNP, C € RMv*N_ Note
that a proper evaluation of the matrix elements requires that
the basis functions fulfill (2a).

Post-print version of the article: J. Schrock, T. Meurer, and A. Kugi, “Motion planning for an elastic Kirchhoff plate”,
the American Control Conference (ACC), Montreal, Canada, Jun. 2012, pp. 652-657
The content of this post-print version is identical to the published paper but without the publisher’s final layout or copy editing.

in Proceedings of



AIC|IIN

x 10
I - —N =9
0 \ 0 _\ 0 N =T
___-200 \ __—200 \ . \ n - = —% :g
> . /) —
£ 40 \ < _400 (N 2 \ /A
>~ \ = ) g (WY
-600 \ -600 \ Yo
\ \
-800 A -800 = -10 R
0 0.2 0.4 0 0.2 0.4 0 0.2 0.4
t (s) t(s) t (s)
x107°
o Falnml A
1000 / 1000 / 5 7* \
~—~ — ~ —~
\E/ II E/ I' \ [ é o) — / \ -
5o 500 / =g 500 ) A~ < ‘\ /
W/ -5 g/
) — 0
0 0.2 0.4 0 0.2 0.4 0 0.2 0.4
t(s) t (s) t (s)

Fig. 2: Convergence of the flatness-based parametrizations (16) for different numbers N of basis functions: trajectories for
the flat outputs £§(t), £4(¢) (left), voltage input ud(t), ug(t) (center), output trajectories y§(t), yd(t) (right).

Based on (20), the state and input parametrizations can be
explicitly evaluated by replacing N with m and making use
of the solution of the algebraic eigenproblem

(MXA+K)6 =0, (1)

where M = (D %) and K = (§ _9,) are symmetric

2N x 2N matrices. With this, on the one hand a very efficient
computational evaluation is achieved and on the other hand a
high-order approximation can be used to deduce a graphical
convergence indicator. For this, observe that the convergence
exponent v of a sequence with countable index set equals the
order of its counting function [10, Sec. 3.2]. Let n(r) denote
the counting function of (A\p,)nen, i.e. n(r) = #{\,, n €
N: |A,| < r}, this yields v = limsup,._, ., logn(r)/log(r).
Hence, the graph logn(r)/log(r) can be considered as an
indicator for v and hence the order ¢ provided that a
sufficiently large number of eigenvalues can be numerically
determined by making use of (21).

Nevertheless, it should be pointed out that also divergent
parametrizations can be used for the solution of the motion
planning problem as is shown in [12].

V. SIMULATION RESULTS

In the following, simulation results are presented by
making use of the presentation in Section IV-D for the
determination of the feedforward control to realize rest-to-
rest motions for the considered Kirchhoff plate.

For this, the spatial actuator characteristics are assumed to
satisfy A (2!, 22) = [h(z'—a})—h(z' -2} — L} x[(h(2?—
x2) — h(x? — 22 — L?)], where h(-) denotes the Heaviside
function and the rectangle (v}, zi + L}) x (22,27 + L2)
represents the spatial extension of the k-th patch actuator.

0.01

0.005
— 0 \ -
g \ \ /
= _0.005 yd \
vy
~0.01

-0.015
0

Fig. 3: Comparison between the desired output trajectories
y(t) (light gray curves) and the obtained output trajectories
yx(t) (black curves), k =1, 2.

The basis functions for the evaluation of (20) are chosen
as the eigenvectors of an undamped orthotropic cantilevered
plate and are determined using finite elements.

An orthotropic plate of dimensions L' = 0.6 m, L?
0.3 m is considered with p¢ 1.5 kg/m2, ~¢
1.5 kg/(sm?) and material parameters I{ = I = 1.45 kNm,
I 0.34 kNm, If 1.56 kNm. Two identical pairs
(N, = 2) of piezoelectric patch actuators of dimensions
L1 = 0.085 m, L? = 0.057 m are located at (z1,z?)
(0.023,0.02) m, (z3,22) = (0.023,0.223) m with p?
1.6 kg/m?, 42 = 2.5 kg/(sm?), I = I§ = 3 kNm, I}
2 kNm, I} = 6 kNm, and I'{al! = T%a2? = —0.005 As/m.
The inputs ug(t) correspond to the voltages applied to the
actuators.

The considered motion planning problem is motivated by
an adaptive wing configuration to influence the surrounding
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z' (m) 06 O

z! (m)

06 O

Fig. 4: Deflection of the patch-actuated plate at different instances of time: (a) t =0s, (b) t =0.25 s, (c) t = 0.5 s.

flow field. For this, the system output is defined by the
deflection at the free corners of the plate, i.e. N, = 2, and

Y1 = w|(m1,zz)=(L1,O)7y2 = w|(x1,zz)=(L1,L2)'

The rest-to-rest trajectory for the trailing edge of the wing
is determined by the desired initial and final values ygl =
yl, = 0 for yi(¢) and y2, = 0 and y, = —0.01 m for
y2(t). The non-analytic transition function

27,67 t<0
£ 2(% -1
gty =1{ &, + ‘z’k{l—&-tanh (ﬁ)} teo,7)
O Tl t>T

of Gevrey order « = 1+ 1/0 is assigned to the flat output
&k (t), where ¢ = 1.9 determines the slope, T = 0.5 s
denotes the transition time, and £g,k, fsTk represent initial
and final values determined from (18).

The desired trajectories for the flat output and numerical
evaluations of the input and output parametrization (16b),
(17) are shown in Figure 2 for different numbers /N of basis
functions. The numerical results show that all eigenvalues
are mutually disjoint. Obviously, rather fast convergence is
obtained with the input voltages evolving in rather non-trivial
fashion but at realistic amplitudes. The tracking behavior
is evaluated in Figure 3 by comparing the desired output
with the output obtained by applying the feedforward control
with N = 9 to the simulation model corresponding to
(20) with N = 11. Snapshots of the evolving deflection
profile are depicted in Figure 4 for different instances of
time. These results clearly confirm the applicability and high
tracking performance of the proposed motion planning and
feedforward control design.

VI. CONCLUSION AND OUTLOOK

In this contribution, a flatness-based approach for motion
planning and feedforward control is presented for the exam-
ple of an orthotropic cantilevered Kirchhoff plate with spa-
tially varying coefficients resulting from distributed patch ac-
tuators. For this, the spectral representation of the equations
of motion is utilized to systematically determine a flatness-
based state and input parametrization. The convergence of the
parametrization depends on the eigenvalue distribution and
properties of the flat output. By making use of a weighted-
residual approach an efficient realization of the feedforward

controller is available. Simulation results for the example of
high-speed rest-to-rest motion for an adaptive wing illustrate
the applicability and tracking performance of the proposed
concept.

Current work is dedicated to the experimental validation
of the proposed design approach.
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