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A mathematical model of a direct-fired continuous strip annealing
furnace

S. Strommer∗, M. Niederer, A. Steinboeck, A. Kugi
Automation and Control Institute, Vienna University of Technology, Gusshausstrasse 27–29, 1040 Wien, Austria

Abstract

A mathematical model of a direct-fired continuous strip annealing furnace is developed. The first-principle
model uses the heat balance to describe the dynamic behavior of the strip and the rolls. The mass and the en-
thalpy balance are employed to calculate the mass, the composition, and the temperature of the flue gas. The
heat conduction equation of the furnace wall is discretized by means of the Galerkin method. Furthermore,
the convective and radiative heat transfer interconnect all submodels of the furnace. For the calculation of
the radiative heat transfer, the zone method is utilized. Finally, the assembled model is reduced by apply-
ing the singular perturbation method. A comparison of simulation results with measurement data from a
real plant demonstrates the accuracy of the reduced model. Moreover, due to the moderate computational
effort, the model is suitable for real-time applications in control and dynamic optimization.

Key words: Direct-fired strip annealing furnace, fuel-rich combustion, water-gas-shift reaction, balance
equation, Galerkin method, convective and radiative heat exchange

1. Introduction

1.1. Objective

In continuous annealing furnaces, see, e.g., [25,
26], metal strip products are heat-treated. The
direct-fired strip annealing furnace considered in
this paper is part of a hot-dip galvanizing line
at voestalpine Stahl GmbH, Linz, Austria. A
schematic diagram of this furnace is depicted in
Fig. 1. The galvanizing line also contains an
indirect-fired furnace (IFF) [25], which comes right
after the direct-fired furnace but will not be de-
tailed in this paper. Based on metallurgical re-
quirements the strip has to be heated from ambient
temperature along a predefined heating curve to a
desired target temperature at the outlet of the fur-
nace.

Temperature control of strip annealing furnaces

∗Corresponding author. Tel.: +43 1 58801 376290, fax: +43 1
58801 37699.

Email address: strommer@acin.tuwien.ac.at
(S. Strommer)

is a challenging task, in particular in transient op-
erating situations when there are changes in the
strip dimensions (width, thickness), the velocity or
the steel grade. A further difficulty for tempera-
ture control is that the strip temperature can only
be measured at a very few discrete points mostly by
means of pyrometers. Moreover, due to their high
energy consumption, continuous strip annealing
furnaces are important cost drivers of strip process-
ing lines. This is why, apart from the product qual-
ity, minimum energy consumption, minimum flue
gas emissions and minimum operating costs con-
stitute further major control objectives. These ob-
jectives demand the application of advanced (non-
linear) control and optimization methods [2, 3, 23],
which systematically take into account the essen-
tial nonlinearities, the dynamical interactions and
the delays of the overall system. For this, tailored
mathematical models have to be developed, which
constitute a reasonable compromise between accu-
racy and complexity and serve as a basis for real-
time control and optimization.
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Nomenclature

Latin symbols
Bi Biot number
cp specific heat capacity
d thickness
dr diameter of the roll
H enthalpy of the flue gas
Ḣ enthalpy flow of the flue gas
h absolut (specific) enthalpy
hc convection heat transfer coefficient
h̃l latent heat
J cost function
K attenuation coefficient
k thermal conductivity
M mass
Ṁ mass flow
M̄ molar mass
Mq Local heat flux mapping matrix
MT Temperature mapping matrix
N number of volume zones
Nu Nusselt number
Ns number of surface sections
N̄s, Ñs number of finite sections in Eulerian and

Lagrangian coordinates
Ng number of subvolumes
Pr Prandtl number
P radiation mapping matrix
p pressure
Q̇ heat flow
Q̇ vector of heat flows
q̇, ˙̃q heat flux in Eulerian and Lagrangian coor-

dinates
q̇ vector of heat fluxes
Re Reynolds number
Rcon thermal contact resistance
R specific gas constant
S surface area
S vector of surface areas
T temperature

T̃ temperature in Lagrangian coordinates
T vector of temperatures
te, tb start and end time
u input vector
V volume
v trial function
vs strip and roll velocity
x,y,z Eulerian coordinates
x̃, ỹ, z̃ Lagrangian coordinates
x state vector
z1,z2 state vectors of the fast and slow subsystem
z̆1, z̆2 state vectors of the quasi-steady-state sys-

tem

Greek symbols
α flow coefficient
χ number of moles
∆h̃s sensible heat
ε emissivity coefficient
λ excess air coefficient
µ dynamic viscosity
ρ mass density
∆tk sampling time
ξ mass fraction
∆z,∆z̃ length of a finite section in Eulerian and La-

grangian coordinates

Subscripts

g flue gas
r roll
s strip
v volume
w wall

Superscripts
a air
cb combustion
f fuel
in incoming
out outgoing

1.2. Direct-fired furnace

The furnace considered in this analysis (cf. Fig.
1) contains approximately 50m strip, which moves
at velocities in the range of 1.5− 3m/s through the
furnace. The maximum strip thickness is 1.2mm
and the width can be up to 1.7m. The insulating
materials of the furnace walls are refractory and the

guiding rolls are made of high temperature alloy.
In essence, the hot flue gas streams in the op-
posite direction of the strip through the furnace
and, therefore, the furnace may be considered as
a counter-flow heat exchanger. At the air lock 1
(right side of Fig. 1), which represents the interface
between the direct- and the indirect-fired furnace,

2
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Indirect-fired furnace
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HZ B

Gas flow

HZ C

Air lock 2

HZ D

PH

PCC

Transition zone top

Roll
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Flap valve 1
Funnel

Air lock 3

Cold strip

Strip

Air intake

Wall

Strip motion

Transition zone bottom

Flap valve 2

Burner

Air lock 1

Pyrometer P2

Pyrometer P1

Figure 1: Direct-fired strip annealing furnace.

inert gas from the indirect-fired furnace enters the
direct-fired furnace. The inert gas atmosphere in
the indirect-fired furnace is used to avoid scale for-
mation. Between the air lock 1 and the air lock
2, there are four heating zones (HZ A – D), each
equipped with a set of burners supplied by natu-
ral gas. For quality reasons, the strip must not be
oxidized, which is why a substoichiometric com-
bustion has to be ensured. Thus, the flue gas that
leaves the heating zone HZ D contains unburnt gas,
which is oxidized in a post combustion chamber
(PCC) by adding fresh air (cf. air intake in Fig. 1).
The section between the air lock 2 and the contrac-
tion is referred to as transition zone top. A small
amount of the flue gas flows through the air lock
2, which can be considered as an orifice connect-
ing the heating zones and the transition zone top.
However, most of the flue gas leaves the HZ D

through a bypass which includes the PCC. After
burning the remaining combustible components in
the PCC, the flue gas does not contain any oxidiz-
able or potentially harmful elements and may be
released into the environment or further used, e.g.,
for preheating the combustion air or the strip (cf.
Fig. 1).
The flap valve 2, which works like an orifice, con-
trols the gas flow from the PCC to the so-called by-
pass. This duct allows to bypass flue gas (typically
a small amount) directly into the funnel. However,
the majority of the burnt flue gas flows into the fur-
nace section between the contraction and the air
lock 3, which is called preheater (PH). There, the
remaining sensible heat of the flue gas is used for
preheating the strip. The air lock 3 can also be con-
sidered as an orifice, where depending on the pres-
sure conditions flue gas leaves the furnace or fresh
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air flows into the PH. Generally, the mass flow of
gas through the air lock 3 is rather small. The flue
gas from the PH leaves the furnace through the
funnel. A suction fan (not shown in Fig. 1) con-
trols the suction pressure to a value less than the
atmospheric pressure, which makes the flue gas to
stream to the funnel. Moreover, a recuperator (not
shown in Fig. 1) utilizes the remaining enthalpy of
the hot flue gas to preheat the combustion air for
the burners in the HZ C and HZ D.

1.3. Existing models

A large number of different approaches for mod-
eling a strip annealing furnace can be found in the
literature.
One way of setting up such a furnace model is the
use of computational fluid dynamics (CFD), which
allows high-resolution evaluations of the heat and
mass flows in the furnace [4, 9, 10]. CFD models
typically take into account the combustion process,
the furnace geometry, and the energy exchange be-
tween the strip, the flue gas, the furnace walls, and
the rolls. Due to their complexity and high dimen-
sions, CFD models are usually not directly suitable
for control design and real-time applications. The
use of CFD is more common in the design of new
furnaces and in off-line studies.
For model-based control applications, physical or
empirical models are required that are computa-
tionally inexpensive. The models must be exe-
cutable in real-time, which is sometimes ensured
by using empirical models, see, e.g., [45]. A semi-
analytic model of a strip annealing furnace is pre-
sented in [46]. This mathematical model consists
of a dynamic and a static part. The dynamic model
is derived from the heat balance equation and the
static model is based on curve-fitting approxima-
tion of the calculated strip temperature obtained
by heat transfer calculation. For this approach, a
physical interpretation of the parameters is rather
difficult.
Furthermore, linearized models are often used to
ensure real-time capability, see, e.g., [3, 10, 39].
Clearly, these models neglect nonlinear material
parameters and the 4th–powers occurring in radia-
tive heat transfer relations.
First-principle models typically rely on balance
equations and constitutive equations which in-
clude the most important heat transfer mecha-

nisms, i.e., convection, conduction, and thermal ra-
diation. Heat convection and conduction are lo-
cal phenomena, whereas radiation is a global phe-
nomenon. Depending on the composition of the
flue gas, it must be considered as a participating
medium in the radiative interaction, see, e.g., [2, 5,
13, 16, 17, 18, 26, 27, 30, 31, 40]. In [43, 44], a first-
principle model is developed for a pusher-typ slab
reheating furnace, where the gaseous medium is
participating in thermal radiation. The mathemat-
ical model is based on mass, enthalpy, and heat
balances. A reduced mathematical model of the
pusher-typ slab reheating furnace was developed
in [33]. This reduced model has been used for a
model-based controller design in [35].
The properties of the flue gas are influenced by the
combustion of the natural gas and further chemical
reactions, e.g., the water-gas-shift reaction [2, 5, 8,
19, 28]. This reversible reaction, which depends on
the flue gas temperature, is relevant for modeling
the flue gas in the heating zones of the considered
furnace because it defines the respective chemical
equilibrium.
Although there exist several models for direct-fired
furnaces in the literature, they may not be directly
applied to the furnace considered in this work,
mainly due to the following reasons:

• Generally, the existing mathematical models
cannot be tailored to the specific furnace due
to the high complexity.

• In the considered furnace, natural gas is burnt
fuel-rich and, hence, the gas is a participating
medium. Therefore, the flue gas plays a signif-
icant role in the current mathematical model.

• Typically, the combustion process is ne-
glected [2, 5, 26, 39, 40, 45, 46]. However, a con-
sideration of the combustion is relevant for the
characterization of the chemical reactions and
the composition of the flue gas. Equilibrium
equations, which depend on the local flue gas
temperature [8, 19, 28], have a significant in-
fluence on the composition of the flue gas and
thus on the heat input.

• By neglecting the gas combustion, the math-
ematical model cannot capture the impact of
fluctuations of the excess air coefficient and,
thus, also the corresponding heat input.

• In the PCC, the oxidizable products are burnt.
For this conversion, the composition of the flue
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gas should be exactly known because other-
wise a wrong heat input may be predicted.

1.4. Contents
The paper is structured as follows: In Sec. 2, the

mathematicel model of the direct-fired furnace is
derived with a focus on the heating of the strip.
Moreover, the gas temperature, the gas flow, and
the composition of the flue gas in the furnace are
discussed and the underlying chemical reactions
are presented. The continuous-time state space
model of the whole direct-fired furnace finally con-
sists of the submodels for the walls, the strip, the
flue gas, and the guiding rolls, which are connected
via convective and radiative heat transfer. In Sec.
3, the model is reduced by means of the singular
perturbation theory and the time domain is dis-
cretized. The accuracy of the proposed mathemat-
ical model is verified in Sec. 4 by comparing simu-
lation and measurement results.

2. Mathematical model

The mathematical model of the considered fur-
nace is based on balance equations, i.e., mass and
enthalpy balances for the flue gas and heat balances
for the rolls, the walls, and the strip. Basically, the
furnace is a distributed-parameter system. To sim-
plify the analysis, the furnace is divided into N vol-
ume zones, where the zones HZ A to HZ D are
equipped with burners (see Fig. 1). The compo-
sition of the flue gas is mainly controlled by the
combustion. The flue gas interacts with the sur-
rounding surfaces (strip, walls, and rolls) by radia-
tion and convection.

2.1. Flue gas
The flue gas generally consists of reaction prod-

ucts from the substoichiometric combustion of nat-
ural gas in the heating zones. However, it also
contains inert gas from the indirect-fired furnace,
which enters the direct-fired furnace at the air lock
1. The flue gas thus contains the components car-
bon dioxide, carbon monoxide, water, hydrogen,
oxygen, and nitrogen, which are summerized in
the set S = {CO2,CO,H2O,H2,O2,N2}. Due to the
atomic and molecular spectra of these components,
it is necessary to consider the flue gas as a partic-
ipating medium in the analysis of radiative heat

transfer [27].
For modeling the gas flow, each of the N volume
zones is considered as a well-stirred reactor and it
is assumed that the gas flow does not change its di-
rection. Fig. 1 schematically shows the geometry
of the direct-fired furnace. Considering this geom-
etry in detail would entail inordinate complexity
of the mathematical model, which is why a simpli-
fied furnace geometry will be used in the following
derivation. The furnace is considered as a tube and
divided into N = 24 volume zones (VZ), see Fig. 2.

Fig. 3 shows the mass and energy flows of vol-
ume zone i, where the flue gas is characterized by
the mass Mi and the temperature Tg,i. The cor-
responding mass and energy balances will be de-
tailed in Sec. 2.1.3 and Sec. 2.1.4, respectively. The
energy exchange between the flue gas and the sur-
rounding surfaces is defined by the net heat flow
Q̇s,i into the strip and Q̇w,i into the furnace wall.
These heat flows include both convective and ra-
diative heat transfer (cf. Sec. 2.5 and Sec. 2.6).

2.1.1. Gas flow
The gas flow is induced by a pressure gradient

which is feedback controlled to ensure a defined
volume flow. The pressure decreases from the air
lock 1 to the funnel and is controlled by flap valves
and a suction fan (cf. Fig. 4). The suction fan is
located in the funnel and has to make sure that the
flue gas leaves the furnace towards the funnel.
The three air locks have all the same design as in-

dicated in Fig. 4. Each air lock has two gaps on
both sides of the strip, namely between the roll and
the strip and between the roll and the wall. The gas
flow through the air lock relies on the existing pres-
sure gradient (p1 > p2) and the velocity vs of the
strip and the roll surface. This gas flow can be mod-
eled by means of the Navier-Stokes-equation [6],
however, a fairly good approximation is given by
the Couette flow. With this, the unknown gas flows
Ṁair

21 and Ṁin
10 can be determined (cf. Fig. 4).

At the bottom of the PH, the flue gas leaves the fur-
nace through the flap valve 1 into the funnel. The
two flap valves 1 and 2 are inversely controlled,
which means that the total opening area of both
valves is kept constant.
At the interface between the transition zone top
and the PH, the main duct has a contraction. More-
over, the entry and the exit of the PCC also behave
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VZ 1-3VZ 4VZ 5VZ 6VZ 7VZ 8-9VZ 10-14VZ 15-20

Funnel

Funnel
VZ 21
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Air intake
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Transition zone bottomHZsTransition zone topPH

Strip Air lock 1Air lock 2ContractionAir lock 3

Figure 2: Geometrically simplified volume zones of the direct-fired furnace.
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Figure 3: Volume zone i with mass and energy flows.

like a contraction. The mass flow through a con-
traction can be found from the standard orifice for-
mula [20]

Ṁor = αor Aor
√

2ρg∆p. (1)

Here, ∆p describes the local pressure difference,
αor the flow coefficient, and Aor the opening area of
the respective orifice. In [20], an approximation for
αor is given in the form αor = 0.6+ 0.41(Aor/A f u)2,
where A f u defines the cross sectional area of the
main duct of the furnace.
To determine the mass flow through an orifice, the
pressure difference ∆p needs to be known. In the
considered furnace, the pressure is only measured
at two positions, i.e., at the bottom of the HZs (pHZ)
and at the bottom of the PH (pPH) (cf. Fig 4). Based
on these two measurements and the knowledge of
the mass flow Ṁin

1 of the inert gas from the indirect-
fired furnace all other mass flows and pressures in
Fig. 4 can be calculated in a straight forward way.
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Figure 4: Gas flows in the direct-fired furnace.
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2.1.2. Chemical reactions
In the HZs, fuel reacts with air at the nozzels of

the burners and energy is released into the respec-
tive zone. The energy which evolves from the burn-
ing of the remaining combustible components in
the PCC additionally heats the flue gas. In the fol-
lowing, the combustion reactions in the HZs and in
the PCC are analyzed in more detail.

Heating zones. The four HZs are represented in
Fig. 2 by the volume zones 4 − 7. The burn-
ers are operated with air and natural gas, which
mainly consists of methane (CH4). Considering
only CH4 in the model is acceptable because the
CH4-concentration of the natural gas used in the
considered furnace always exceeds 96% and the la-
tent heat of the natural gas is almost equal to that of
pure CH4. The combustion is controlled to be fuel-
rich [41], which ensures the absence of O2 and thus
avoids the formation of scale. The reaction equa-
tion of the fuel-rich combustion of CH4 reads as

CH4 + 2λ (O2 + 3.76N2)→
χCOCO+ χCO2CO2 + χH2OH2O + χH2H2+

7.52λN2,

(2)

where χH2O,χH2 ∈ [0,2] and χCO2 ,χCO,λ ∈ [0,1] re-
fer to the corresponding number of moles, 1/λ is
the equivalence ratio, and λ is the excess air coef-
ficient. In the considered furnace, λ is chosen for
each HZ according to a generally constant set-point
value. For the model, λ thus serves as an input.
Stoichiometric relations yield

C: 1 = χCO + χCO2 (3a)
H: 4 = 2χH2O + 2χH2 (3b)
O: 4λ = χH2O + 2χCO2 + χCO. (3c)

The fourth equation required to compute
χH2O,χH2 ,χCO2 , and χCO can be obtained by
considering the so-called water-gas-shift reaction
[29, 41]

CO + H2O ⇋ H2 + CO2. (4)

It depends on the local gas temperature Tg,i and
reaches an equilibrium if

χCOχH2O

χCO2 χH2
= e

4.33− 4577.8K
Tg,i (5)

is satisfied [8, 28].
For the model, it is justifiable to consider that all
reactions (cf. (2) and (4)) attain their equilibrium
instantaneously, i.e., they are considered as quasi-
stationary.
Let Ṁν,cb

i be the mass flow of the gas component
ν ∈ S that enters the furnace through the burners
in zone i after the combustion has occurred. The
molar mass of the component ν ∈ S is given by M̄ν,
which implies that the mass fraction of the combus-
tion product ν ∈ S reads as

ξσ,cb
i =

ζM̄σ

∑ν∈S χν M̄ν
, (6)

with (σ,ζ)∈ {(H2O,χH2O), (H2,χH2), (CO2,χCO2 ),
(CO,χCO), (N2,λ7.52)

}
. Based on (6), the mass

flow of the component ν ∈ S follows as

Ṁν,cb
i = ξν,cb

i (Ṁ
f
i + Ṁa

i ), (7)

with the mass flow of fuel Ṁ
f
i into the burners of

zone i and the corresponding mass flow of air Ṁa
i ,

which is coupled to λ and Ṁ
f
i in the following way

Ṁa
i =

2(M̄O2 + 3.76M̄N2)

M̄CH4
λṀ

f
i . (8)

Here M̄O2 , M̄N2 and M̄CH4 denote the molar mass
of O2, N2 and CH4, respectively.

Post combustion chamber. As shown in Fig. 2, the
volume zone 23 conceptually represents both sym-
metrical PCCs (cf. Fig. 1).
In the PCC, the remaining amounts of H2 and CO
are burnt according to the combustion reactions

CO +
1

2
(O2 + 3.76N2)→ CO2 + 1.88N2, (9a)

H2 +
1

2
(O2 + 3.76N2)→ H2O + 1.88N2. (9b)

Based on these reaction equations and the bulk
flows of carbon monoxide Ṁin,CO

23 and hydrogen
Ṁin,H2

23 into the PCC, the necessary amount of O2

for an ideal combustion can be calculated as

Ṁ
O2,reac
23 = M̄O2

(
Ṁin,CO

23

2M̄CO +
Ṁin,H2

23

2M̄H2

)
. (10)
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Generally, more O2 than necessary according to
(10) is supplied to the PCC, i.e., the reaction is con-
trolled to be leaner than stoichiometric and the flue
gas leaving the PCC towards the PH contains ex-
cess oxygen. The mass flow of excess oxygen Ṁ

O2,cb
23

thus reads as

ṀO2,cb
23 =

M̄O2

M̄O2 + 3.76M̄N2
Ṁa

23 − ṀO2,reac
23 , (11)

where Ṁa
23 is the total mass flow of fresh air into

the PCC. The mass flows Ṁ
CO2,cb
23 and Ṁ

H2O,cb
23 de-

fine the amount of H2O and CO2 generated by the
chemical reaction (9) in the PCC. Based on (9), it
follows that

ṀCO2,cb
23 =

M̄CO2

M̄CO Ṁin,CO
23 , (12a)

ṀH2O,cb
23 =

M̄H2O

M̄H2
Ṁin,H2

23 . (12b)

2.1.3. The mass of the flue gas

The mass balance is used to determine the mass
of the flue gas in each zone i. As mentioned ear-
lier, a plug flow is assumed for the bulk motion of
the flue gas. Generally, the mass flow Ṁin

i = Ṁout
i−1

enters and the mass flow Ṁout
i leaves zone i (cf.

Fig. 3). In the zones 4 – 7, the extra mass flow
Ṁcb

i = ∑ν∈S Ṁν,cb
i = Ṁ

f
i + Ṁa

i enters the volume
through the burners. In the PCC (volume zone 23),
the extra air inflow Ṁcb

23 has to be added. In all
other zones Ṁcb

i = 0. Hence, the mass balance for
zone i reads as

dMi

dt
= Ṁin

i + Ṁcb
i − Ṁout

i (13a)

dMν
i

dt
= Ṁν,in

i + Ṁν,cb
i − Ṁν,out

i ∀ν ∈ S (13b)

for the gas mixture and the individual components,
respectively. In (13), Mi defines the mass and Mν

i
characterizes the mass of the component ν ∈ S
of the flue gas in zone i. The mass flows Ṁν,cb

i

are exogenous system inputs. The values Ṁν,in
i

are known from upstream volume zones. The fol-
lowing shows how Ṁout

i and consequently also
Ṁν,out

i = ξν
i Ṁout

i can be computed. The mass frac-

tion of a component ν can be calculated as

ξν
i =

Mν
i

Mi
, (14)

where

Mi = ∑
ν∈S

Mν
i and ∑

ν∈S
ξν

i = 1. (15)

The bulk flow of the component ν ∈ S into the vol-
ume zone i reads as Ṁν,in

i = ξν
i−1Ṁout

i−1. Moreover,
Ṁν,cb

i = ξν,cb
i Ṁcb

i defines the mass flow of the com-
bustion product ν ∈ S into the volume. The total
differential of (14) yields dMν

i = Midξν
i + dMiξ

ν
i .

In view of (13b), it thus follows that

Mi
dξν

i

dt
= Ṁout

i−1

(
ξν

i−1 − ξν
i

)
+ Ṁcb

i

(
ξν,cb

i − ξν
i

)

∀ν ∈ S .

(16)

This characterizes the concentration ξν
i of the com-

ponent ν in the volume zone i.
Because the pressure p in the furnace is feedback
controlled by means of flap valves (cf. Fig. 4) in
order to follow generally constant set-point values,
the assumption dp/dt= 0 is justified. The ideal gas
law

pVi = MiTg,i ∑
ν∈S

Rνξν
i (17)

describes the nexus between the mass Mi and the
temperature Tg,i of the flue gas in zone i. Here Vi

represents the volume of zone i and Rν is the spe-
cific gas constant of the component ν. In this con-
text, it is assumed that all gaseous media behave
like an ideal gas. The time derivative of (17) reads
as

dMi

dt
=−Mi

(
1

Tg,i

dTg,i

dt
+

1

∑ν∈S Rνξν
i

∑
ν∈S

Rν dξν
i

dt

)
.

(18)
Inserting this expression into (13a) allows the com-
putation of the unknown mass flows Ṁout

i and
Ṁν,out

i = ξν
i Ṁout

i .

2.1.4. The flue gas temperature
The flue gas temperature is required in each vol-

ume zone i to determine the heat transfer. The
flue gas temperature can be computed from the en-
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thalpy balance (first law of thermodynamics, see,
e.g., [29]). The change of the enthalpy Hg,i of the
gas in volume zone i = 1, ..., N is given by

dHg,i

dt
= Ḣin

g,i + Ḣ
f
g,i + Ḣa

g,i − Ḣout
g,i + Q̇g,i. (19)

Here, the enthalpy flow Ḣin
g,i defines the incoming

bulk flow (cf. Fig. 3), Ḣ
f
g,i and Ḣa

g,i are related
to the enthalpy flow of the fuel and the combus-
tion air, the outgoing bulk flow is denoted by Ḣout

g,i ,
and Q̇g,i corresponds to the net heat flow into the
gas volume. The net heat flow Q̇g,i includes all
thermal interactions of the flue gas and the sur-
rounding surfaces, i.e., radiation and convection,
and is coupled to the other net heat flows into the
wall (Q̇w,i), the strip (Q̇s,i), and the guiding rolls
(Q̇r,i) in the volume zone i in the following way
Q̇g,i + Q̇w,i + Q̇s,i + Q̇r,i = 0. The relation between
Hg,i and the absolute (specific) enthalpy hν of the
component ν is defined by

Hg,i = Mihg,i(Tg,i) (20)

with hg,i(Tg,i) = ∑ν∈S ξν
i hν(Tg,i). The remaining

terms in (19) can be expressed as

Ḣin
g,i(Tg,i−1) = Ṁin

i ∑
ν∈S

ξν
i−1hν(Tg,i−1) (21a)

Ḣ
f
g,i(T

f
i ) = Ṁ

f
i h f (T

f
i ) (21b)

Ḣa
g,i(Ta

i ) = Ṁa
i ha(Ta

i ) (21c)

Ḣout
g,i (Tg,i) = Ṁout

i ∑
ν∈S

ξν
i hν(Tg,i), (21d)

with the absolute enthalpy hν(T) of the compo-
nent ν ∈ S at the temperature T, the absolute en-
thalpy h f (T f ) = hCH4(T f ) of CH4 at the fuel tem-
perature T f , and the absolute enthalpy ha(Ta) =
ξa,O2 hO2 (Ta) + ξa,N2 hN2(Ta) of the combustion air
at the air temperature Ta. The mass fractions of O2

and N2 with regard to the combustion air are de-
fined by ξa,O2 and ξa,N2 , which are coupled to the
molar mass in the following way

ξa,O2 =
M̄O2

M̄O2 + 3.76M̄N2
(22a)

ξa,N2 =
3.76M̄N2

M̄O2 + 3.76M̄N2
. (22b)

In each volume zone i, the temperature of the out-
going bulk flow is equal to the homogeneous gas
temperature Tg,i, due to the assumption of a well
stirred vessel.
Inserting (20) into (19) yields

Micp,gi

dTg,i

dt
=Ḣin

g,i + Ḣ
f
g,i + Ḣa

g,i − Ḣout
g,i + Q̇g,i

− dMi

dt
hg,i(Tg,i)− Mi ∑

ν∈S

dξν
i

dt
hν(Tg,i)

(23)

with the specific heat capacities cp,gi
= ∑ν∈S ξν

i cν
p,gi

and cν
p,gi

= ∂hν/∂Tg,i. Eq. (23) is simplified to

Micp,gi

dTg,i

dt
=Ṁin

i ∑
ν∈S

ξν
i−1hν(Tg,i−1) + Ṁ

f
i hCH4(T

f
i )

+ Ṁa
i ha(Ta

i )− Ṁin
i ∑

ν∈S
ξν

i−1hν(Tg,i)

− Ṁcb
i ∑

ν∈S
ξν,cb

i hν(Tg,i) + Q̇g,i

(24)

by considering (13a), (16), and (21).
For the analysis of chemical reaction systems, it is
often useful to split the absolute (specific) enthalpy
hν(T) of a component ν∈S in the latent heat h̃ν

l and
the sensible heat ∆h̃ν

s (T), i.e.,

hν(T) = h̃ν
l + ∆h̃ν

s (T). (25)

The latent heat h̃ν
l can be determined by tabulated

values of standard enthalpy of formation. H2, O2,
and N2 exist as diatomic molecules, hence h̃

H2
l =

h̃O2
l = h̃N2

l = 0 [41]. The sensible heat ∆h̃ν
s (T) cor-

responds to a temperature change with respect to
a reference temperature Tre f , with ∆h̃ν

s (Tre f ) = 0.
The sensible heat can be determined by ∆h̃ν

s (T) =
c̄ν

p,g(T)(T − Tre f ), where c̄ν
p,g(T) is the average spe-

cific heat capacity at constant pressure [41].
Similarly to (21), the following abbreviations for
the sensible heat corresponding to the bulk flows
are introduced:

∆Ḣin
g,i(Tg,i−1) = Ṁin

i ∑
ν∈S

ξν
i−1∆h̃ν

s (Tg,i−1) (26a)

∆Ḣ
f
i (T

f
i ) = Ṁ

f
i ∆h̃

CH4
s (T

f
i ) (26b)

∆Ḣa
i (Ta

i ) = Ṁa
i ∆h̃a

s (Ta
i ). (26c)
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The sensible heat, which leaves the volume zone i,
is given by

∆Ḣout
g,i (Tg,i) =Ṁin

i ∑
ν∈S

ξν
i−1∆h̃ν

s (Tg,i)

+ Ṁcb
i ∑

ν∈S
ξν,cb

i ∆h̃ν
s (Tg,i).

(26d)

Using (25), (26), and Ṁcb
i ξν,cb

i = Ṁ
f
i χν

i M̄ν/M̄CH4 in
(24) yields

Micp,gi

dTg,i

dt
=∆Ḣin

g,i(Tg,i−1) + ∆Ḣ
f
i (T

f
i ) + ∆Ḣa

i (Ta
i )

− ∆Ḣout
g,i (Tg,i) + ḢL + Q̇g,i

(27)

with the latent heat

ḢL = Ṁ
f
i

(
h̃

CH4
l − ∑

ν∈S

M̄ν

M̄CH4
χν

i h̃ν
l

)
. (28)

In (28), the expression set in parenthesis is also
known as calorific value. The number of moles of
component ν ∈ S in volume zone i is given by χν

i ,
which is related to the combustion of CH4, and is
defined by (3) and (5) (cf. Sec. 2.1.2). The evolution
of the flue gas temperature can be determined by
(27); it depends on the sensible heat terms (26) and
on the latent heat (28).

2.2. The furnace wall
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vs

dzs

˙̃q−s

˙̃q+s

Furnace wall

Strip

z
0

0

y

z

ds

z̃

z̃

ỹ

η
dw

q̇wTwI

TwO Outer side Inner side

Figure 5: Furnace section with a moving strip.

Fig. 5 shows a sectional view of the furnace duct.
The furnace wall consists of Nw layers and each

layer j is parameterized by the mass density ρw,j,
the specific heat capacity cw,j, the thermal conduc-
tivity kw,j, and the thickness dw,j. The surface tem-
peratures of the wall at the inner and outer side
are TwI and TwO. It is assumed that TwO equals
the constant ambient temperature, i.e., a Dirichlet
boundary condition is used. For the inner surface,
a Neumann boundary condition with the heat flux
q̇w = Q̇w/Sw is assumed, where Q̇w is the total heat
flow into a wall section with the surface area Sw.
Therefore, the wall temperature Tw(η, t) can be de-
scribed by the one-dimensional heat conduction
equation [1, 20, 21]

ρw(η)cw(η)
∂Tw(η, t)

∂t
=

∂

∂η

(
kw(η)

∂Tw(η, t)

∂η

)

0 < η < dw, t > t0,

(29a)

with the local mass density ρw, the local specific
heat capacity cw, and the local thermal conductiv-
ity kw. For the considered layered wall, these mate-
rial parameters are piecewise constant. The initial
condition

Tw(η, t0) = Tw,0(η), 0 ≤ η ≤ dw (29b)

and the boundary conditions

Tw(dw, t) = TwO, t > t0 (29c)

q̇w =−kw(η)
∂Tw(η, t)

∂η

∣∣∣∣
η=0

, t > t0, (29d)

complete (29a). To obtain a low dimensional and
computationally efficient lumped parameter sys-
tem, (29) is spatially discretized by means of the
Galerkin weighted residual method [11, 34, 47].
Therefore, it is assumed that the temperature profil
can be approximated by

T̂w(η, t) = v(η)TwI(t) + (1 − v(η))TwO, (30)

where v(η) is an appropriate trial function that sat-
isfies v(0) = 1 and v(dw) = 0. Note that the time
dependency is captured by TwI, which is the so-
called Galerkin coefficient. An approximate solu-
tion of the heat conduction equation (29) results in
an ordinary differential equation of the wall, which
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is given by

dTwI

dt
=

1

Kw1
q̇w +

Kw2

Kw1
(TwO − TwI) (31)

with the initial condition TwI(t0) = TwI,0 corre-
sponding to (29b) and the constants Kw1 and Kw2.
These constants are defined as

Kw1 =
∫ dw

0
ρw(η)cw(η)v

2(η)dη (32a)

Kw2 =
∫ dw

0
kw(η)

(
∂v(η)

∂η

)2

dη. (32b)

A reasonable choice of the trial function v(η) is ob-
tained by analyzing the stationary solution of the
heat conduction equation for a multi-layered fur-
nace wall. It can be found by equalizing the heat
fluxes through the individual layers and is given,
for instance, in [20].

2.3. Strip

Since the Biot number Bi [20] is much smaller
than one (Bi ≪ 1), the strip temperature can be con-
sidered as homogeneous along the direction y (cf.
Fig. 5). Furthermore, it is assumed that the strip
with the width bs and the thickness ds moves along
the direction z in the center of the furnace duct with
the velocity vs, which may vary with the time t.
Lagrangian or Eulerian coordinates are used for
the description of the system variables and proper-
ties associated with the strip. The Lagrangian coor-
dinate z̃ is fixed to a given material point, whereas
the Eulerian coordinate z is spatially fixed. The
relation between Lagrangian and Eulerian coordi-
nates is given by

z = z̃ +
∫ t

t0

vs(t
′)dt′, (33)

which implies z = z̃ for t = t0. For the analysis of
the strip temperature, an infinitesimal strip section
of the length dzs > 0 is considered (cf. Fig. 5). The
local heat fluxes into the strip section as indicated
in Fig. 5 are defined by ˙̃q−s and ˙̃q+s . It is assumed
that ˙̃qs = ˙̃q−s = ˙̃q+s because the furnace has a sym-
metrical design. Based on the heat balance, the dy-
namic behavior of the strip temperature T̃s(z̃, t) in

Lagrangian coordinates reads as

dT̃s(z̃, t)

dt
=

2 ˙̃qs(z̃, t)

ρscs(T̃s(z̃, t))ds
(34a)

with the initial condition T̃s(z̃, t0) = T̃s,0(z̃) and the
heat flux ˙̃qs(z̃, t) in Lagrangian coordinates, which
will be computed later.
The Eulerian counterpart of (34a) reads as

∂Ts(z, t)

∂t
=

2q̇s(z, t)

ρscs(Ts(z, t))ds
− vs

∂Ts(z, t)

∂z
, (34b)

with the initial condition Ts(z, t0) = T̃s,0(z)
and the boundary condition Ts(0, t) =

T̃s,0

(
−
∫ t

t0
vs(t′)dt′, t

)
. In (34), the specific heat

capacity cs depends on the temperature and also
on the material (though the argument z̃ is not ex-
plicitly shown in (34)). In (34b), the transport term
can be discretized by means of finite differences
[12, 37, 42]. In case of Lagrangian coordinates,
the strip is discretized into Ñs finite sections with
the lengths ∆z̃i = z̃i−1 − z̃i, i = 1, ..., Ñs, where
the position of the i-th section in Lagrangian
coordinates is defined as z̃i. If Eulerian coordi-
nates are used for the discretization, the strip is
partitioned into N̄s finite sections with the lengths
∆zj = zj−1 − zj, j = 1, ..., N̄s, where zj defines the
position of the discretized section in Eulerian
coordinates.
In the following, a mapping of the strip tempera-
tures and the local heat fluxes is presented. In Sec.
2.6, the zone method [27] will be used for the cal-
culation of the radiative heat transfer. It requires a
spatial discretization of the furnace and assumes a
constant temperature for each surface and volume
zone. Moreover, it yields the heat flows to these
surface zones. The spatial discretization is kept
constant to minimize the computational effort, i.e.,
it is given in Eulerian coordinates. However, since
the strip is generally represented in a Lagrangian
framework, a mapping scheme is introduced for
the strip temperature and the heat flows used in
(34a).
In the following, the abbreviations T̃s,i(t) = T̃s(z̃i, t)
and Ts,j(t) = Ts(zj, t) will be used for simplicity.
Ts,j(t) is assumed to be uniform within a surface
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section (zj,zj−1). The relation

Ts,j(t) =
1

∆zj

∫ zj−1

zj

T̃s

(
z −

∫ t

t0

vs(t
′)dt′, t

)
dz

∀j = 1, . . . , N̄s

(35)

maps the strip temperature from Lagrangian co-
ordinates to Eulerian coordinates. This tempera-
ture is now representative for the temperature on
the position zj + ∆zj/2. The integral with respect
to z is approximated by a numerical quadrature
and results in a linear mapping Ts = MTT̃s with
Ts = [Ts,1, ..., Ts,N̄s

]T, T̃s = [T̃s,1, ..., T̃s,Ñs
]T and the

temperature mapping matrix MT.
Following the zone method, the local heat flux in
Eulerian coordinates is piecewise constant, so that
the abbreviation q̇s,j(t) = q̇s(z, t)

∣∣
z∈[zj,zj−1]

can be
used. The following relation transfers these values
to Lagrangian coordinates

˙̃qs,i(t) = ˙̃qs,i(z̃i, t) =

1

∆z̃i

∫ z̃i−1

z̃i

q̇s

(
z̃ +

∫ t

t0

vs(t
′)dt′, t

)
dz̃

∀i = 1, . . . , Ñs.

(36)

Here, q̃s,i(t) defines the heat flux into the dis-
cretized strip section i in Lagrangian coordinates.
A linear mapping in the form ˙̃qs = Mqq̇s is given
by a numerical quadrature of (36), where ˙̃qs =
[ ˙̃qs,1, ..., ˙̃qs,Ñs

]T , q̇s = [q̇s,1, ..., q̇s,N̄s
]T and Mq is the lo-

cal heat flux mapping matrix.

2.4. Roll
The strip is conveyed through the furnace by

means of three guiding rolls (cf. Fig. 1). Since the
thermal inertia of the rolls has a nonnegligible in-
fluence on the strip temperature, they are modeled
as lumped parameter systems, each with homoge-
neous temperature Tr(t).
Let Mr be the mass and cr the temperature-
dependent specific heat capacity of a single roll.
Based on the heat balance, the ordinary differen-
tial equation for the roll temperature Tr(t) follows
as

dTr(t)

dt
=

Q̇r

Mrcr(Tr(t))
, (37)

with the initial condition Tr(t0) = Tr,0 and the total
heat flow Q̇r into the roll. This heat flow summa-
rizes the heat exchange with the flue gas, the wall,

and the strip by thermal radiation (cf. Sec. 2.6),
convection (cf. Sec. 2.5), and conduction. Conduc-
tion occurs due to the mechanical contact between
the roll and the strip and can be modeled by

Q̇r,con = Scon
Ts − Tr

Rcon
, (38)

with the local strip temperature Ts, the contact area
Scon = drπbs/4 between the roll and the strip, the
diameter of the roll dr, and the thermal contact re-
sistance Rcon [7, 20].
Eq. (38) can be rewritten in vector-matrix notation
as follows

Q̇r,con = Sconq̇r,con = SconR−1
con (ΓΓΓconTs − Tr) , (39)

where Scon = diag(Scon,1,Scon,2,Scon,3) defines
the diagonal matrix of the contact areas and
Rcon = diag(Rcon,1, Rcon,2, Rcon,3) the diagonal
matrix of the thermal contact resistances. The
matrix ΓΓΓcon selects the temperatures of the strip,
which are in contact with the roll. In (39),
Q̇r,con = [Qr,con,1, Qr,con,2, Qr,con,2]

T is the vector
of the conductive heat flows and the vector
Tr = [Tr,1, Tr,2, Tr,3]

T defines the vector of the three
roll temperatures. Moreover, the matrix ΞΞΞcon

can be considered as a selection matrix, which
maps the three dimensional vector q̇r,con to an Ñs

dimensional vector (cf. Fig. 7).

2.5. Convective heat transfer
For the considered furnace, the assumption of

forced convection seems justified because of the
bulk flow of the flue gas as well as the strip mo-
tion. The convective net heat flow between a fluid
with the free stream temperature Tf luid and a solid
with the surface temperature Tsolid and the surface
area Sc can be modeled by Newton’s law of cooling

Q̇c = Schc

(
Tf luid − Tsolid

)
, (40)

where hc is the convection heat transfer coefficient,
which depends on the conditions in the boundary
layers [1, 20, 21, 22], e.g., fluid motion, surface ge-
ometry, and thermal properties.
The convection heat transfer coefficient hc can be
determined from the Nusselt number [20, 22]

Nu =
hcl

k f
. (41)
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Here, l is the length of the considered flat surface
and k f is the thermal conductivity of the fluid. The
Nusselt number Nu describes the ratio between
convective and conductive heat transfer across the
thermal boundary layer and can be computed by
the empirical relation [1, 20]

Nu = 0.68Re1/2Pr1/3 (42)

with the Reynolds number Re = ρgw∞l/µg, and
the Prandtl number Pr = µgcp,g/k f . The relative
velocity between the free stream of the fluid and
the surface is defined by w∞, the dynamic viscos-
ity of the fluid is µg, ρg is the density of the fluid,
and cp,g denotes the specific heat capacity. Based
on the Eqs. (41) – (42), the unknown parameter hc

can be determined.
By considering the direct-fired furnace, Newton’s
law of cooling in vector-matrix notation yields

Q̇c = Schc

(
Tc

g − Tc
)

. (43)

Now, the vector of the convec-
tive heat flow is defined as Q̇c =[

Qc,w1, . . . , Qc,wN , Qc,r1 , Qc,r2, Qc,r3, Qc,s1, . . . , Qc,sN̄s

]T
,

where the first N elements of the vector define
the convective heat exchange between the flue gas
and the wall, followed by heat flow between the
flue gas and the roll, and final the N̄s heat flows
between the flue gas and the strip. The matrices
Sc and hc have a diagonal structure, where Sc

contains the surface areas of the walls, the rolls,
and the strip, respectively. The matrix hc includes
the respective convective heat transfer coefficients.
All surface temperatures are included in the vector
Tc =

[
TwI,1, . . . , TwI,N, Tr,1, Tr,2, Tr,3, Ts,1, . . . , Ts,N̄s

]T .
To describe the convective heat transfer of the flue
gas with the surrounding, the vector Tc

g is defined
as Tc

g = ΨΨΨcTg, where ΨΨΨc is a mapping matrix.
Furthermore, a matrix ΛΛΛc is required, which maps
the vector Q̇c to a vector of the dimension N (cf.
Fig. 8).

2.6. Radiative heat transfer
Due to the high temperatures inside the consid-

ered strip annealing furnace, thermal radiation is
the dominant mode of heat transfer. Since the flue
gas contains molecules with non-symmetrical os-
cillation patterns, e.g., H2O and CO2 (cf. [21, 27]),

the flue gas has to be considered as a participating
medium.
In contrast to convection and conduction, thermal
radiation is a global phenomenon in the sense that
it depends on surface temperatures and material
properties of distant points. A comfortable way
to model the radiative heat transfer is the zone
method [27, 30, 31]. It was first proposed by Hottel
and coworkers [16].
A general thermal radiation problem is shown
in Fig. 6, where a multi-surface enclosure con-
tains a homogeneously distributed participating
gas. It is assumed that the surfaces and the gaseous
medium act like diffuse gray radiators. For ap-
plying the zone method, the enclosure is divided
into Ns surface sections and the gas volume is di-
vided into Ng subvolumes. The surface section
k = 1, ..., Ns is characterized by the surface area Sk,
an emissivity coefficient εk [30, 31], and the sur-
face temperature Tk. Furthermore, a subvolume
l = 1, ..., Ng is supposed to have the volume Vl , the
gas temperature Tg,l, and the attenuation coeffi-
cient Kl [27, 30, 31]. The value 1/Kl can be in-
terpreted as the main free path of a photon un-
til it is absorbed by the gaseous medium. The

q̇k
V1, Tg,1, K1

V2, Tg,2, K2

SNs , TNs , ǫNs

S1, T1, ǫ1

S2, T2, ǫ2

Bk

Hk
q̇k

Sk,
Tk

Figure 6: Multi-surface enclosure.

net radiative heat flows Q̇rad = [Q̇1, ..., Q̇Ns ]
T =

diag{S} q̇rad = diag{S}[q̇1, ..., q̇Ns ]
T into the sur-

face sections and Q̇g,rad = [Q̇g,rad,1 , ..., Q̇g,rad,Ng
]T

into the subvolumes, respectively, can be expressed
by

Q̇rad = PssT
4 + PsgT4

g, (44a)

Q̇g,rad = PgsT
4 + PggT4

g, (44b)
13
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with T4 =
[

T4
1 , ..., T4

Ns

]T
, T4

g =
[

T4
g,1 , ..., T4

g,Ng

]T
and

the surface area vector S = [S1, ...,SNs ]
T . The ma-

trices Pss, Psg, Pgs, and Pgg depend on the Stefan-
Boltzmann constant, the emissivity factors, the
attenuation coefficient, and the so-called direct-
exchange areas [30, 31], which in general are
obtained by solving high dimensional integrals.
For the furnace under consideration the direct-
exchange areas have been computed by means of a
semi-empirical approximation for rectangular ge-
ometries [32]. The matrices Pss, Psg, Pgs, and Pgg

can be calculated offline and directly result from
the application of the zone method.

2.7. Assembled state space model

The building blocks of the mathematical model
of the direct-fired continuous strip annealing fur-
nace, which have been discussed in the previous
sections, are now assembled. Using the heat trans-
fer relations (38), (40), and (44), the ordinary differ-
ential equations (16), (27), (31), (34), and (37) can be
rewritten in the compact form

d
dt




ξξξ

Tg

Tw

Tr

Ts



=




fξ (t,ξξξ,u)

fTg

(
t,ξξξ,Tg,Tw,Tr ,Ts,u

)

fTw

(
t,Tg,Tw,Tr ,Ts

)

fTr

(
t,Tg,Tw,Tr,Ts

)

fTs

(
t,Tg,Tw,Tr,Ts

)




, (45)

with the state vector x =
[
ξξξT,TT

g ,TT
w,TT

r ,TT
s

]T
and

the abbreviation f (t,x,u) =
[
fT

ξ , fT
Tg

, fT
Tw

, fT
Tr

, fT
Ts

]T
.

The total mass Mi and the mass flow Ṁout
i are

given by (17), (18), and (13a).
The inputs are merged into the vector
u =

[
uT

1 , . . . ,uT
N

]T . In the four HZs n = 4, . . . ,7, the
input vector un contains the mass flow of the fuel
Ṁ

f
n, the respective fuel temperature T

f
n , the mass

flow of the combustion air Ṁa
n, the air temperature

Ta
n, and the strip velocity vs. In the PCC, the input

vector un only consists of the mass flow of the air
Ṁa

n, and the air temperature Ta
n . For the remaining

volume zones, the strip velocity vs is the only
input.
In (45), ξξξ summarizes the gas concentrations of
the individual volume zones, i.e., ξξξ = [ξξξT

1 , ...,ξξξT
N ]

T

with ξξξn = [ξCO2
n ,ξCO

n ,ξH2
n ,ξH2O

n ,ξO2
n ,ξN2

n ]T and

n = 1, ..., N. The flue gas in the transition
zone bottom contains {H2,N2}, in the HZs
and in the transition zone top it consists of
{CO2,CO,H2O,H2,N2}, and in the PCC and in
the PH it basically comprises {CO2,H2O,O2,N2}.
The use of all components ν ∈ S in the vector ξξξn

entails one redundant differential equation for
each volume zone, which is omitted for a more
efficient computer implementation.
The temperatures of the flue gas and the inner wall
surfaces in the N volume zones are summarized
in Tg = [Tg,1, ..., Tg,N]

T and Tw = [TwI,1, ..., TwI,N]
T,

respectively. Tr = [Tr,1, Tr,2, Tr,3]
T contains the roll

temperatures. The dimension of the vector of the
strip temperatures Ts = [T̃s,1, ..., T̃s,Ñs

]T varies if
Lagrangian coordinates are used (cf. (34a)). In the
Eulerian framework (cf. (34b)), the dimension of
Ts = [Ts,1, ..., Ts,N̄s

]T is constant.

As will be outlined in Sec. 3.1, the model can
be divided into a fast and a slow subsystem. Since
the thermal inertias of the wall, the rolls, and
the strip are significantly higher than those of
the gaseous media, the furnace wall, the rolls,
and the strip constitute the slow subsystem. The
composition and the temperature of the flue gas
represent the fast subsystem. Fig. 7 shows the
structure of the dynamical model of the wall, the
roll, and the strip.

The inputs of the dynamical subsystems de-
scribing the strip, the rolls, and the walls are the
heat fluxes q̇s, q̇r and q̇w. The most significant
nonlinearity is the 4th–power, which is related to
thermal radiation. Further nonlinearties come into
play via the material parameters, i.e., the specific
heat capacities cr and cs. The flue gas temperature
Tg belongs to the fast subsystem and can thus be
considered as an input for the slow subsystem.
Note that the slow subsystem is independent of
the gas concentration ξξξ (cf. Fig. 7).
The structure of the flue gas dynamics (cf. (16)
and (27)), which constitutes the fast subsystem, is
outlined in Fig. 8. Here, the nonlinear behavior
is characterized by (27), where the net heat flow
Q̇g,i contains the nonlinearity of the 4th–power
due to thermal radiation (cf. Sec. 2.1.4). Since
the differential equations of the composition and
the temperature of the flue gas of volume zone i
require the composition and the temperature of

14

Post-print version of the article: S. Strommer, M. Niederer, A. Steinboeck, and A. Kugi, “A mathematical model of a direct-fired
continuous strip annealing furnace”, International Journal of Heat and Mass Transfer, vol. 69, pp. 375–389, 2014. doi: 10.1016/j.
ijheatmasstransfer.2013.10.001
The content of this post-print version is identical to the published paper but without the publisher’s final layout or copy editing.

http://dx.doi.org/10.1016/j.ijheatmasstransfer.2013.10.001
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2013.10.001


R−1
conΓΓΓcon

∫

∫MT

Mq

Tr

Tr

T̃s

T̃s

Tw

Tw

ΞΞΞcon

hc

Roll

Strip
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S−1Pss

S−1Psg(·)4

(·)4

q̇w

q̇s

q̇r

˙̃qs

Tc
g

Tg

Ts

Tc

Walls

Figure 7: Structure of the wall, roll, and strip dynamics (La-
grangian coordinates).

the previous volume zone i − 1 this submodel has
a cascade structure. In the first volume zone, the
composition ξHNx , the mass flow Ṁin

1 = ṀHNx ,
and the temperature THNx of the incoming in-
ert gas from the indirect-fired furnace serve as
additional inputs. Note that the structure of the
volume zones 8,15,20 and 21 is not the same as in
Fig. 8, because they are influenced by further mass
and energy flows and not only by one incoming
and one outgoing bulk flow.
Furthermore, Fig. 8 shows the structure of the flue
gas dynamics in the HZs A – D (VZ 4 - 7) and in
the PCC. In the PCC, additional combustion air
enters the furnace volume through an air intake,
which is characterized by the mass flow Ṁa

23 and
the temperature Ta

23.
Finally, the overall structure of the furnace model

is depicted in Fig. 9, which indicates the interac-
tion between the slow and the fast subsystem as
outlined in Fig. 7 and Fig. 8, respectively. The
input of the slow subsystem is the flue gas tem-
perature Tg (cf. Fig. 9). If the flue gas dynamics is
considered as quasi-stationary, the fast subsystem
can be characterized by an algebraic equation that
depends on the system input u. This will be shown
in the following section.

Schc ΛΛΛc
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Figure 8: Structure of the flue gas dynamics.

Slow subsystem
shown in Fig. 7

Fast subsystem
shown in Fig. 8

ṀHNxTHNx

u
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Tg
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Figure 9: Structure of the quasi-steady-state model.
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3. Model order reduction and time discretization

3.1. Reduced model
Based on Tikhonov’s singular perturbation the-

ory [24], a system comprising a fast and a slow sub-
system, referred to with the state vectors z1 and z2,
can be written in the standard form

ż1 = f̃1 (t,z1,z2,u,κ) , (46a)
κż2 = f̃2 (t,z1,z2,u,κ) , (46b)

with a small (dimensionless) singular perturbation
parameter κ, the input vector u, and the sufficiently
smooth functions f̃1 and f̃2. If κ → 0, the fast sub-
system can be simplified to an algebraic equation
of the form

0 = f̃2 (t, z̆1, z̆2,u,0) . (47)

If (47) has an isolated root and can be solved at least
numerically to obtain z̆2 = g̃ (t, z̆1,u), (46a) can be
replaced by the so-called quasi-steady-state model

˙̆z1 = f̃1 (t, z̆1, g̃ (t, z̆1,u) ,u,0) . (48)

The singular perturbation theory is now applied
to the assembled state space model (45) of the
considered direct-fired furnace. Based on a lin-
earization of (45), a numerical analysis of the
eigenvalues of the system has been made. This
analysis has revealed the existence of a slow and a
fast subsystem, i.e., the eigenvalues are clustered
into two distinct groups. From the corresponding
eigenvectors, it can be inferred that ξξξ and Tg

belong to the fast subsystem and Tw, Tr , and Ts to
the slow subsystem. This is also plausible from a
physical point of view.

The singular perturbation parameter κ is given
by a product of mass and heat capacity values
of the strip. The stability of the boundary layer
model has not been rigorously proven due to the
complexity and dimension of the mathematical
model.
Based on the singular perturbation theory, the flue
gas dynamics can be considered quasi-stationary
cf. (16) and (27), i.e.

[
0

0

]
=


 fξ

(
t, ξ̆ξξ,u

)

fTg

(
t, ξ̆ξξ, T̆g, T̆w, T̆r, T̆s,u

)

 . (49)

The remaining differential equations in (45) consti-
tute the fast subsystem

d
dt




T̆w

T̆r

T̆s


 =




fTw

(
t, T̆g, T̆w, T̆r , T̆s

)

fTr

(
t, T̆g, T̆w, T̆r , T̆s

)

fTs

(
t, T̆g, T̆w, T̆r , T̆s

)


 . (50)

For a compact notation, (49) and (50) are rewritten
in the form

0 = f2 (t, z̆1, z̆2,u) (51a)
˙̆z1 = f1 (t, z̆1, z̆2) , (51b)

with z̆1 = [T̆T
w, T̆T

r , T̆T
s ]

T and z̆2 = [ξ̆ξξT, T̆T
g ]

T .

3.2. Time discretization

For computer implementation, e.g., in simula-
tion, control, and optimization, (51) must be dis-
cretized with respect to the time t. Since (51) does
not generally allow an analytical solution, a nu-
merical integration by Euler’s explicit and implicit
method is employed.
Let tk be the discretized time and ∆tk = tk+1 − tk

the sampling time, which need not be equidistant.
With z̆1,k = z̆1(tk) and z̆2,k = z̆2(tk) Euler’s explicit
method yields

0 = f2,k (z̆1,k, z̆2,k,uk) (52a)
z̆1,k+1 = z̆1,k + ∆tkf1,k (z̆1,k, z̆2,k) . (52b)

By means of Netwon’s method, (52a) can be solved
for z̆2,k independently from (52b). The choice of the
sampling time ∆tk turns out to be critical for the nu-
merical stability of the integration method. In par-
ticular, if the formulation (34b) (Eulerian reference
frame with finite difference approximation of the
transport term) is used, small sampling times are
indispensible.
The implicit Euler method permits significantly
larger sampling times; in fact, the method is un-
conditionally stable [36]. However, the additional
computational effort is not rewarded by consider-
ably better numerical properties, which is why Eu-
ler’s explicit method is applied henceforth.
The sampling time is also influenced by the choice
of the spatial discretization of the strip. If the Eu-
lerian framework is used, the Courant-Friedrichs-
Lewy (CFL) condition [15] has to be fullfilled. This
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condition is given by

∆tk <
∆z

vs
, (53)

where vs is the strip velocity and ∆z =
min(∆zj), j = 1, ..., N̄s denotes the minimum
spatial discretization size of the strip (cf. Sec. 2.3).
In case of the Lagrangian framework, a condition
like the CFL condition does not exist. In the
simulation, each material point should capture
the influence of each volume zone (heat flux) to
ensure a sufficiently high accuracy. Therefore,
the maximum sampling time ∆tk = l f ur/vs is
used, where l f ur defines the minimum length
of all volume zones and depends always on the
minimum contact length of the rolls.
In [38], a comparison between Eulerian and La-
grangian coordinates is presented. Compared to
the Eulerian framework, the Lagrangian coordi-
nates are more efficient regarding the CPU time
and more accurate regarding the temperature res-
olution at welded joints. Therefore, the following
validation is based on the Lagrangian description.

4. Measurement results and model validation

For parameter identification and model vali-
dation, a measurement campaign was conducted
on the considered direct-fired strip annealing fur-
nace that is part of a hot-dip galvanizing line of
voestalpine Stahl GmbH, Linz, Austria. For this
purpose, the measurement equipment already in-
stalled in the furnace was sufficient. Thermocou-
ples measure the flue gas and the wall temperature
in the furnace and two pyrometers are used to mea-
sure the strip temperature at two discrete points
(cf. Fig. 1). Since the strip temperature is the most
important process quantity, the model was mainly
validated by means of the pyrometer P2. The sys-
tem inputs, i.e., the mass flows of fuel and air, their
temperatures, and the extra air inflow in the PCC,
are also known from measurements. The measure-
ment values are compared to simulation results ob-
tained from a Matlab/Simulink implementation of
the proposed model (51). In the simulation, the
strip is spatially discretized with a step size of 0.5m
in the Lagrangian framework.

4.1. Parameter identification

In general, each parameter of the derived model
has a clear physical meaning. Since some of these
parameters are not exactly known, e.g., the struc-
ture of the wall in the PCC and the emissivity of the
strip, they are identified based on measured data.
For the PCC, the unknown parameter Kw1,23 in (31)
can be found from the optimization problem

K
opt
w1,23 = argmin

Kw1,23

J1 (54)

with the cost function

J1 =

√
1

te − tb

∫ te

tb

(
Tg,23(t)− Θg,PCC(t)

)2 dt, (55)

where tb and te are the start and end time, Tg,23(t)
represents the simulated flue gas temperature in
the PCC, and Θg,PCC(t) is the corresponding ther-
mocouple measurement. Note that the calculated
value J1 can be interpreted as a temperature er-
ror. Fig. 10 indicates how the cost function J1

depends on Kw1,23 and Fig. 11 shows the good

0 0.5 1 1.5 2 2.5

6

7

8

J1 (K)

Kw1,23/K
opt
w1,23

Figure 10: Cost function J1.

agreement between Θg,PCC(t) and Tg,23(t) simu-
lated with K

opt
w1,23.

Generally, the emissivity coefficient εs of the strip
depends on the local strip temperature and varies
from product to product. Since the measurement
of εs is a sophisticated task, an average strip emis-
sivity value is identified and used for all products.
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Figure 11: Comparison of simulated and measured gas temper-
atures in the PCC (volume zone 23).

The identified value for εs is found from the opti-
mization problem

ε
opt
s = argmin

εs

J2 (56)

with the cost function

J2 =

√
1

te − tb

∫ te

tb

(Ts,P2(t)− Θs,P2(t))
2 dt (57)

that is shown in Fig. 12. Here, Ts,P2(t) is the sim-
ulated strip temperature at the position of the py-
rometer P2 and Θs,P2(t) is the corresponding mea-
sured time evolution. The obtained optimal value

0.25 0.3 0.35

10

15

20

25

J2 (K)

εs

Figure 12: Cost function J2.

is ǫ
opt
s ≈ 0.29.

4.2. Validation
The model is validated by comparing simulation

results with measurements obtained from the in-
dustrial strip annealing furnace. It is worth not-
ing that the measurement data for the identifica-
tion is different from the data used for model val-
idation. In the considered measurement cam-
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Figure 13: Strip thickness.
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Figure 14: Strip width.

paign, the strip moved with a velocity vs in the
range of 1.7 − 2.7m/s, had a width bs between
1.27− 1.39m (cf. Fig. 14), and a strip thickness ds

in the range of 0.5 − 1.0mm (cf. Fig. 13).Moreover,
the strip temperature is influenced by the density
and the specific heat capacity of the strip [14]. As
mentioned in Sec. 2.3, the specific heat capacity
depends on the strip temperature Ts, see Fig. 15.
Throughout this work, the constant strip density
ρs = 7800 kg/m3 is used. The same specific heat ca-
pacity and density of the strip was used for all steel
grades. If the strip parameters were known with
higher accuracy, the quality of the mathematical
model could be further improved. Fig. 16 shows
the measured and the simulated strip temperature
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Figure 15: Product of strip density and specific heat capacity.

at the end of the furnace, i.e., at the pyrometer
P2. Generally, the figure shows that a good accu-
racy can be achieved by the model. The sudden
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Figure 16: Strip temperature at pyrometer P2.

changes of the strip temperature are mainly caused
by changes of the strip properties, i.e., transitions of
products (cf. Fig. 13). For some strips, a lack of ac-
curate knowledge of the material properties causes
a considerable model mismatch. For example, the
simulated strip temperature decreases whereas the
measured strip temperature even rises at the time
t ≈ 2.5h. The simulated temperature drop is plau-
sible because the strip thickness increases at this
time (cf. Fig. 13). This model mismatch is thus
mainly related to the uncertain emissivity coeffi-
cient of the strip. This is also why we aim at devel-
oping an online estimator for the emissivity coeffi-
cient in our future work. Furthermore, the rise of
the simulated strip temperature at the time t ≈ 2.0h

is much higher than the measured temperature.
This effect can be explained with a change in the
steel grade. In fact, the material parameters of the
corresponding strip are not exactly known.
The flue gas temperature Tg,23 of the PCC is shown
in Fig. 17. The simulated results match the mea-
sured time evolutions. The flue gas temperature
Tg,23 is significantly influenced by the combus-
tion of unburnt gas components. Based on these
results, it can be concluded that the combustion
is well captured by the proposed mathematical
model. The legend of Fig. 16 also applies to Figs.
17 – 21.

Figs. 18 - 21 depict the results of the model in
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Figure 17: Flue gas temperature in the PCC.

terms of the wall temperatures in the four HZs. The
figures corroborate that the dynamic behavior of
the HZs is well captured by the model.

Finally, in Fig. 22 the simulated strip tem-
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Figure 18: Wall temperature in the HZ 1.

perature trajectory of a material point that moves
through the furnace is presented. The location of
the rolls is also shown in Fig. 22. The heating
of the strip mainly occurs in the HZs and also in
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Figure 19: Wall temperature in the HZ 2.
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Figure 20: Wall temperature in the HZ 3.
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Figure 21: Wall temperature in the HZ 4.

the PH. In both transition zones, the strip tempera-
ture is nearly constant. Furthermore, the influence
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Figure 22: Strip temperature through the furnace.

of the rolls has been investigated in more detail.
For this, two different simulations have been con-
ducted; one by considering the rolls and the sec-
ond one by neglecting the rolls. In Fig. 23, the dif-
ference of the strip temperature trajectories ∆T̃s is
presented. Neglecting the rolls raises the strip tem-
perature at the end of the furnace by approximately
5.5K.

The considered mathematical model was imple-
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RollRollRoll

Figure 23: Difference between the strip temperature trajectory
by neglecting the rolls and by considering the rolls.

mented and simulated on a standard PC (3.6GHz,
4.0GB RAM) with variable sampling time ∆tk in
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the range of 0.45−−0.65s. On this system, the sim-
ulation of the considered 5h scenario requires ap-
proximately 9min CPU time. The obtained results
show that the mathematical model is suitable for
real-time control applications.

5. Conclusions

In this work, a tractable, first-principles model
of a direct-fired strip annealing furnace was devel-
oped with a focus on applications in model-based
control and optimization. The furnace was divided
into N volume zones. Due to the fuel-rich com-
bustion of the natural gas, the water-gas-shift re-
action was considered to determine the mass frac-
tions of the chemical products under quasi-steady-
state conditions. The enthalpy balance made it pos-
sible to calculate the flue gas temperature. The
Galerkin method was employed for the discretiza-
tion of the 1-dimensional heat conduction equation
of the wall. This approximation yields an ordinary
differential equation for the furnace wall. Based on
the heat balance, the dynamic behavior of the strip
temperature was determined. Depending on the
choice of Eulerian or Lagrangian coordinates, the
dynamic behavior of the strip is either described by
a partial differential equation with a transport term
or by an ordinary differential equation. Further-
more, the dynamic behavior of the temperature of
the deflecting rolls was also calculated by means
of the heat balance. In addition, thermal conduc-
tion between the strip and the rolls was taken into
account. Convective and radiative heat transfer
connect the various thermal submodels. The zone
method was utilized for the determination of the
radiative heat transfer.
To make the model suitable for real-time applica-
tions, it was reduced by means of the singular per-
turbation theory. Euler’s explicit method was used
for time discretization with an adaptive selection
of sampling times. For the numerical simulation,
the assembled model was implemented in Mat-
lab/Simulink.
The proposed model was validated by compar-
ing measurements from the considered continuous
strip annealing furnace with simulation results.
The main advantages of the proposed mathemati-
cal model are its scalability, the achieved accuracy,
the low computational effort, and the adequate

consideration of nonlinear effects like thermal ra-
diation, temperature-dependent material parame-
ters, and the chemical reactions.
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