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RESEARCH ARTICLE

Trajectory planning for quasilinear parabolic distributed parameter systems

based on finite-difference semi-discretizations

T. Utz**, T. Meurer®, A. Kugi®

@ Automation and Control Institute, Vienna University of Technology, Vienna, Austria

(81 December 2009)

In this contribution, a flatness-based approach is considered for the solution of the trajectory planning prob-
lem for quasilinear parabolic distributed parameter systems (DPS) by making use of finite-difference semi-
discretizations. It is shown that the method yields solutions which are equivalent to results known from the
infinite-dimensional trajectory planning for a certain class of quasi-linear parabolic distributed parameter sys-
tems. Furthermore, the methodology being proposed can also be applied to systems with general analytic
nonlinearities. As analytical convergence results are not available in this case, a numerical test criterion for the
convergence behaviour is suggested.

Keywords: Trajectory planning; differential flatness; distributed parameter systems; finite-difference
semi-discretization; diffusion-convection-reaction systems

1 Introduction and problem description
Consider the following partial differential equation (PDE) of parabolic type for = € (0,1), t > 0
pep(0(t,2))0:i0(t, ) = Op (MO(E,2))0:0(t, x)) — vpeyp(0(t, 2))0:0(t, ) + p (0(2,2)) 0L, ) , (1)
with boundary conditions (BCs)
0:0(t,0) =0, 9,0(t,1) =g(6(¢t,1),u(t)), t >0, (2)
the initial condition (IC)
0(0,x) = 6y(z), z € [0,1] (3)

and the boundary control input u(¢). The parameters of this infinite-dimensional system A
(possibly interpreted as a diffusion coefficient), p (a density), ¢, (a heat capacity), v (a flow
velocity) and p (a reaction coefficient) can be chosen constant or as functions of the state
0(t,x). In order for the PDE (1) to be parabolic, it has to be guaranteed that pc, and A are
always positive. With this model different types of diffusion-convection-reaction (DCR) systems,
e. g. different types of heat conduction problems or chemical reactors, can be described. Thereby,
the restriction of the spatial domain to the interval z € [0, 1] can be obtained by a suitable scaling.
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The BC at = 0 represents a zero-flow as it is encountered at a perfectly insulated wall or when
considering situations where symmetry occurs, for example, a homogeneous heat conductor that
is uniformly heated or cooled at both ends. The BC at x = 1 will be defined for the subsequently
considered examples. In general it will only be required that g(6(t,1),u(t)) is at least locally
solvable for u(t).

The typical control tasks for the systems modelled by (1)—(3) include stabilizing stationary
profiles as well as trajectory planning, i.e. finding a control input u(t) such that some output,
usually obtained by evaluating a spatial profile at a certain position, i.e. y(t) = 0(¢, Zout) follows
a desired trajectory y*(t). In the following, the considered output is located at the boundary
opposite to the controlled boundary, i.e. oyt = 0. The more specific problem considered in
the following is the transition between stationary profiles along a desired reference trajectory
and within a finite time interval ¢ € [0, 7], where 0 < 7 < oo is the prescribed transition time.
Examples are the start-up or shut-down of chemical reactors or the reheating of metal slabs in
furnaces to enable their further processing in hot rolling mills.

For the solution of finite-dimensional trajectory planning problems, the property of flatness
(Fliess et al. 1995), which allows for a parametrization of the state and input by a so-called
flat output, has proven to be a useful tool. More recently, flatness-based methods have been
extended for use with infinite-dimensional systems. The approach taken can be motivated by
a well known result (Gevrey 1913, Goursat 1927, Widder 1975) for the linear heat equation
00(t,x) = 0,0(t, z) with BCs 6(¢,0) = y(t), 9,0(t,0) = 0, where it suffices for y(¢) to meet
certain growth conditions so that the solution represented by the power series

0t = > ) (1
n=0 '

exists. The coefficients a,(t) of (4) can then be calculated from a differential recursion a,2(t) =
an(t) with ao(t) = y(t) and ai(t) = 0, leading to 6(t,z) = > .07, y(”)(t)%. Here and in
the following 3™ (t) describes the n-th time-derivative of y(t). It is clear that a control at the
boundary & = 1 can then be parametrized by y(¢) and its derivatives, such that the analogy to
the notion of flatness in the finite-dimensional case becomes evident. This approach has been
successfully applied to the trajectory planning problem for various systems governed by linear
and certain quasi-linear parabolic PDEs, see e.g., Laroche et al. (2000), Lynch and Rudolph
(2002).

The core of the approach outlined above is the existence of a power series solving the given
problem. However, given analytic parameters in the state other than low degree polynomials,
power series are in general no longer applicable due to increasing computational complexity,
which is required to determine the series coefficients, and the resulting radius of convergence,
which might well be zero for any interesting parameter range. Therefore, the approach taken in
this contribution consists in semi-discretizing the problem (1)—(3) by means of finite differences
in the spatial coordinate and to apply flatness-based trajectory planning to the obtained finite-
dimensional system. With this it is possible to tackle also systems with parameters that only
have to meet differentiability conditions with respect to the state.

Weighted residual approaches as the Galerkin or the Finite Element method are frequently-
used as a means of discretization for PDEs. The choice of the finite difference method is justified,
besides its easy applicability, by some advantageous properties both in view of system analysis
and controller design. First of all, nonlinearities can be handled quite easily and nearly all types
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of BCs can be introduced, which is in contrast to e. g. the Galerkin approach, where the inclusion
of nonlinearities is a rather tedious procedure and BCs can only be considered approximately
or with heavy constraints on the trial functions to be chosen, see, e. g., Zienkiewicz and Morgan
(1983), Fletcher (1984). Secondly, and as is shown subsequently in this contribution, finite-
difference semi-discretizations directly allow to determine a physically meaningful flat output in
order to parametrize the discretized state variable and the boundary input. While this may still
be the case with some Finite Element approaches with local test functions, the property is very
likely to be lost when using global test functions.

The presented method of trajectory planning based on finite-difference semi-discretizations is
interesting to be considered for several reasons. First of all, it yields results that are consistent
with the ones obtained by power series solutions, see, e.g., Ollivier and Sedoglavic (2001) for
similar results for the linear heat equation. Furthermore, the application of the presented method
to more general systems with parameters that are analytic functions of the state is possible, as
will be demonstrated in simulation (see also Utz et al. 2007), and computationally quite effective.

The paper is organized as follows. In Section 2, the method of flatness-based trajectory plan-
ning based on finite-difference semi-discretizations is presented. In Section 3, it is shown that for
polynomial nonlinearities the solution of the trajectory planning problem based on finite differ-
ences is equivalent to a solution obtained by power series and that convergence can be proven
analytically under certain conditions. Furthermore, a convergence test based on numerical con-
siderations is motivated. In the concluding section, Section 4, the method presented in Section 2
is applied to a trajectory planning problem with general analytic nonlinearities for the heat-up
process of a steel slab.

2 Flatness-based parametrization for the finite-difference semi-discretized DCR-system

In this section, the solution of the trajectory planning problem for the system (1)—(3) is outlined.
The first step thereby consists in deriving the finite-difference semi-discretization and in proving
that the resulting ODE system is differentially flat. The parametrization of the state and the
control input can then be found in a straightforward manner.

2.1 Finite-difference semi-discretization

The methodology to obtain the semi-discretized system pursued in this contribution is the dis-
cretization along the spatial coordinate x using finite differences on an equidistant grid with IV
grid elements and the nodes zg = 0,21 = 0N, ..., 7k = kdn, ...,y = 1 where 6y = 1/N. For
any given N this results in a system of N +1 ODEs for the state variable (¢, ) evaluated at the
nodes Oy x(t) = 0(t, zy), where the first index refers to the number of grid elements used. For
the sake of readability in the following, time-dependencies as in Oy (t) are omitted whenever
they are clear from the context. In general, a central difference scheme is used yielding the
approximate derivatives

1
00N ) = K(GN,I@—H — On k1) + O(6%) (5a)
N
1
GMHN’,C = 57(9]\[7]“_1 — 29N,k + QN,k—l) + 0(5]2\7) . (5b)
N
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In order to approximate the squared first derivative (0,04(t))?, as it results from a state-
dependent diffusion coefficient A, it is usually more practical in view of trajectory planning
to use the following approximation scheme

(050" = = (Oxa1 — Os) (O — i) +O) (6)
N
By applying the introduced approximations (5) and (6) to (1) and evaluating the BCs (2) to
obtain Oy, _1 = On,1 and Oy N1 = OnN—1 + 20Ng(On, N, un), a system of ODEs is obtained.
The notation up is thereby chosen in view of trajectory planning to indicate the control input
calculated based on a semi-discretization with N grid elements. For the node numbered k = 0
the discretization (5a) is used for (9,0x(t))? yielding

2X(On )

pcp(9N70)9'N70 = 572 (QN,l - QN,O) + /L(HN,O)GNvO : (7)
N

In all other cases the expression (9,0 (t))? is discretized according to (6). Thus, the semi-
discretized approximation reads as

. A0 Og (0
pcp(ONk)ON K = ((;gwc) (ONk+1 — 20Nk + ONg—1) + %(aMk%l —Onk)(ONg — ONg—1)
N N
vpcp(On k)
- T(QN,kH —Ong—1) + u(Ong)ONE  (8)
N
fork=1,...,N —1and
. 2X(6 Og\(0
pep(ONN)ON N = % (=OnN +OnN-1) — % (OnN_1—ONN)°
N N
+ u(OnN)On N+ QONN-1,0NN)g (OnN,un) (9)
with

2M(On,N) n 200\ (0N, N)

Q _ p—
(OnN-1.0NN) < e 7

(NN —ONN-1) — VPCp(9N,N)> (10)

for the node numbered k = N.
The ICs obtained by evaluating (3) at the nodes

QN’k(O) =6p(z), k=0,...,N (11)

complete the finite-dimensional semi-discretized approximation of the DPS (1)—(3).

2.2 Flatness-based state and input parametrization

From the finite-difference semi-discretization, a certain structure emerges in the ODE system (7)—
(11) that can be exploited for the flatness-based parametrization. Solving each ODE for the state
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variable with the highest index, the following relation is obtained from (7)

52 . .
On1 = W]\JI\LO) (pcp(eN,O)eN,O — M(9N,0)9N,0) +0n,0 =: Yo(On,,0n0) , (12)

and (8) and (9) lead to the recursion

2)\(9]\7,1@) 09>\(9N,k>
52 52
N N

ON k1 = 20N (Pcp(eN,k)éN,k — W(ON&)ON K + < 9N,k> (Onk — ONg—1)

AOn k)
O3

vpcp(On k)
ey A Ly
2N Nk—1+

9N,k—1>/Q(GN,k—179N,k:) =: Uy, (HN,k—laeN,kaéN,k) (13)

2)\(9]\/,1\/) 80)\(9N,N)
62 52
N N

un(t) =g <9N,N7 (pcp(eN,N)éN,N — u(On N)ON N + ( (On.N — 9N,N1)>

(On N — 9N,N—1))/Q(0N,N—1;9N,N)> = Uy (QN,N—MGN,NaéN,N) : (14)

where g(-, g(-,un(t))) = un(¥). Next it will be shown that these equations already constitute a
flat parametrization of all states and of the control input. Choosing y(t) = fn,0 as the flat output
it follows from equation (12) that 6 1 can be parametrized by y(t) and y(t). Differentiating the
same equation (12) with respect to time

) ov, oV
On1= 0 —0 15
N1 D00 N0+ Do N,0 (15)

and inserting this result into (13) for & = 1 directly yields a parametrization of Oy 2 by y(t), y(t)
and (t). Obviously, this procedure can be analogously continued for £k =1,..., N — 1 with

. oV, . oV . ovy -
ONk+1=7—ONk—1+ ——Oni + On ik 16
P G0N gt Ny OONg (16)
such that every state O, K = 1,..., N as well as the control input uy are recursively para-

metrized by y(t) and its first N + 1 time derivatives. Obviously, the parameter functions A and
pcp have to be sufficiently smooth with respect to 6. In view of the considerations to be made
in the next section it has even to be ensured that the functions A and pc, are analytic in 6.

Remark 1: Of course, in this general formulation it is assumed that the equations (7), (8)
and (9) can actually be solved for On,1, Oy +1 and un(t), respectively. In the given context,
this means that Q(-,-) # 0 and that g(-,-) exists, conditions which are satisfied in the examples
under consideration.

3 Convergence analysis

The crucial question to be answered when solving the trajectory planning problem for distrib-
uted parameter systems based on a (semi-)discretized model is whether the resulting controller
also solves the motion planning problem of the infinite-dimensional system. For this it is useful
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to arrange the control inputs obtained for the semi-discretizations with different numbers N of
grid elements as introduced in Section 2 in form of a sequence (un(?))y—; o - In Section 2.2 it
was shown that the finite-difference semi-discretized system (7)—(11) constitutes a flat system.
Tt is known in this case that applying the control input (14) parametrized by a suitably differ-
entiable trajectory y(t) and a finite number of its time-derivatives will result in Oy o(t) = y(t).
By developing the corresponding trajectories of the semi-discretized state Oy x(t) in a power
series and considering the case of infinitely small discretization step sizes dp, it will be shown
subsequently that this power series is equivalent to the power series solution of the underlying
DPS (1)-(3). In the case of affine parameters the convergence of this power series can be proven
explicitly, which results in inequality constraints on the system parameters and the trajectory
for the flat output. For more general situations a numerical convergence test is presented to
generalize these results.

3.1 Polynomial nonlinearities

8.1.1 From finite differences to power series

In the following, the parameters pc,(6), A(8) and p(#) are considered to be given in the form
of finite order polynomials, i.e.

Js

J1 Jo
pep(0) =D pits NO) =3 0% u(0) =D e (17)
j=0 Jj=0

J=0

In order to show that the finite-difference semi-discretization (7)—(11) of the DPS (1)—(3) with
parameters (17) converges to a power series formulation for infinitely small discretization step
size, i.e. N — oo, it is assumed that the solutions Ony, £k = 0,..., N are analytic. On this
assumption 6(¢, z) can be developed in a power series at an arbitrary node z = kdy in the form

QNkZQ k(SN, Zan k5N . (18)

Substituting (18) into the ODEs (7)—(9) and utilizing the relation

(Z((k +m)don)"an(t )) = ((k+m)dn)"ad(t), m e {+1,0,~1}
n=0 n=0 (19)
i ol (t) = o Yt)ay,_; al(t)=a ) = ’
with o, (t) ; i (Dan—i(t), a,(t) = an(t), ag(t) {0 n0

and the abbreviations for the binomial terms
1y =3 (T)w = (20)
i=0 \ { k+

b1y =300 () = (20)
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the following relation for n > 0 is obtained by sorting for equal powers of dy

J1 n Ja n+2
DK"Y edani(t) =3 a5 D adkansai() (G = 28T 4 )
=0 =0 =0 i=0

()

Jo—1 n+2 n+2—1
+ Z (7 +1)gj+1 Z ozgk’i Z a(t)an+a—i—i(t) (Xi:-i- — kl) (k"+2_i_l — thQ—i—l)
§=0 i=0 1=0
()
v J1 n+1 o ) ) J3 .
=5 20 Y oK) (OGET = x4 Dl (21)
7=0 1=0 =0

From equation (19) it is clear that o) (¢) is always affine in the coefficient with the maximal index

an(t). Keeping in mind that (x) = (xx) = 0 for ¢ = n + 2 it can be deduced that equation (21)

is affine in a,4+2(t) and can therefore be easily solved for this coefficient. Note that (xx) = 0 for

i=n+2as well as for i =0 and [ = {0, n + 2}, i.e. the expression is independent of a,4+2(t).
Rearranging equation (21) and isolating the coefficients of a,12(¢) yields

J2 n J1
anv2(t) (G2 = 26772+ x022) Y gjaq = K" Y dn—i(t) Y piod]
=0

§=0 i=0
——
1/B., (1)
= Klanyai(t) (G = 26" 4 T Y gjad
i=1 j=0

n+1 ‘n+27i ) ] Ja—1 )
=S Y alanaia®) (kg — K (B2 = 2 N (4 gyl

i=0 1=0 =0

n+1 Ji J3
v ; _ . , ,
5 2 Kanai(t) (G =) Dol () kY el (22)
i=0 Jj=0 Jj=0

with 1/8,(t) = Zf:o qjo% = Z;}io qjaé a polynomial of order J3 in ag(t). The whole equation
is in fact a polynomial of order n in k as can be found by considering the coefficients containing
Xg— OF Xps 1.e.

L (Xz_-:_-Z—i _ 2kn+27i + XZtQ_i) _ kn+2 + (n+12—i) kn+1 + (n+22—i) V4. — 2kn+2
+ kn+2 . (n+12—i) knJrl + (n+22—7,') k" N —— 2(n+22—1)kn + O(knfl)
=m+2—i)(n+1—)E" +o(k" 1), i=0,...,n+1, (23a)

ki(Xi-}- _ kl)(k,nJerlfi o Xz—_}—Q—i—l) — ki(lklfl + 0(kl72))((n 42— l)kn+17i7l + O(knfifl))
=ln+2—i—Dk"+ok" 1), i=0,...,n+1,1=0,....,n+2—13, (23b)
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and k:z(xZIl Py =2+ 1)K 4 o(k"), i=0,...,n+1, (23c¢)

where o(k"~!) refers to the remaining polynomial in & with degree less or equal n — 1. For k > 0
equation (22) can then be divided by k™ and for vanishing discretization step size dy — 0,
i.e. equivalently k& — oo, only the coeflicients of k™ as established in (22)—(23) have to be
considered and constitute the following recursion relation for the coefficients a,12(t), n > 0 of
the power series (18)

n n+1 Ja

n+2)(n+1)
an+2(t)(BJ Zan i Zp]a —Zan+2 W n+2—9)(n+1—1) Zq]
2 =0
n+1n+2—1 Jo—1 ]
- Z Z ar(t)ant2—i—1(O)l(n+2—i—1) Z (J +1)gjr1a]
i=0 =0 j=0
n+1

+VZan+1_l Y(n+1—1) Zp]a 727' aJH. 24)
The recursion can be started using the flat output and the BC at x =0

ao(t) = y(t), ai(t) =0. (25)

Remark 1: For parameters given in the form of (17), this result can also be obtained by
directly solving the trajectory planning problem with a power-series ansatz to the solution, see,
e.g., Lynch and Rudolph (2002), Rudolph (2003), Dunbar et al. (2003) for some examples with
various parameters that are affine or quadratic in the state.

3.1.2  Convergence result

In a second step, it has to be proven that the power series (18) with coefficients defined
by (24) and (25) exists. This will be shown by means of the trajectory planning problem for the
DPS (1)—(3) with parameters affine in the state, i.e.

pcp(0) = po+p10, NO) =qo+qf, p(0) =ro+r0 . (26)

Clearly, according to (24) the desired trajectory y*(¢) has to be chosen from a class of infinitely
differentiable functions. However, it cannot be an analytic function because this would not allow
for a transition from one stationary point to another. In order to overcome this problem the
class of Gevrey functions is considered, see, e.g., Hua and Rodino (1996), which are defined as
follows.

Definition 3.1: A function f(¢) is called Gevrey of order « if for given My, Ry > 0

sup |f0 ()] < My e T (27)
te + f

To shorten the notation f(t) is also said to belong to CM; R, o- Note that if flt) € CM; Ry a5
then polynomials in f(¢) as well as 1/f(t) also belong to the same Gevrey class «, only the
constants My and Ry in (27) differ.
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The convergence result can then be stated as follows:
Theorem 3.2: The power series (18) with coefficients determined by (24) and (25) converges
with radius of convergence o0 > 1, if ag(t) = y*(¢t) is Gevrey of class o with 1 < a < 2, and if the
parameters of the problem satisfy the set of conditions
9 2
Jla|M= <1, (28a)

55 v
< il + 55 Ip1|> +5lpolM <1, (28b)

55 1445
(|q1|+ vlpr| + 2445 |pi] |) (u|po|+3]}j'

384 R
Thereby R = R/2%*, M = max{M,-, Mg} and R = min{R,-, Rg}.

The proof of the theorem relies on the idea to bound all power series coefficients and their
derivatives with respect to time, which allows the calculation of a radius of convergence by
the Cauchy-Hadamard theorem. Stipulating a radius of convergence ¢ > 1 then determines the
conditions given in Theorem 3.2. Since the proof is rather technical and contains some lengthy
calculations it will be summarized in Appendix A.

Remark 2: As can be clearly seen from conditions (28), the set of admissible physical para-
meters P := {po, p1, 0, q1,V, 70,71} and trajectories represented by M and R is rather limited
and no guarantee can be given a priori, whether a trajectory for a given system can be found or
what the conditions on the physical parameters would be such that a given trajectory satisfies
conditions (28). However, this can be checked rather comfortably by solving the inequalities (28)
for a certain set of parameters by means of modern computer algebra systems.

8.1.83  Simulation example

To illustrate the implications of this theorem, some simulation results for a DCR-system (1)—
(3) with g = 2u(t) — 0 and parameters according to (26) are considered. With the flat output
y(t) = 0(t,0), the control task under consideration consists in trajectory planning for the setpoint
transition from y(0) = yo = 7 to y(T) = yr = 8. In order to be able to solve the trajectory
planning problem, a suitable reference trajectory y*(t) has to be found. Basically, this trajectory
has to comply with the desired stationary output values at the beginning (¢ = 0) and at the end
(t = T) of the setpoint transition, i.e.

y*(0) = vo, v (T) = yr (29)
vy 0) =y O(T) =0, for k=1,...,N +1. (30)

As a suitable reference trajectory for this type of problems the following easily parameterizable
time functions y*(¢) have been proposed in Fliess et al. (1997)

0 if ¢ <0
1 ift>T
O, (1) = o (i nre (31)
ST ifte (0,7)
Jo éyr(B)dt
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with

0 itt¢(0,T)
1 .

exXp (W) ift e (O,T) y

where the Gevrey class « is determined by the parameter v = 1/(a — 1).

¢’y,T (t) = (32)

The trajectory planning problem is solved with the described method based on finite-difference
semi-discretization with various numbers N of grid elements, desired output trajectories be-
longing to different Gevrey classes, and two sets of parameters P. The first parameter set
P1 = {0.00001, 0.000001, 0.1,0.002, 0.5,0.0002, —0.0001} together with A, R,- resulting from
the choice of y*(t) = yo + (yr — yo)®P,,1(¢) fulfills the conditions of Theorem 3.2 for a = 1.8.
The second parameter set P, = {0.1,0.01,0.1,0.002,0.5,0.02, —0.01} does not. Additionally, the
trajectory planning problem is solved for a trajectory belonging to Cyy,. Rr,. 2.4, Where the re-
quirements of Theorem 3.2 are not satisfied, too. The resulting control input trajectories uy (¥)
are shown in Figure 1 for N = 2, 10 and 18. In the same figure, the corresponding simula-
tion results for the output yn(t) are displayed. The simulations of the feedforward-controlled
DPS (1)—(3) with u(t) replaced by un(t) are performed using the Matlab solver pdepe on a
sufficiently fine grid.

It can be seen that the motion planning problem is solved in a satisfactory way not only in the
case where the conditions of Theorem 3.2 are satisfied, but also in cases, where the trajectory
or the system parameters do not comply with these conditions. In the example scenarios shown
in Figure 1, only for the parameter set Py and oo = 2.4, oscillations in the control input uy(t),
indicating a divergent behaviour, can be observed.

3.2 Numerical convergence considerations

It is evident from the previous section that an analytical convergence analysis is of limited use
for applications mainly due to two major reasons. Firstly, the convergence can only be shown
for very special cases and yields rather restrictive conditions, which do not seem to be very
sharp as far as it can be presumed from the simulation results in Figure 1. Furthermore, it is
known from research results in summability methods for power series solutions, see, e. g., Meurer
(2005) that diverging sums may still be used to determine a control input solving a given motion
planning problem. Therefore, a numerical test is presented that allows us to evaluate from a
limited number of calculated trajectories whether the method will converge or not. The test is
motivated by using the previously considered DCR-system as an example.

From Figure 1 it can be deduced that non-convergence of the sequence of control inputs
(un(t))nN=1,2,.. is related to increasing oscillations, especially at the beginning and at the end
of the transition. Due to the diffusive character of the considered equations, these oscillations
are significantly attenuated in the simulated output. Therefore, a criterion is sought after that
detects the onset of oscillations in the trajectory of the control input. It is furthermore preferable
to work with the control input ux(t) because this quantity is independent of any solver used
to simulate the system equations. However, for uy(¢) the limit for N — oo is usually not
known, which means that differences between control inputs calculated for different numbers
Ny, and N,, of grid elements have to be considered, i.e. uy, (t) —up, (t), and convergence has
to be verified in the sense of Cauchy, i.e. for a sequence (an)n=12,.. if Ve > 0 Ing = np(e),
s.t. |am — an] < € ¥Ym,n > ng. As the elements of the sequence (un(t))n=1,2,. are in fact
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Figure 1. Control input uy(t) and output trajectories 6y (t,0) for the trajectory planning of the DCR-system for the
parameter sets P1 and P2, desired trajectories of different Gevrey classes a and different numbers N of grid elements.

sampled functions of time the following is considered

sup [(un, (t) —un,, (t)) /Ay|, Np, Npm € [1,N]. (33)
t€[0,T)

The scaling factor Ay = yr — yo is merely used to ensure comparability for different setpoint

Pre-print version of the article: T. Utz, T. Meurer, and A. Kugi, “Trajectory planning for quasilinear parabolic distributed parameter
systems based on finite-difference semi-discretizations”, International Journal of Control, vol. 83, no. 6, pp. 1093-1106, 2010. por: 10.

1080/00207171003586914
The content of this pre-print version is identical to the published paper but without the publisher’s final layout or copy editing.


http://dx.doi.org/10.1080/00207171003586914
http://dx.doi.org/10.1080/00207171003586914

AIC|IIN

transitions (in the previous example of Figure 1, Ay = 1).

In Figure 2 the logarithms of (33) are shown up to N = 18 grid elements. For P; with « = 1.8
it can be seen that uy(t) does not change any more for N > 4. The same is true for P; with
a = 2.4 and Py with o = 1.8, although in the latter case there is a larger difference between us(t)
and un(t) for N > 4, which confirms the results from Figure 1. In the case P2 with a = 2.4 it is
evident that the difference for any pair of (N,,, N,,) is increasing, which indicates the oscillations
that can be observed in Figure 1. Although the criterion cannot give definite assertions on the
behaviour for even larger N, its feasibility to estimate the quality of the control inputs is justified.

2P e =18 2P e =24
O frmem e VR R R LR EPELs PPPEEEPREERPE PRPSREES
B T T T e —— T I

1og 1 (supse(o 7y [un,, (t) — un, (£)])

t; !"
Z v
S ;
1 N, =2
B - e N,=4 |
z N, =6
=S U SRR SNSRI SONIN (= SNUURUN SO R N, =8|
s N, =10
Eoel o e N, =12|
Z N, =14
= N, =16
ioj . ARSI SRR SN SRS [ ) SRR S S
- 5 10 15

Nm

Figure 2. Numerical convergence criterion for the trajectory planning of the DCR-system.

In the following section, this numerical criterion is applied to a trajectory planning problem,
where no analytical results are available for the verification of the convergence of the determined

parametrization.

4 Example: Heat-up of a steel slab

Trajectory planning based on finite-difference semi-discretization is demonstrated for the heat-
up process of steel slabs in reheating furnaces as it is done for example in hot rolling mills
to reach a certain final temperature distribution within the slab required for the hot rolling
process, see, e.g., Wild et al. (2009). In this context, radiation represents the primary mode of
heat transfer within the furnace such that energy is exchanged between the furnace and the slab
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along the slab surface. Modeling of the temperature distribution within a slab may be reduced
to the heat equation in a spatially 1-dimensional domain (McGuinness and Taylor 2004, Wild
et al. 2009), which is defined by half the height of the slab, L = 0.145m. Then, the BCs can be
written according to (2) with g(6(¢,1),u(t)) = m (ut(t) — 0*(t,1)) where e = 0.7 denotes
the emissivity coefficient and o is the Stefan-Boltzmann constant. Due to the large temperature
range the temperature-dependence of the thermal conductivity A and of the heat capacity c,,
which undergoes large variations at around 1000 — 1100 K due to the re-crystallization of steel,
has to be taken into account. The density p = 7880.8 % can be assumed constant.

The trajectory planning problem for the slab then concerns the calculation of a wall tem-
perature u(t) such that the core temperature of the slab 6(¢,0) follows a desired trajectory
y*(t) = yo + Ay®, 7 with Ay = yr — yo, yo = 300K and yr = 1500 K, and a transition time of
T =10h.

In order to solve this trajectory planning problem with the method outlined in Section 2, the
material parameters, which are usually identified for certain temperature values and stored in
tables, see, e.g., BISRA (1953), Harste (1989), have to be approximated by sufficiently smooth
functions. Henceforth, functions of the form

A(®) = 4 (tanh <9;;’2> +1) + 7(”49; %) (tanh (9;7"6) +1) + s (34)
cp(6) = (W(tanh (0 ;4“3> +1) + @(mh (9 ;8“7> + 1)) - (35)

are used, with the parameters 1 . g, K1,... 8 chosen so as to best fit the experimental values, see
Figure 3. In Figure 4, the control inputs resulting from the trajectory planning for a desired

60 1.8

55 | 11.6
50 | 114
— E
R 11.2 7
18 >
=< 40 | 1 =
Dﬁ.

35 | 108

30 | 106

95 F——i . ' 0.4

500 1000 1500
0[K]

Figure 3. Tabulated values marked with * and ¢ and approximating functions of A(6) and pcy(6), respectively.

trajectory of Gevrey class o = 1.8 and 4.5 are depicted for different numbers N of grid elements.
Note that the maximum number N of grid elements is chosen smaller compared to the previous
example of the DCR-system in Section 3.1.3 due to the fact that evaluating the differential
recursion (14) becomes a tedious calculation because of the derivatives of the functions (34)
and (35). It has to be noted, however, that evaluating power series solutions for the trajectory
planning problem would certainly be even more difficult, since multiple Cauchy products would
have to be calculated. The simulation results of the core temperature of the slab 6x o = 0n(t,0)
are also shown in Figure 4. Thereby the simulation of the feedforward controlled system (1)—(3)
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with u(t) replaced by uy(t) is performed by using the Matlab solver pdepe on a sufficiently fine
grid and by using the tabulated values of the parameters according to Figure 3. It can be seen in

2000
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=) £ 1000
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< 1000 = 800
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200 : :
0 2 4 6 8 10
1600
(%
1400 1400
1200
1200
= 1000 -
< 1000 :
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¥ 800 600
600 400
400 200
0 2 4 6 8 10
¢ [h] t [b]

Figure 4. Control inputs upn(t) and output trajectories Ox(t,0) for the trajectory planning of the heat-up process for
desired output trajectories of different Gevrey classes o and different numbers N of grid elements.

Figure 4 that the control input up(¢) at the boundary has to changed in a fast manner in order
to maintain the desired heat-up during the re-crystallization phase. Prescribing the flat output
to slow the heat-up during the re-crystallization can significantly reduce these steep gradients,
see, e. g., Utz et al. (2007). Apart from this it can be observed for o = 1.8 that the control input
changes significantly around the re-crystallization temperature from N = 2 to 5, but no more
for N = 8. At any rate, there is no oscillation visible at the beginning or end of the trajectory.
This is in contrast to the control trajectory obtained for a desired output trajectory of Gevrey
class a = 4.5.

The numerical criterion evaluated for the considered trajectory planning problem is given for
different values of a in Figure ?7?7. For v = 1.8 the criterion confirms the simulation result, and
it also indicates a convergent behaviour for « = 2 and a = 2.5. In the case o = 4.5, the onset
of oscillations can be determined. However, this becomes evident only for N > 6, illustrating
the already mentioned problem that the presented test cannot be seen as a formal proof of
convergence as divergent behaviour may only appear if the control input uy(t) is calculated for
larger numbers N of grid elements.
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5 Conclusions

This contribution presents an approach to the solution of the trajectory planning problem
for infinite-dimensional systems governed by parabolic PDEs based on finite-difference semi-
discretizations. In the case of quasi-linear systems with parameters being polynomials in the
state the resulting control input is shown to be equivalent to a power series solution of the tra-
jectory planning problem for vanishing discretization step size. In some special cases it can be
shown that the power series converges under certain conditions on the system parameters and
the trajectory.

The presented method can easily be applied to quasi-linear problems involving parameters
depending on the state and nonlinear boundary conditions, where analytical convergence results
are not available. Therefore, a numerical test criterion for the convergence behaviour is suggested
by exploiting the analogy to examples where analytical results are known. The feasibility of the
presented method is demonstrated by means of the practical example of a heat-up trajectory
planning problem for steel slabs.
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Appendix A: Proof of Theorem 3.2

The proof of Theorem 3.2 is based on induction to show that the coefficients a,(t) of the power
series (18) with coefficients defined by (24) and (25) satisfy

Me (n+1—2)1°

7 i , n+l>2
sup la®(t)| < vt ' (A1)
te _—, otherwise

Rl

with € a positive constant depending on the parameters M and R = 22*R and the system
parameters. Using the theorem of Cauchy-Hadamard a relation between e and the radius of

convergence ¢ = (lim sup /an) ! of the power series Yoy anx™ can be established according to
n—roo

1 Ment2
— = limsup "%/|an+2| < limsup "% ( €. (A2)
n—oo

0 nooo nt+2)0n+1)

Hence, the condition € < 1 yields a radius of convergence of at least 1, which is sufficient in the
considered set-up.
First, let us recall the equation defining the power series coefficients (24) with the paramet-
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ers (26)

%H@w:mﬁéﬁg+nmmw»+m§j%iumw>

n—1 (A3)
—q(n+1)) (n+1-danii-i(Bair1(t) + v[po(n + Dags1(t)
i=1
+m§:m+1—ﬂ%ﬂi@MMﬂ—rwﬁﬂ—nE:%¢QMﬁO.
=0 =0

Since ap(t) = y(t), Lemma A.1, given at the end of this appendix, implies that (A1) is true for
a(()l) (t). For a;(t) = 0 it is generally true, and for a,(t), n > 0, the inequality condition (A1) will
be shown by induction. The time derivative of a,42(t) can be easily deduced using the Leibniz
formula and can be bounded as follows

(=r)y . (r+1) n (I—r) r
2: 180l Y] 3 ! 18; S )l 1l
< ) \
n+2| | 0| < ) ’I’L + 2 TL + 1 + |p1 r n T 2 n + 1) s s |an—z ||az |

=0 r=0
l T
n—l—l l l-r r r—s s
+m2 S5 ()3 () e
r=0 s=0
ey () T)'la“) ol 3 G > () () il
0 s r n+1 1 g (n+2)(n+1) g n+171 [
l (I—r) n 1 (I—r) r
! |81 | (r ! 181 | T\, (r— 9) (s)
+WMQWMWHW+W§§rnHWW§S a7

(A4)

In order to be able to express (A4) in the form of (A1) several cases have to be distinguished.
For this, observe that (A4) simplifies significantly for n = 0 and n = 1. Hence, using (Al) and
a1 (t) = 0 it follows that

l

2 a @
0 I\ (L= r)1e(r +1)!
a1 < |p0|2Rl+1 2_:0 <r> 220(1+1)
M3 [ (1 —r)! e
+|p1|2]5J+1 z_;) , 22a(l+1) Z (r—s+1)1%!
M2 [ (1) (1 =)o M3 [ (=)o I~ [
= - — _ |xgla A
+|T0\2Rl ;(7) 22al +|r 1|2Rl ;(r) 92al ;}(:)(r s)%s , (Ab)
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for n > 2. Keeping in mind the bound (A1), it is essential for the proof that all expressions
in square brackets in (A5)—(A7) multiplied by (n + 2)!*/(n 4 [)!* with n that applies to equa-
tion (A5), (A6) and (A7), respectively, can be bounded for 1 < a < 2 by an expression inde-
pendent of [ and n. It can be shown that all these expressions are monotonically decreasing in [
for a > 1 and monotonically decreasing in n for o < 2. Thus, all expressions in Equations (A5)
and (A6) can be bounded by evaluating them at [ = 0 and o = 1, and the expressions in Equa-
tion (A7) consisting of a single sum can be bounded by evaluating them at [ = 0, o = 2 and
n = 2. In the cases where the expression in square brackets consists of multiple sums, it has
to be considered that some of these sums only yield non-zero values for n > 3 or n > 4 and
are monotonically decreasing thereafter. Consequently, these expressions can be bounded by the
maximum value resulting from an evaluation at [ = 0, & = 2 and n € [2,3,4]. Applying these
bounds and rearranging the inequalities yields

o)< Mo [ (Bl + e+ Ml + 320 )| (A8)
70
) < DI (vt + a2 (A9)
T30

|a(l) < M6~n+2 (n+ )~
n+21 —= Rl (n+2)la

L [Blastarze + (vl + im0 ) e il + S 5 + il + ol
=Ts(e)
(A10)
Obviously, the relations
Ti(e) =1, Ta(e) =1 and Tz(e) = 1 (A11)

determine conditions under which (A1) is satisfied for n = 0, n = 1 and n > 2, respectively.
These conditions can be obtained by solving the equations (A11) and stipulating 0 < e <1 as
mentioned at the beginning of the proof.

It turns out that the conditions determined by T5(e) are the most restrictive ones in the sense
that the admissible ranges of the coefficients are subsets of those determined by T (€) and T(€).
By reformulating 73 = 1 as a quadratic equation ae? + be + ¢ = 0 with

9
:§|Q1|M2—17 0<b—V\p0|M+ \]91|M2
(A12)

1445,  M?

and O<c:3|p0|§ 384 —|p1|—= 7 + 3[ro|M + 6[ry|M?

this equation only has a solution ¢ € T if a < 0 leading to condition (28a). The only possible
solution takes the form
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This inequality is satisfied if —2a — b > 0, i.e. condition (28b), and a + b+ ¢ < 0, i.e. condi-
tion (28c), which concludes the proof.

The following lemmas are utilized at several occasions in the proof of Theorem 3.2 and are
given here without proof.

Lemma A.1: (Lynch and Rudolph 2002) If y : RIS is Gevrey of order o then for
0<k<lI

M
sup |y(1)] <

sw Ty =P (A13)

Lemma A.2: (Gevrey 1918)

Z%S(ZM) ;o oa>1, Ly >0 (A14)
k k

Lemma A.3: (Petkovsek et al. 1996)

G+ +n+ 1) O (n
k=0

(740 k)(j-l—k)!(i—i—n—k)!, i,7,m >0 (A15)
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