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Motion Planning for Piezo-Actuated Flexible
Structures: Modeling, Design, and Experiment

Johannes Schröck, Thomas Meurer, Member, IEEE, and Andreas Kugi, Member, IEEE

Abstract—Motion planning and feedforward control is consid-
ered for a cantilevered flexible plate-like structure actuated by a
finite number of surface-mounted piezoelectric patches to realize
prescribed highly dynamic trajectories for the deflection profile in
open-loop. For this, a distributed-parameter mathematical model
including damping and localized effects originating from the
spatially distributed patch actuators is derived by means of the
extended Hamilton’s principle. With this, a flatness-based design
methodology is proposed for motion planning and feedforward
control, which directly exploits the distributed-parameter system
description. In particular, differential state, input, and output
parametrizations are systematically constructed in terms of a
basic output to achieve a one-to-one correspondence between
system trajectories. Finite element methods are incorporated into
the design to account for structures with non-trivial domain and
non-isotropic material behavior. In addition, the convergence of
the system parametrization is analyzed analytically and by means
of numerical results. Finally, measurement results demonstrate
the applicability of this approach for the realization of highly
dynamic rest-to-rest transitions of the deflection profile of an
orthotropic plate structure with macro-fiber composite patch
actuators.

Index Terms—Motion planning, feedforward control, flatness,
smart structure, flexible structure, piezoelectric actuation, Kirch-
hoff plate, experimental validation, in-domain control.

I. INTRODUCTION

THE control of flexible structures is a key task in many
fields of applications since the trend to increase perfor-

mance and efficiency by means of lightweight constructions
requires to systematically account for the resulting limited
structural stiffness. For this reason, vibration control of flexible
structures is a widely studied discipline, especially in the fields
of aeronautics, robotics, and precision engineering. In this
context, so-called smart structures with embedded distributed
actuators and sensors have received significant attention. Se-
lected applications in particular comprise adaptive optics, flow
control as well as adaptive wing structures [1], [2], [3], [4],
[5]. Moreover, the vast progress in material and actuator
development allows very promising new fields of research,
e.g., in view of dynamic shape control or profile adaption of
smart structures.

In order to address these issues, the present contribu-
tion considers the motion planning and feedforward control
problem for a piezo-actuated flexible plate-like structure to
achieve high-speed rest-to-rest transitions between different
deflection profiles. The proposed approach directly utilizes the
distributed-parameter description of the flexible structure in
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terms of partial differential equations. In strong contrast to
the results on the stabilization problem, see, e.g., [6], only
few analytical approaches exist to systematically solve the
motion planning problem for distributed-parameter systems.
In the case of finite-dimensional flexible structures, different
approaches are available utilizing, e.g., input shaping or causal
and non-causal model inversion (see for instance [7], [8], [9]
and the references therein). Moreover, differential flatness has
proven to be a powerful tool for finite-dimensional systems
[10]. Roughly speaking, differential flatness denotes the abil-
ity to parametrize system states and inputs by a so-called
flat output and its time-derivatives up to a certain problem-
dependent order. In recent years, this concept has been suc-
cessfully extended to certain classes of infinite-dimensional
systems, see, e.g., [11], [12], [13]. Given flexible structures,
selected examples include Euler-Bernoulli beam models [14],
[15], [16], Timoshenko beam models [17], [18] and Kirch-
hoff plate models [19], [20]. Thereby, two different control
approaches can be distinguished, namely boundary control
and spatially distributed in-domain control. While boundary
control is widely studied only few contributions address in-
domain control.

In the following, a flatness-based approach for motion
planning and feedforward control design is presented for the
example of a flexible cantilevered orthotropic plate structure
with spatially distributed in-domain actuation as schemati-
cally shown in Fig. 1. The structure is built up of glass
fibre composite material and a finite number of embedded
piezoelectric patch actuators. In order to achieve a highly
accurate feedforward tracking control it is necessary to include
the local stiffening and damping effects resulting from the
spatially distributed patches, which results in a distributed-
parameter model with spatially varying parameters. Based on
the spectral representation of the equations of motion, the
state and input parametrizations are systematically constructed
in the operational domain in terms of Weierstrass canonical
products, which correspond to differential operators of infinite
order in the time domain. Their convergence relies on the
system’s eigenvalue distribution and properties of the desired
flat output trajectory. Hence, by suitably assigning a desired
trajectory of the flat output the respective feedforward control
directly follows from the evaluation of the input parametriza-
tion. In addition, an efficient semi-numerical implementation
of the feedforward controller is proposed by making use of
a weighted-residual approach. In this way, a rather general
design systematics is obtained, which allows to cope with non-
trivial spatial domains and non-isotropic material behavior.

Moreover, the contribution is distinguished by the exper-
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imental validation of the design. For this, macro-fiber com-
posite (MFC) patches are utilized as actuators. In contrast
to the very brittle nature of the common monolithic PZT
(lead zirconate titanate) patches, MFCs are composed of
rectangular piezoelectric fibers embedded in an epoxy matrix
and covered by interdigitated electrodes and thus result in
very flexible patches. Additionally, the large input voltage
range [-500,+1500] V together with a larger electromechanical
coupling coefficient compared to conventional PZT patches al-
low for higher actuation forces and larger displacements [21].
Similar to PZT patches MFC actuators intrinsically exhibit
hysteresis and creep effects. However, as shown in [22], the
application of an appropriate hysteresis and creep compensator
allows to cancel out these nonlinearities. In this contribution,
this operator-based compensator involving Prandtl-Ishlinskii
theory is used such that linear piezoelectric material behavior
can be assumed (for details, see [22]). As is illustrated in
experimental results conducted with the MFC-actuated plate
structure, the proposed approach enables the realization of
highly dynamic output trajectories for the deflection profile
without exciting spurious oscillations. With this, we also
demonstrate the possibility to realize smart structures, which
enable dynamic shape adaption and hence show the potential
to improve accuracy, performance, and efficiency, e.g., in the
field of flow control or adaptive optics.

The paper is organized as follows. In Section II, the gov-
erning equations of motion are derived for the MFC-actuated
flexible plate structure by means of an energy-based modeling
approach using the extended Hamilton’s principle. Based on
the corresponding variational formulation the existence and
uniqueness of the solution is verified and a spectral repre-
sentation of the equations of motion is introduced in Section
III. Section IV presents the derivation of the flatness-based
motion planning and feedforward control design, which is
finally validated by means of simulation and experimental
results in Section V.

II. ENERGY-BASED MODELING

The setup of the piezo-actuated flexible structure under
consideration consists of an orthotropic carrier layer (index
c) in form of a rectangular cantilevered plate with domain
Ωc and a finite number Np of surface mounted rectangular
MFC patch pairs (index p), as shown in Fig. 1. Each patch
pair consists of two symmetrically placed actuators, one on
the front side and one on the back side of the carrier layer,
respectively. The placement of the k-th patch pair is specified
by the spatial actuator characteristics

Λk(x1, x2)=
(
h(x1

k)−h(x1
k−L1

p)
) (
h(x2

k)−h(x2
k−L2

p)
)

(1)

where h(·) represents the Heaviside function, (x1
k, x

2
k) is the

position of the lower left corner of the k-th patch pair and
L1
p, L

2
p denote the patch dimensions, cf. Fig. 1. Subsequently,

the deflection of the structure w(x1, x2, t) is restricted to pure
bending motion in the x3-direction by applying an asymmetric
voltage supply to each actuator pair. Hence, the voltages ufs(t)
and ubs(t) applied to a patch on the front and back side of
the carrier layer, respectively, are given by

ufsk (t) = u0 + uk(t), ubsk (t) = u0 − uk(t). (2)
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Fig. 1: Schematics of the MFC-actuated plate structure.

The constant supply voltage u0 = (umax + umin)/2
is used to enable a balanced voltage supply uk(t) ∈
[−umax+|umin|

2 ,+umax+|umin|
2 ], where umin = −500 V and

umax = 1500 V are the MFC actuator specific minimal and
maximal supply voltages.

A. Equations of motion

The governing equations of motion are derived by applying
the extended Hamilton’s principle, i.e.

∫ te

t0

[δWK − δWP + δWNC ]dt = 0, (3)

where δ denotes the variational operator. The terms
WK(t) = WK

c (t) +
∑Np
k=1W

K
p,k(t) and WP (t) = WP

c (t) +∑Np
k=1W

P
p,k(t) represent the kinetic and the potential energy

stored in the carrier layer and the MFC patch pairs, re-
spectively, while the virtual work of non-conservative forces
due to damping is summarized in the term WNC(t) =

WNC
c (t) +

∑Np
k=1W

NC
p,k (t). The derivation of the respective

energy contributions is based on the following assumptions:
A1) rotational inertia is neglected,
A2) the Kirchhoff hypothesis holds,
A3) the constitutive equations of linear elasticity are valid,
A4) all MFC patches are identical, perfectly bonded to the

carrier layer, and the adhesive layers are negligible,
A5) the active area of each MFC patch can be character-

ized by homogenized material parameters reflecting an
orthotropic behavior,

A6) the MFC patches show linear piezoelectric material be-
havior,
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A7) due to the special arrangement of the interdigitated
electrodes the electric field can be approximated by an
exclusive homogeneous field strength component E1 with
simultaneously vanishing electric flux density compo-
nents D2 =D3 =0 (cf. Fig. 1), and

A8) the voltage sources are considered to be ideal.

While linear elasticity A3) is a well satisfied property for
many materials in case of small strains, it is a matter of
common knowledge that piezoelectric materials show intrinsic
hysteretic behavior and creep effects [2], [5]. However, the
application of an appropriate hysteresis and creep compensator
allows to cancel out the nonlinear actuator behavior, see, e.g.,
[23]. For MFC patch actuators, this is in particular shown by
detailed experimental investigations in [22] and hence justifies
the validity of assumption A6).

In view of assumption A1) the kinetic energies of the carrier
layer and the k-th MFC patch pair are given by

WK
c =

1

2
ρchc

∫

Ωc

(∂tw)2dx1dx2

WK
p,k = ρphp

∫

Ωc

Λk(∂tw)2dx1dx2,

(4)

where ρc, ρp denote the respective mass densities and hc,
hp represent the thickness of the carrier layer and of the
patches. In case of pure bending motion the so-called Kirch-
hoff strain components εij depend on the bending deflection
w(x1, x2, t) in the form ε11 = −x3∂2

x1w, ε22 = −x3∂2
x2w,

ε12 = −x3∂x1∂x2w. For linear elastic orthotropic material
behavior the stress-strain relation is given by the constitutive
equations



σ11

σ22

σ12


 =



c1111 c1122 0
c2211 c2222 0

0 0 c1212






ε11

ε22

2ε12


 , (5)

see, e.g., [24], with the stress components denoted by σij and
the components of the elasticity tensor specified by c1111 =
E1/(1 − ν12ν21), c2222 = E2/(1 − ν12ν21), c1122 = c2211 =
ν12E2/(1 − ν12ν21), and c1212 = G12, where Ei, Gij and
νij with i, j ∈ {1, 2} are Young’s moduli, shear moduli, and
Poisson’s ratio, respectively. Thus, evaluation of the potential
energy of the carrier layer yields

WP
c =

∫

Vc

∫ t

0

σij∂τ εij dτdV

=
1

2
Ic

∫

Ωc

{
c1c
(
∂2
x1w

)2
+c2c

(
∂2
x2w

)2

+c3c
(
∇2w

)2
+c4c (∂x1∂x2w)

2
}

dx1dx2,

(6)

where Vc denotes the volume of the carrier layer, Ic = h3
c/12,

and c1c = c1111
c − c1122

c , c2c = c2222
c − c1122

c , c3c = c1122
c ,

c4c = 4c1212
c .

Based on assumptions A5)-A7) the hysteresis and creep
compensated MFC patch actuators can be characterized by

the constitutive equations of linear piezoelectricity, i.e.


σ11

σ22

σ12


 =



c1111
p c1122

p 0
c2211
p c2222

p 0
0 0 c1212

p





ε11

ε22

2ε12


−



a11

1

a22
1

0


D1,

E1 = −
[
a11

1 a22
1 0

]


ε11

ε22

2ε12


+ β11D

1,

(7)
see, e.g., [25], with homogenized quantities for the compo-
nents of the elasticity tensor cijflp and the material parameters
aii1 , β11, with i, j, f, l ∈ {1, 2}. With these constitutive
equations the potential energy of an MFC patch pair evaluates
to

WP
p =

∫

Vp

∫ t

0

(
σij∂τ εij + E1∂τD1

)
dτdV

=
1

2

∫

Vp

(
cijflp εijεfl − 2aii1D

1εii + β11(D1)2
)

dV,

(8)

where Vp represents the sum of the active volumes of the patch
located on the front side and the patch located on the back side
of the carrier layer. With assumption A8) the third summand
in (8) vanishes in the subsequent variational formulation and
is hence directly omitted. Furthermore, assuming that the self-
generated electric field strength due to the direct piezoelectric
effect −aii1 εii, cf. (7), is insignificant compared to the applied
electric field strength E1 the electric flux density D1 can be
given in terms of the supply voltage u, i.e.

∫ x1
e+ep

x1
e

E1dx1 = u = β11D
1ep, (9)

with ep denoting the distance between neighboring electrodes,
see Fig. 1. Hence, by consideration of the asymmetric voltage
supply (2) the potential energy of the k-th patch pair can be
rewritten in the form

WP
p,k =Ip

∫

Ωc

Λk

{
c1p
(
∂2
x1w

)2
+c2p

(
∂2
x2w

)2

+c3p
(
∇2w

)2
+c4p (∂x1∂x2w)

2
}

dx1dx2

+ Γp,kuk

∫

Ωc

Λk

{
a11

1 ∂
2
x1w + a22

1 ∂
2
x2w

}
dx1dx2,

(10)
with Ip = ((hc/2 + hp)

3 − (hc/2)3)/3 and Γp,k = hp(hp +
hc)/(β11ep).

In order to include damping into the mathematical model the
variational derivatives of the virtual works WNC

c and WNC
p,k

of the non-conservative damping forces are considered in the
form

δWNC
c =− γec

∫

Ωc

∂twδw dx1dx2

δWNC
p,k =− 2γep

∫

Ωc

Λk∂twδw dx1dx2,

(11)

with the parameters γec and γep referring to viscous (external)
damping originating from the carrier layer and the MFC patch
pairs, respectively.
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Finally, evaluation of (3) yields the equations of motion for
the MFC-actuated plate structure in the form

ρ∂2
tw + γe∂tw + ∂2

x1

(
I1∂

2
x1w

)
+ ∂2

x2

(
I2∂

2
x2w

)

+∇2
(
I3∇2w

)
+ ∂x1∂x2 (I4∂x1∂x2w) = −

Np∑

k=1

Γkuk

(12)
for (x1, x2, t) ∈ Ωc×R+ with ∇2 = ∂2

x1 +∂2
x2 . The boundary

conditions along the clamped edges ∂ΩCc and the free edges
∂ΩFc are given by

w = 0, ∂x1w = 0, ∀(x1, x2) ∈ ∂ΩCc (13a)

In∂
2
xnw + I3∇2w = 0

∂xn
(
In∂

2
xnw

)

+∂xn
(
I3∇2w + I4∂

2
xτw

)
= 0




∀(x1, x2) ∈ ∂ΩFc (13b)

with ∇2 = ∂2
xn + ∂2

xτ , where the indexes n and τ refer to the
normal and the tangential component of the respective bound-
ary. Here, ρ(x1, x2), γe(x1, x2), Ij(x1, x2), j = 1, . . . , 4, rep-
resent spatially varying mass per unit area, viscous damping,
and flexural rigidity defined by

ρ = ρchc + 2

Np∑

k=1

Λkρphp

γe = γec + 2

Np∑

k=1

Λkγ
e
p

Ij = Icc
j
c + 2

Np∑

k=1

ΛkIpc
j
p, j = 1, . . . , 4

(14a)

with c1p = c1111
p − c1122

p , c2p = c2222
p − c1122

p , c3p = c1122
p ,

c4p = 4c1212
p and

Γk = Γp,k
[
a11

1 ∂
2
x1Λk + a22

1 ∂
2
x2Λk

]
. (14b)

For the sake of simplicity, zero initial conditions (ICs) are
assumed, i.e.

w = ∂tw = 0, t = 0, (15)

which, for non-zero stationary ICs, can be obtained by a simple
state transformation.

Moreover, a set of reference points {(x1
y,j , x

2
y,j) ∈ Ωc},

j = 1, . . . , No, is defined. Hence, let the output of the model
be given by y(t) = [y1(t), . . . , yNo(t)]

T with

yj = w|(x1,x2)=(x1
y,j ,x

2
y,j)

, j = 1, . . . , No, (16)

then the desired motion of the deflection profile wd(x1, x2, t)
can be specified by prescribing admissible desired trajectories
t 7→ ydj (t) for the individual outputs yj(t). For the systematic
solution of the motion planning problem a spectral approach
is subsequently proposed, which utilizes the weak formulation
of the equations of motion.

III. WEAK FORMULATION AND SPECTRAL
REPRESENTATION

The spatially varying parameters (14) depend on the spatial
actuator characteristics (1) such that the strong form of the
equations of motion of the MFC-actuated plate structure (12),
(13) involves derivatives of the Heaviside function. In order
to overcome the necessity to consider distributional solutions
the weak or variational form is introduced below.

A. Weak form

Let V = H2
C(Ωc) = {w ∈ H2(Ωc) | w|(x1,x2)∈ΩCc

=
(∂x1w)|(x1,x2)∈ΩCc

= 0} and H = L2(Ωc) with the inner
product on H given by

〈
ξ1, ξ2

〉
H =

∫

Ωc

ρξ1ξ2dx1dx2 (17)

for ξ1(x1, x2), ξ2(x1, x2) ∈ H and ξ2 denoting the conjugate
complex of ξ2. Multiplying the mathematical model (12) with
a suitable test function ξ(x1, x2) ∈ H2

C(Ωc) and integrating1

over the domain Ωc taking into account the boundary condi-
tions (13) yields the weak formulation

〈
∂2
tw, ξ

〉
H + σ1(w, ξ) + σ2(∂tw, ξ)

=

〈
−1

ρ

Np∑

k=1

ukΓp,kΛk, a
11
1 ∂

2
x1ξ + a22

1 ∂
2
x2ξ

〉

H

(18)

with the symmetric sesquilinear forms

σ1(ξ1, ξ2) =

∫

Ωc

(
I1∂

2
x1ξ1∂2

x1ξ2 + I2∂
2
x2ξ1∂2

x2ξ2

+ I3∇2ξ1∇2ξ2 + I4∂x1∂x2ξ1∂x1∂x2ξ2
)

dx1dx2

σ2(ξ1, ξ2) =

∫

Ωc

γeξ1ξ2 dx1dx2.

(19)

The sesquilinear forms exhibit the following properties, which
are crucial for the analysis.

Lemma 3.1: The sesquilinear form σ1(·, ·) : V ×V → R is
symmetric and V -elliptic, i.e.

(1) ∀φ, ψ ∈ V : σ1(φ, ψ) = σj(ψ, φ) (symmetry)
(2) ∃c1 ≥ 0 s.t. ∀φ, ψ ∈ V : |σ1(φ, ψ)| ≤ c1‖φ‖V ‖ψ‖V

(continuity)
(3) ∃k1 > 0 s.t. ∀φ ∈ V : <(σ1(φ, φ)) = σ1(φ, φ) ≥

k1‖φ‖2V
Moreover, σ2(·, ·) : H×H → R is symmetric and H-elliptic.
The proof of Lemma 3.1 is provided in Appendix A-A.
Since V ↪→ H = H ′ ↪→ V ′ forms a Gelfand triple with
the pivot space H, which can be identified with its dual
H ′ by the Riesz representation theorem, and V ′ the dual
of V the duality pairing 〈·, ·〉V ′,V can be considered as the
continuous extension of 〈·, ·〉H on V ′ ×V [2]. The ellipticity
of the sesquilinear forms implies the existence of bounded
invertible linear operators Aj by the Lax-Milgram theorem,
i.e. σj(ξ1, ξ2) =

〈
Ajξ1, ξ2

〉
H , j = 1, 2 such that the weak

1This requires special attention due to the orientation of the domain to
avoid corner conditions.
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form (18) can be interpreted as an abstract differential equation
in V ′ according to

∂2
tw +A1w +A2∂tw =

Np∑

k=1

bkuk (20)

with bkuk(t) ∈ L2
loc([0,∞);V ′) defined by

〈bkuk, ξ〉V ′,V =

〈
−1

ρ
ukΓp,kΛk, a

11
1 ∂

2
x1ξ + a22

1 ∂
2
x2ξ

〉

H
.

Hence, the application of [2, Thm. 4.1] implies the exis-
tence and uniqueness of a solution w(·, ·, t) of (18) with the
regularity properties w(·, ·, t) ∈ L2(0, T ;V ), ∂tw(·, ·, t) ∈
L2(0, T ;H), and ∂2

tw(·, ·, t) ∈ L2(0, T ;V ′), see, e.g., [26],
[2]. Additionally, it can be shown [2, Sec. 4.3] that (20)
can be interpreted as an abstract differential equation in
V

1
= V 1 × V 1 with V 1 equal to V but with σ1(·, ·) as the

inner product, in the form

∂tw = −Aw +

Np∑

k=1

bkuk (21)

with w(t) = [w(·, ·, t), ∂tw(·, ·, t)]T , bk = [0, bk]T and the
system operator −A ∈ L(V

1
,V ′

1
) given by

−Aw =

[
0 I
−A1 −A2

]
w (22)

representing the infinitesimal generator of an analytic C0-
semigroup on H

1
= V 1 × H as well as on H = V × H

[2, Thm. 4.8]. Here, I is the identity operator.

B. Spectral representation

The weak form introduced above can be directly utilized
to determine the spectral system representation. For this, it
is necessary to analyze the eigenproblem −Aφ(x1, x2) =
λφ(x1, x2). Contrary to cantilevered Euler-Bernoulli beam
models with spatially varying coefficients, see, e.g., [27], no
analytic or asymptotic solutions to the eigenproblem are avail-
able for the considered plate structure2. Hence, the following
assumption is imposed.

Assumption 3.1: Let −A be as above. Then
(A1) −A is a Riesz-spectral operator in the sense of [30] with

isolated point spectrum (λn)n∈N and λn 6= 0, ∀n ∈ N.
(A2) The algebraic and geometric multiplicity rn and r′n of

λn, n ∈ N coincide with rn <∞ and sup<(λn) <∞.
(A3) The generalized eigenvectors ((φni)i=1,...,rn)n∈N and

((ψni)i=1,...,rn)n∈N of −A and its adjoint (−A)∗ form
a biorthogonal Riesz basis for H.

With this, any w(t) ∈ H can be represented in terms of the
Fourier series

w =
∑

n∈N

rn∑

i=1

〈
w,ψni

〉
H φni . (23)

2Solutions do exist only for plates with special domains (e.g. circular or
rectangular) or special boundary conditions, see, e.g., [28], [29].

Moreover, for any λ ∈ %(−A) with %(−A) denoting the
resolvent set of −A the resolvent operator R(λ,−A) =
(λI − (−A))−1 can be represented as

R(s,−A) =
∑

n∈N

1

s− λn

rn∑

i=1

〈
·,ψni

〉
H φni . (24)

Since −A is the infinitesimal generator of a C0–semigroup
taking the Laplace transform of (21) yields the spectral repre-
sentation

ŵ =
∑

n∈N

Np∑

k=1

ûk
s− λn

rn∑

i=1

〈
bk,ψni

〉
H φni . (25)

Remark 3.1: The case r′n < rn can be treated in a way
similar to the presentation above with additional terms arising
from the resulting Jordan-like structure. However, this case is
outside the scope of this contribution.

IV. MOTION PLANNING AND FEEDFORWARD CONTROL

Henceforth it is shown that the spectral representation
enables the systematic determination of a flat or basic output,
which differentially parametrizes the system state, the input,
and the output. With this, a very intuitive solution of the
motion planning and feedforward control problem is obtained.

A. Flatness-based parametrization

The spectral system representation (25) can be equivalently
formulated as

ŵ=−
∑

n∈N

Np∑

k=1

eF( s
λn
,g)D̂wn (s)

D̂u(s)
ûk

rn∑

i=1

〈
bk,ψni

〉
H

λn
φni (26)

where

D̂wn (s) =
∏

l∈N
l 6=n

(
1− s

λl

)
e
F( sλl

,g)
,

D̂u(s) =
∏

l∈N

(
1− s

λl

)
e
F( sλl

,g)

(27)

denote so-called Weierstrass canonical products of genus3 g
of its sequence of zeros (λl)l∈N [31]. Herein, F(s, g) = 0
if g = 0 or F(s, g) =

∑g
j=1 s

j/j if g ≥ 1. This is a
direct extension of the parametrization derived in [32] for an
Euler-Bernoulli beam, which is recovered for g = 0. This
formulation becomes apparent by considering the relationship
between Weierstrass canonical products and entire functions.
For any sequence (λl)l∈N with genus g ≥ 0 the products
D̂wn (s) and D̂u(s) converge and define entire functions whose
zeros are exactly (λl)l∈N, l 6=n and (λl)l∈N, respectively. Ap-
pendix B provides an analytically treatable example based on
the eigenvalue distribution of an isotropic simply supported
rectangular plate with g > 0, which further endorses the
introduced general formulation.

3The smallest positive integer g′ for which
∑
n∈N |an|−g

′
< ∞ with

an 6= 0, limn→∞ |an| → ∞ is denoted as g + 1 and g is the genus of the
sequence (an)n∈N [31].
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This Weierstrass factorized representation enables the in-
troduction of a flat output in the operational domain by
substituting ξ̂k(s) = ûk(s)/D̂u(s), which with (26) yields

ŵ = −
∑

n∈N

Np∑

k=1

eF( s
λn
,g)D̂wn (s)ξ̂k

rn∑

i=1

〈
bk,ψni

〉
H

λn
φni

ûk = D̂u(s)ξ̂k.

(28)

Moreover, note that any entire function can be expanded into
a MacLaurin series, i.e.

′Dwn (s) = e
F( sλl

,g)D̂wn (s) =
∑

l∈N
cwl s

l

D̂u(s) =
∑

l∈N
cul s

l,
(29)

with cw0 = cu0 = 1, which converge for all s ∈ C. Hence,
by taking into account that s is the operational equivalent to
time differentiation the state and input parametrizations (28)
are equivalent to

w = −
∑

n∈N

Np∑

k=1

(′Dwn (∂t) ◦ ξk)

rn∑

j=1

〈bk,ψnj 〉H
λn

φnj (30a)

uk = Du(∂t) ◦ ξk, k = 1, ..., Np. (30b)

These computations are so far only formal and rely on the
convergence of (30). As is outlined below, the convergence
analysis can in principle be reduced to a problem of trajectory
planning for the flat output taking into account the eigenvalue
distribution, which determines the series coefficients in (29).

B. Convergence analysis

Similar to the treatise in [32] for an Euler-Bernoulli
beam and [33] for a diffusion-reaction system with higher-
dimensional spatial domain the convergence of w(t) and
uk(t), k = 1, ..., Np parametrized according to (30) relies on
the order and type4 of ′Dwn (s) and D̂u(s). In addition, it is
obvious from (30) that necessarily ξk(t) ∈ C∞(R). We have
the following convergence result, whose proof can be found
in Appendix A-B.

Theorem 4.1: Let (λn)n∈N be of convergence exponent5 ν
and genus g, then D̂u(s) is an entire function of order ς =
ν and genus g. If D̂u(s) is of finite type τ , then uk(t) =
Du(∂t)◦ξk(t) converges uniformly for any ξk(t) ∈ GD,α(R),
the Gevrey class6 of order α < 1/ς .
As is shown in [32], [33] a rather similar argument al-
lows to deduce the convergence of ′Dwn (∂t) ◦ ξk(t) for
any n ∈ N. The convergence of the parametrized Fourier
series (30a) can be in addition deduced provided that∑
n∈N

∑rn
j=1 |

∑Np
k=1(′Dwn (∂t) ◦ ξk(t))〈bk,ψnj 〉H/λn|2 <∞

holds. The latter obviously depends on the actuator type and
location. The explicit proof of these claims is subsequently

4For a definition of these notions for entire functions consult [34], [31].
5The infimum ν of positive numbers ν′ such that

∑
n∈N |an|−ν

′
< ∞

with an 6= 0 and limn→∞ |an| → ∞ is called the convergence exponent
of the sequence (an)n∈N [31].

6The function f(t) ∈ C∞(R) is in GD,α(R) if there exist D, α > 0
such that supt∈R |∂nt f(t)| ≤ Dn+1(n!)α for any n ∈ N. f(t) is entire if
α < 1, analytic if α = 1, and non-analytic if α > 1.

omitted but makes use of the following assumption, which
implies the approximate controllability of (21) according to
[35, Thm. 4.2.1].

Assumption 4.1: For all n ∈ N the (rn×Np)-matrix defined
by [〈b1,ψnj 〉H , . . . , 〈bNp ,ψnj 〉H ]j=1,...,rn is of rank rn.
The verification of the convergence conditions on the one
hand relies on appropriate trajectory assignment for the flat
output addressing the Gevrey condition with α < 1/ς and
the considered motion planning problem. On the other hand,
order and type depend on the zero set of ′Dwn (s) and Du(s),
which corresponds to the eigenvalue distribution. Both tasks
are addressed below.

C. Trajectory assignment

Based on the parametrizations (30), prescribing a suitable
desired trajectory t 7→ ξdk(t) for the flat output ξk(t) directly
yields the feedforward control udk(t), which is required to track
the respective profile wd(t) = [wd(·, ·, t), ∂twd(·, ·, t)]T and
hence the outputs (16). For this, note that the evaluation of
(16) with (30) results in

yj = −
∑

n∈N

Np∑

k=1

(Dw′n (∂t) ◦ ξk)

rn∑

i=1

〈
bk,ψni

〉
H

λn
cni,j , (31)

where cni,j = φni(x
1
y,j , x

2
y,j). Obviously, formally prescribing

different ξk(t) results in different output trajectories yj(t).
Hence, the motion planning problem can be solved indirectly
by assigning a suitable desired trajectory t 7→ ξdk(t), which
realizes the desired motion yd(t). Once ξdk(t) is available the
necessary feedforward control directly follows from (30b).

In particular, (31) can be used to realize rest-to-rest motion
from y0

s = y(0) to yTs = y(T ) with prescribed transition
time T . The corresponding values of the flat output ξ0

s = ξ(0)
and ξTs = ξ(T ) can be directly determined from the output
parametrization under steady state conditions, i.e.

y
{0,T}
s,j = −

∑

n∈N

Np∑

k=1

ξ
{0,T}
s,k

rn∑

i=1

〈
bk,ψni

〉
H

λn
cni,j (32)

for j = 1, . . . , No, which directly follows from (31) by
making use of the final value theorem of Laplace transform.
Assumption 4.1 thereby implies that dim ξ = Np independent
output trajectories can be assigned. Thus, let No = Np and
let the conditions of Theorem 4.1 hold, then (32) represents a
linear system of equations for ξ{0,T}s . Moreover, it is obvious
that the connection of ξ0

s and ξTs requires ξ(t) to be locally
non–analytic at t ∈ {0, T}, i.e. ξ(0) = ξ0

s, ξ(T ) = ξTs with
∂nt ξ(t) = 0 at t = {0, T} for all n ≥ 1. In view of Theorem
4.1, it is in addition required that α > 1 or ς < 1. A trajectory
that can be used to fulfill these requirements is given by

ξdk(t) =





ξ0
s,k, t < 0

ξ0
s,k+

∆ξs,k
2

[
1+tanh

(
2( 2t

T −1)
( 4t
T (1− t

T ))
σ

)]
, t ∈ [0, T ]

ξTs,k, t > T
(33)

with ∆ξs,k = ξTs,k − ξ0
s,k and σ determines the slope of the

transition function.
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D. Finite-dimensional realization and implementation

In order to address the computation of the eigenvalue
distribution, the weak formulation (18) can be utilized to
determine a finite-dimensional approximation of the equations
of motion in the sense of weighted residuals [29]. For this,
consider the truncated Fourier series (23), i.e.

wK =
∑

n∈K

rn∑

i=1

〈
w,ψni

〉
H φni =

∑

n∈K

rn∑

i=1

qniφni (34)

with qni(t) = 〈w(t),ψni〉H , basis functions φni(x
1, x2), and

the ordered index set K = {0, 1, . . . ,m}. Evaluation of the
weak formulation (18) by means of the truncated Fourier series
with test functions chosen equal to the set of basis functions
directly results in a finite-dimensional model representation of
the MFC-actuated structure according to

M∂2
t q +D∂tq +Kq = Bu

yN = Cq.
(35)

Here, q(t) = [q01
(t), . . . , q0r0

(t), . . . , qm1
(t), . . . , qmrm (t)]T ,

u(t) = [u1(t), . . . , uNp(t)]T , and yj(t) = w(x1
y,j , x

2
y,j , t), j =

1, . . . , No. The elements of the symmetric (N ×N)–matrices



M
D
K



 =




Mc

Dc

Kc



+

Np∑

k=1




Mp,k

Dp,k

Kp,k





with N =
∑
n∈K rn and the elements of the input and output

matrices B ∈ RN×Np and C ∈ RNo×N are summarized
in (36). Note that the explicit computation of the matrix
elements relies on the proper selection of the basis functions
φni(x

1, x2) since the formulation (35), (36) is only valid for
basis functions satisfying the natural boundary conditions (13).
Hence, basis functions are subsequently chosen equal to the
eigenfunctions of the undamped uniform orthotropic carrier
structure, which are numerically determined by making use
of finite element methods. For this choice the corresponding
eigenvalue problem is given by Mλ2φ + Kφ = 0, which
directly yields the relation

Ic

∫

Ωc

(
c1c∂

2
x1φj∂

2
x1φl + c2c∂

2
x2φj∂

2
x2φl

+c3c∇2φj∇2φl + c4c∂x1∂x2φl∂x1∂x2φj
)

dx1dx2

= −λ2
jρchc

∫

Ωc

φjφldx
1dx2.

(37)

In addition, the eigenfunctions can be numerically orthogo-
nalized, i.e.

∫
Ωc
φj(x

1, x2)φl(x
1, x2)dx1dx2 = δjl with the

Kronecker delta δjl, which allows to significantly reduce the
effort to calculate the matrix elements (36). Spatial derivatives
of the eigenfunctions are computed using high-order finite-
difference schemes.

Based on (35), the state and input parametrizations can be
explicitly evaluated by replacing N with K and making use of
the solution of the algebraic eigenproblem

(Mλ+K)θ = 0, (38)

Fig. 2: Picture of the MFC-actuated plate structure.

where M =
(
D M
M 0

)
and K =

(
K 0
0 −M

)
are symmetric

2N × 2N matrices. Since the presented computational proce-
dure can be directly extended to structures with more general
geometry, material characteristics, and boundary conditions
a very efficient semi–analytical procedure is obtained for
the solution of the motion planning and feedforward control
problem as is illustrated below for the flexible plate structure.

V. EXPERIMENTAL RESULTS

The experimental validation of the proposed feedforward
control is performed by means of the flexible plate structure
depicted in Fig. 2. The structure is built up of glass fibre
composite material with dimensions L1

c = 0.427 m, L2
c =

0.304 m, and hc = 0.001 m. The MFC patches are of the type
M8557P1 with an active area of dimension L1

p = 85×10−3 m,
L2
p = 57× 10−3 m, hp = 3× 10−4 m, and electrode spacing

ep = 5 × 10−4 m [36]. For each MFC patch pair a separate
hysteresis and creep compensator was implemented. In the
following, for actuation we solely focus on the patch pairs
near the clamped end located at (x1

1, x
2
1) = (0.023, 0.021) m

and (x1
2, x

2
2) = (0.023, 0.283) m. For the verification of the

resulting tracking behavior three laser sensors are placed at the
positions (x1

m,1, x
2
m,1) = (0.422, 0.012) m, (x1

m,2, x
2
m,2) =

(0.422, 0.152) m, and (x1
m,3, x

2
m,3) = (0.422, 0.292) m. The

deflection profile of the plate structure is specified by the
deflection at the positions (x1

y,i, x
2
y,i) = (x1

m,i, x
2
m,i) for

i = 1, 3. The measurements and the implementation of the
feedforward tracking control concept are realized using the
real-time control board DS1103 of dSPACE with a sampling
time of Ts = 0.2 ms. The power supply is provided by high-
voltage power amplifiers PA05039 of Trek Inc. [36].

A. Parameter identification and model validation

The correct determination of the physical parameters of
the plate structure is important for the feedforward tracking
performance. Since only few parameters are available from
data sheets, a parameter identification is performed at the test
bench. Due to the incorporation of an appropriate hysteresis
and creep compensation the parameters of the resulting linear
system can be determined by means of standard identification
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[Mc]j,l = ρchc
∫
Ωc
φjφldx

1dx2 [Mp,k]j,l = 2ρphp
∫
Ωc

Λkφjφldx
1dx2

[Dc]j,l =
∫
Ωc
γecφjφldx

1dx2 [Dp,k]j,l = 2
∫
Ωc

Λkγ
e
pφjφldx

1dx2

[Kc]j,l = Ic
∫
Ωc

(
c1c∂

2
x1
φj∂

2
x1
φl + c2c∂

2
x2
φj∂

2
x2
φl [Kp,k]j,l = 2Ip

∫
Ωc

Λk

(
c1p∂

2
x1
φj∂

2
x1
φl + c2p∂

2
x2
φj∂

2
x2
φl

+c3c∇2φj∇2φl + c4c∂x1∂x2φl∂x1∂x2φj
)

dx1dx2 +c3p∇2φj∇2φl + c4p∂x1∂x2φl∂x1∂x2φj
)

dx1dx2

[C]α,i = φi|(x1,x2)=(x1y,α,x
2
y,α) [B]i,k = Γp,k

∫
Ωc

Λk(a11
1 ∂2

x1
φi + a22

1 ∂2
x2
φi)dx

1dx2

(36)
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Fig. 3: Comparison of measured yi(t) and simulated step response ysimi (t), i ∈ {1, 2}, at the measurement positions
(x1
m,1, x

2
m,1) = (0.422, 0.012) m and at (x1

m,2, x
2
m,2) = (0.422, 0.152) m. (a), (b) bending motion, (c), (d) twisting motion.

techniques. In particular parameters are identified by minimiz-
ing the mean square error between measured and simulated
step responses corresponding to bending and twisting motion.
The simulation model corresponds to the finite-dimensional
approximation (35) with N = 15 basis functions, which
are calculated by means of the finite element tool ANSYS.
However, due to the anisotropy of the carrier structure, which
is also reflected in the matrix elements of M , D, and K, the
calculation of the eigenfunctions relies on material parameters
cijflc . Hence, an iterative procedure has to be considered with
a recalculation of the eigenfunctions in each identification step
depending on the determined material parameters cijflc . With
this, system parameters are obtained as summarized in Table
I. To evaluate their validity, Fig. 3 provides a comparison of
the simulated and measured step responses, which are in very
good agreement both for bending and twisting motion. The
minor deviations between the simulated and measured signals
depicted in Fig. 3 d) result from an inherent deflection due to
the manufacturing process of the plate structure, which causes
coupling between the twisting and bending motion not covered
by the mathematical model.

B. Motion planning and feedforward control

The finite-dimensional model of the plate structure with
parameters identified as specified above serves as the basis
for the evaluation of the feedforward controller proposed in
Section IV-C. For this, two different rest-to-rest motions of
the deflection profile are investigated:

i) bending motion corresponding to the first eigenfunction
from yd(0) = [yd1(0), yd3(0)]T = [0, 0]T m to yd(T ) =
[yI , yI ]

T with yI ∈ {0.005, 0.01}m.
ii) twisting motion corresponding to the second eigenfunc-

tion from yd(0) = [yd1(0), yd3(0)]T = [0, 0]T m to
yd(T ) = [+yII ,−yII ]T with yII ∈ {0.0015, 0.003}m.

The trajectories are chosen according to (33) with a transition
time T = 0.2 s and σ = 1.8.

Prior to the experimental validation, the convergence be-
havior of the parametrizations (30), (31) is investigated by
numerical computations. A detailed numerical analysis of the
considered plate structure yields mutually disjoint eigenvalues,
i.e. rn = 1. In view of the results for the Euler-Bernoulli
beam [32] this gives rise to the assumption that also in this
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Fig. 4: Convergence of the flatness-based input and output parametrizations for the bending motion: (a) trajectories for the flat
output ξd1(t), (b) output trajectories yd1(t), and (c) voltage input ud1(t).

0 0.1 0.2

0

500

1000

t (s)

ξd 1
(V

)

(a)

0 0.1 0.2

−1

0

1

2

3

4

x 10
−3

t (s)

y
d 1
(m

)

(b)

0 0.1 0.2

0

500

1000

t (s)
u
d 1
(V

)

(c)

N = 15
N = 10
N = 5
N = 3

Fig. 5: Convergence of flatness-based input and output parametrizations for the twisting motion: (a) trajectories for the flat
output ξd1(t), (b) output trajectories yd1(t), and (c) voltage input ud1(t).

case g = 0. In order to verify this conjecture, the feedforward
control for scenarios i) and ii) is calculated with g = 0 for an
increasing number of basis functions as illustrated in Fig. 4 and
Fig. 5, respectively. Thereby, only the voltage trajectory for the
first patch pair ud1(t) is presented since for the bending motion
ud2(t) = ud1(t) and for the twisting motion ud2(t) = −ud1(t).
It can be deduced that for g = 0 the parametrizations for
the output yd1(t) and the input ud1(t) converge with increasing
number N of basis functions. Based on these results, subse-
quently, the feedforward control is determined based on the
finite-dimensional model with N = 15.

C. Experimental results

The experimental validation is performed for both the bend-
ing motion and the twisting motion as defined in the preceding
section by scenario i) and ii). In order to illustrate the effi-
ciency of the proposed flatness-based feedforward control, for
comparison reasons both scenarios are also realized by using
simple transition functions for the voltage signals. Thereby,
the input voltages ud1(t) and ud2(t) are chosen equal to (33)
with σ = 1.8 (cf. Fig. 4 (a)) and suitable start and end values.
As it is shown in Fig. 6 (a) and 7 (a) this causes undesirable
oscillatory motions which confirms the high flexibility and
the low damping of the considered plate structure. However,
it can be clearly seen that due to the application of the
hysteresis and creep compensator the structure behaves like
a weakly damped linear system. In contrast, by means of
the proposed flatness-based feedforward control the rest-to-rest
motions can be realized in open-loop nearly without exciting
spurious oscillations, see Fig. 6 (b) and 7 (b). Note that the
transition time of T = 0.2 s used in all scenarios is faster

than the first eigenfrequency of the structure corresponding to
f1 = 1

T1
with T1 = 0.23 s. As shown by the corresponding

detail views Figs. 6 (c) and 7 (c) the proposed control design
allows to realize high-speed rest-to-rest transitions with high
tracking accuracy. At this point it should be pointed out that
no feedback control is involved and that the presented results
are obtained solely by feedforward control. The corresponding
voltage signals7 ui(t) = ufsi (t) = u0,i + udi (t) are presented
in the detail views in Figs. 6 (d) and 7 (d). Here, the nominal
feedforward control signal corresponding to Figs. 4 (c) and 5
(c), respectively, and the corresponding output of the hysteresis
and creep compensator denoted by u1,hcc(t) are shown for
comparison reasons. The difference between the signals u1(t)
and u1,hcc(t) demonstrates the adaption of the voltage signal
by the compensator to cancel out the hysteresis and creep
effects. For further details concerning the hysteresis and creep
compensation the interested reader is referred to [22].

VI. CONCLUSIONS AND OUTLOOK

In this contribution, a systematic approach to motion plan-
ning and feedforward control design for flexible structures is
presented based on the example of an orthotropic cantilevered
elastic plate structure with distributed pairs of MFC patch
actuators. By means of an appropriate hysteresis and creep

7In order to reduce the inherent deflection resulting from the manufacturing
process of the plate structure the values of u0,i = 500 V, i = 1, 2, of the
supply voltage ufs/bsi = u0,i ± ui(t), cf. (2), are adapted to ufs0,1 = 500 +

100 V, ubs0,1 = 500−100 V, ufs0,2 = 500+250 V, and ubs0,2 = 500−250 V.
Furthermore, since there exist only minor differences in the voltage signals
ufsi (t) and ubsi (t), in the following only the signals ufsi (t) are shown and
the superscript fs is omitted.
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compensator nonlinear effects resulting from the piezoelectric
actuation are canceled out such that the equations of motion
are given in terms of the linear Kirchhoff plate equations
involving viscous damping with spatially discontinuous pa-
rameters due to the distribution of the MFC patches. By the
exploitation of a weak or variational form in combination with
an appropriate spectral system representation a flat output can
be systematically constructed, which allows to differentially
parametrize all system variables. Based on this parametrization
the motion planning and feedforward control problem is solved
by assigning suitable desired trajectories to the flat output. For
the explicit evaluation of the proposed feedforward controller
a weighted-residual approach is applied to determine a finite-
dimensional approximation with basis function computed by
incorporating finite element methods to account for the non-
trivial domain and the orthotropic material behavior of the
plate structure. The convergence of the resulting input and
output trajectories is verified numerically. Finally, experi-
mental results demonstrate the applicability of the proposed
approach to precisely realize highly dynamic trajectories for
the deflection profile of the MFC-actuated plate structure.

Future work is dedicated to the extension of the control
design by a feedback controller to realize a two-degree-
of-freedom control scheme, which allows to achieve robust
trajectory tracking also in case of external disturbances or
model uncertainties, see, e.g., [16].

APPENDIX A

A. Proof of Lemma 3.1

The property of symmetry is obviously satisfied. The V -
ellipticity of σ1(·, ·) is shown in the following. Note that

|σ1(φ, ψ)| =
∣∣∣∣∣

∫

Ωc

(
I1∂

2
x1φ∂2

x1ψ + I2∂
2
x2φ∂2

x2ψ

+I3∇2φ∇2ψ + I4∂x1∂x2φ∂x1∂x2ψ
)

dx1dx2

∣∣∣∣∣

≤ c1
(

2

∣∣∣∣
∫

Ωc

∂2
x1φ∂2

x1ψdx1dx2

∣∣∣∣+ 2

∣∣∣∣
∫

Ωc

∂2
x2φ∂2

x2ψdx1dx2

∣∣∣∣

+

∣∣∣∣
∫

Ωc

∂2
x1φ∂2

x2ψdx1dx2

∣∣∣∣+

∣∣∣∣
∫

Ωc

∂2
x2φ∂2

x1ψdx1dx2

∣∣∣∣

+

∣∣∣∣
∫

Ωc

∂x1∂x2φ∂x1∂x2ψdx1dx2

∣∣∣∣

)

with c1 = max({sup(x1,x2)∈Ωc |Ik(x1, x2)|, k = 1, . . . , 4}).
Furthermore, by means of the Cauchy-Schwarz inequality each
summand is bounded, i.e.

∣∣∣∣
∫

Ωc

∂2
xiφ∂

2
xjψdx1dx2

∣∣∣∣ ≤
(∫

Ωc

∣∣∂2
xiφ
∣∣2 dx1dx2×

∫

Ωc

∣∣∂2
xjψ
∣∣2 dx1dx2

)1/2

≤ ‖φ‖H2‖ψ‖H2 ,

which directly implies

|σ1(φ, ψ)| ≤ 7c1‖φ‖H2‖ψ‖H2 = 7c1‖φ‖V ‖ψ‖V .

Since ‖z‖Hp is equivalent to (
∑
i+j=p ‖∂ix1∂

j
x2z‖2L2)1/2, see,

e.g., [37], it can be observed that

σ1(φ, φ) ≥ k1

(∫

Ωc

∣∣∂2
x1φ
∣∣2 dx1dx2 +

∫

Ωc

∣∣∂2
x2φ
∣∣2 dx1dx2

+

∫

Ωc

|∂x1∂x2φ|2 dx1dx2

)
= k1‖φ‖2H2 = k1‖φ‖2V

with k = min({inf(x1,x2)∈Ωc Ik(x1, x2), k = 1, . . . , 4}) > 0.
This implies the V -ellipticity of σ1(·, ·). Similar results can be
obtained for σ2(·, ·), i.e.

|σ2(φ, ψ)| =
∣∣∣∣∣

∫

Ωc

(
γeφψ

)
dx1dx2

∣∣∣∣∣ ≤ c2‖φ‖H‖ψ‖H ,

with c2 = sup(x1,x2)∈Ωcγ
e(x1, x2) and σ2(φ, φ) ≥ k2‖φ‖2H

with k2 = inf(x1,x2)∈Ωc γ
e(x1, x2), which verify the H-

ellipticity of σ2(·, ·).

B. Proof of Theorem 4.1

Since D̂u(s) is a Weierstrass canonical product it is an
entire function of order equal to the convergence exponent ν
of its sequence of zeros (λn)n∈N [34, Thm. 2.6.5]. The genus
follows from the Hadamard theorem [31, Sec. 4.2]. Moreover,
if D̂u(s) is of finite type, then there exists a finite m(ε) ∈ N
s.t. for any ε > 0 the coefficients cul of the MacLaurin series
expansion satisfy |cul | ≤ [(eςτ + ε)/l]l/ς for all l > m(ε).
Since (30b) is equivalent to uk(t) =

∑
l∈N c

u
l ∂

l
tξk(t) uniform

convergence can be directly deduced from the bound on cul ,
the Gevrey condition, and the Cauchy-Hadamard theorem.

APPENDIX B

The solution of the eigenvalue problem for an undamped
uniform isotropic rectangular plate, simply supported along
all four edges, yields isolated eigenvalues in the form

λm,n = iπ2

[(
m

L1
c

)2

+

(
n

L2
c

)2 ]√
Icc1111

ρchc
(39)

with m,n > 0 [29, Sec. 7.13]. If the ratio of the plate
dimensions is rational, i.e. L1

c/L
2
c ∈ Q, multiple eigenvalues

exist, e.g., if L1
c/L

2
c = 1 then λ1,2 = λ2,1. Based on (39), it

can be shown that the genus of the set of eigenvalues {λm,n},
i.e. the smallest integer such that

Sg =
∞∑

m=1

∞∑

n=1

[(
m

L1
c

)2

+

(
n

L2
c

)2]−g−1

<∞, (40)

is given by g = 1, cf. Fig. 8, which motivates the operator
formulation in (27), (28).
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[19] J. Schröck, T. Meurer, and A. Kugi, “Motion planning for an adaptive
wing structure with macro–fiber composite actuators,” in Proc. SPIE
Conf. Smart Sensors, Actuators and MEMS, Dresden (D), May 4-6 2009,
pp. 73 621H–73 631H.

[20] T. Meurer and A. Kugi, “Inversion–Based Transient Shaping of a Piezo–
Actuated Plate: Motion Planning and Feedforward Control,” in Proc.
(CD–ROM) 4th IFAC Symposium on Mechatronic Systems, Heidelberg
(D), Sep. 12–14 2006, pp. 169–174.

[21] R. Williams, G. Park, D. Inman, and W. Wilkie, “An overview of
composite actuators with piezoceramic fibers,” in Proc. 20th Modal
Analysis Conference, Los Angeles (CA), USA, February 4-7 2002.
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c1111
c = 4.25× 1010 Pa c1111

p = 1.27× 1010 Pa γec = 1.75 kg/(sm2)

c2222
c = 17.94× 1010 Pa c2222

p = 2.86× 1010 Pa γep = 2.75 kg/(sm2)

c1122
c = 5.38× 1010 Pa c1122

p = 1.41× 108 Pa a11
1 /β11 = 5.38 As/m2

c1212
c = 8.96× 109 Pa c1212

c = 2.21× 1010 Pa a22
1 /β11 = −2.06 As/m2

ρc = 1732 kg/m3 ρp = 5400 kg/m3

TABLE I: Parameters for the MFC-actuated plate structure.
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Fig. 6: Rest-to-rest bending motion of the plate structure according to scenario i). Realization with (a) voltage transition
function, (b) flatness-based feedforward control, (c) and (d) show detail views of output and applied voltage for (b).
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Fig. 7: Rest-to-rest twisting motion of the plate structure according to scenario ii). Realization with (a) voltage transition
function, (b) flatness-based feedforward control, (c) and (d) show detail views of output and applied voltage for (b).
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Fig. 8: Series Sg as defined in (40) evaluated for m,n = 1, . . . , j with L1
c = 1 and L2

c = 2. (a) g = 0, (b) g = 1.
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