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The paper presents a concept for the sparse measurement and reconstruction of highly divergent wavefronts
enabling measurements at high throughputs and beyond the dynamic range of the wavefront sensor. In
the proposed concept, a direct measurement of the wavefront is carried out, where a few segments of
the wavefront are measured with Shack-Hartmann sensors (SHSs). In total about 1 % of the wavefront
is measured and used for the reconstruction of the entire wavefront which makes the concept suitable
for applications where low measurement times are needed. A simulation analysis and an experimental
validation of the concept are carried out and results show that a wavefront with a divergence of 62◦ can be
reconstructed with a root-mean-square error of about 200 nm.
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1. INTRODUCTION

The Shack-Hartmann sensor (SHS) is frequently used in
adaptive optics [1, 2] and for the assessment of optical systems
[3], owing to its compactness, insensitivity to vibrations, and
reference-free measurement once the sensor is calibrated, e.g.
with a plane wavefront [4, 5]. Highly divergent wavefronts
cannot be measured directly with a single SHS, as they typically
exceed the dynamic range of the sensor [6]. Supporting optics,
such as null optics, may be used to transform the wavefront
into a wavefront within the dynamic range. One drawback of
supporting optics is that they may introduce additional errors
in the measurement [6]. In [7–9] a concept is proposed, enabling
the measurement of a highly divergent wavefront without
supporting optics. In particular, the sensor is mounted on a
positioning system that moves the sensor to perform partially
overlapping measurements of the wavefront. The registration
of the measurements by minimizing the overlap mismatch
leads to the reconstruction of the entire wavefront [10–14]. The
registration can be carried out at a time scale of sub-seconds
but the large number of measurements (>100) required to cover
the entire wavefront leads to measurement times at the scale
of minutes making the concept unsuitable for time-critical
applications, such as inline metrology.

The contribution of this paper is a concept for the sparse

measurement and reconstruction of highly divergent wave-
fronts based on a modal approach. Inspired by a concept for
the fast acquisition of plane wavefronts with large diameters
[15], a small fraction of the wavefront is directly measured
using several SHSs. Section 2 introduces the concept. Section
3 presents a simulation analysis of the concept and Section 4
presents an experimental validation of the concept. Section 5
concludes the paper.

2. CONCEPT

A. Wavefront measurement
A sparse measurement of the divergent wavefront is carried
out where only few segments of the wavefront are measured
using SHSs. Each sensor has a specific position measuring a
specific segment of the wavefront, i.e. a wavefront segment, as
illustrated in Fig. 1a. Owing to the sparsity of the measurement,
there are no overlaps between the sensors enabling a parallel
acquisition of the measurements.
An experimental setup with 5 SHSs is illustrated in Fig. 1b,
where about 1 % of the total wavefront is measured. The wave-
front with a divergence of 62◦ originates from an optical fiber
and is measured at a radius of 90 mm. The aperture of each sen-
sor is approximately orthogonal to the direction of propagation
of the incident wavefront to enable a measurement within the
dynamic range of the sensor. By propagating through a micro-
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scope slide, the wavefront is distorted, i.e. deviated from the
spherical wavefront. The distortions are described by a linear
combination of Zernike polynomials (ZP) with unknown coef-
ficients [16]. Estimating the coefficients from the measurement
data results in modal reconstruction of the wavefront.
In Section 4 details and results of the experimental setup are
discussed.

B. Wavefront reconstruction
The used parameterization (θ1, θ2) of the wavefront in the global
frame (FG) is given by

w =




w1 = r̃ sin(θ1) cos(θ2)

w2 = r̃ sin(θ1) sin(θ2)

w3 = −r̃ cos(θ1)


 .

with r̃ = r0 +
N

∑
n=1

cn Zn(θ1, θ2),

(1)

where θ1 ∈ [0, θdiv], θ2 ∈ [0, 2π] and w is the respective point
belonging to the wavefront (see Fig. 2). The radius and the
divergence of the nominal sphere of the wavefront are denoted
by r0 and 2 θdiv, respectively. The deviations of the wavefront
from the nominal sphere are described by a linear combination
of Zernike polynomials (Zn) [16] with unknown coefficients (cn).
The substitution of the first common argument of the Zernike
polynomials, i.e. the radial distance in the x1, x2-plane, by θ1
relates the polynomials to the sphere enabling better exploitation
of the relationship between Zernike polynomials and wavefront
aberrations.
The position and alignment of a sensor u = 1..U is defined by

two parameters, i.e. θu1 and θu2, and the transformation of w
from FG into the local coordinate system of the sensor, i.e. FSu,
is given by

w{u} = Rx2 (θu1) Rx3 (−θu2)w + (0, 0, r0)
T , (2)

with Rx2 and Rx3 being the rotation matrices about the x1- and
x2-axis [17], respectively (see Fig. 2). The upper index in curly
brackets ({u}) indicates the representation in FSu. The origin of
FSu is at the center of the sensor aperture and the lenslet array of
the sensor coincides with the x1, x2-plane of FSu. With Eq. 2 the
lenslet array is tangent to the nominal sphere of the wavefront
touching it at the center of the aperture.
The linearity of Eq 2 enables the following compact expression
of w{u} after inserting Eq. 1 into Eq 2

w{u} =




r̃ fu1(θ1, θ2)

r̃ fu2(θ1, θ2)

r̃ fu3(θ1, θ2)


 ≈




r0 fu1(θ1, θ2)

r0 fu2(θ1, θ2)

r̃ fu3(θ1, θ2)


 . (3)

The functions fui (i = 1..3) are defined by θu1, θu2 and r0. The
Zernike coefficents (cn) are only contained by r̃. In the third
expression of Eq. 3, the first two coordinates get independent of
the Zernike coefficients by replacing r̃ by r0. This approximation
is valid if the divergence of the wavefront segment covered by
the sensor is at a scale of a few degrees.
At the lenslet array, the gradient of the wavefront is measured at
the points where the wavefront hits the centers of the lenslets.
The parameters of the point of the wavefront that is measured
at lenslet l (l = 1..L) of sensor u are denoted by θul = (θ1 =
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Fig. 1. (a) Measurement concept. Segments of the divergent
wavefront are measured with a few SHSs. The SHS measure-
ments can be carried out in parallel. (b) Experimental setup
with five SHSs. The wavefront (divergence = 62◦) originates
from an optical fiber and propagates through a microscope
slide to generate distortions in the wavefront.
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Fig. 2. Distorted wavefront parameterized θ1 ∈ [0, θdiv] and
θ2 ∈ [0, 2π]. The point of the distorted wavefront in FG cor-
responding to θ1 and θ2 is denoted by w. The radius of the
nominal sphere of the wavefront is denoted by r0.

FG

xulFSu

θul

nominal
sphere

lenslet

distorted
wavefront

Fig. 3. The point of the wavefront with parameters θul is mea-
sured at lenslet position xul . Neglecting the wavefront distor-
tions leads to the computation of θul via the nominal sphere
(see Eq. 4).

θul1, θ2 = θul2) as illustrated in Fig. 3. The wavefront distortions
are neglected and only the nominal sphere of the wavefront is
considered for the computation of θul . The parameters are then
determined by

θul1 = arccos(− xul3
r0

),

θul2 = atan2(xul2, xul1),
(4)

where xul = (xul1, xul2, xul3)
T are the coordinates of the lenslet

position in FG. With Eq. 3 and the expression for r̃ (see Eq. 1)
the two components (k = 1, 2) of the gradient of the wavefront
measured at lenslet position xul are then given by

∂ w{u}
3

∂ w{u}
k

∣∣∣
θul

=
2

∑
m=1

j̃km(θul)
∂ (r̃ fu3)

∂ θm

∣∣∣
θul

=
2

∑
m=1

r0 j̃km(θul)
∂ fu3
∂ θm

∣∣∣
θul

+
N

∑
n=1

cn

2

∑
m=1

j̃km(θul)
[

Zn(θul)
∂ fu3
∂ θm

∣∣∣
θul

+ fu3(θul)
∂ Zn

∂ θm

∣∣∣
θul

]

= Sulk +
N

∑
n=1

cn Z̃nulk ,

(5)

with j̃km being an element of the transpose inverse Jacobian
matrix, i.e.

J−1 T =


 j̃11 j̃12

j̃21 j̃22


 , (6)

where the expression for the Jacobian matrix is given by

J =




∂ fu1
∂ θ1

∂ fu1
∂ θ2

∂ fu2
∂ θ1

∂ fu2
∂ θ2


 . (7)

The individual sums over m (= 1, 2) in the third expression
of Eq. 5 are denoted by Sulk and Z̃nulk (n = 1..N), where Sulk
corresponds to the contribution of the nominal sphere and Z̃nulk
to the contribution of the n-th Zernike polynomial describing a
specific wavefront distortion.
The measured values for the two gradient components at lenslet
position xul are given by

gulk =
∂ w{u}

3

∂ w{u}
k

∣∣∣
θul

+ εrest
ulk + ηulk with k = 1, 2 , (8)

where ηulk is the error in the measurement of the nominal sphere
caused by sensor misalignment, i.e. a deviation of the sensor
from its nominal position and alignment, and εrest

ulk is the rest
of the total measurement error including noise and the rest of
the error caused by sensor misalignment related to the devia-
tion of the wavefront from the nominal sphere. ηulk may be at
a significantly larger scale than εrest

ulk , especially in the case of
pitch and yaw of the sensor, and may result in large estimation
errors. Measuring a spherical wavefront with the same origin as
the distorted wavefront enables the measurement of the nomi-
nal sphere of the distorted wavefront leading to the following
measured values at lenslet position xul

g̃ulk = Sulk + ε̃rest
ulk + ηulk with k = 1, 2 , (9)
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with ε̃rest
ulk being the measurement error not caused by sensor

misalignment, such as noise. The difference between Eq. 8 and
Eq. 9 is independent of ηulk and with Eq. 5 given by

gulk − g̃ulk =
N

∑
n=1

cn Z̃nulk + εrest
ulk − ε̃rest

ulk . (10)

The Zernike coefficients are then estimated with the least squares
method [18] where the following expression is minimized:

min
c1..cN

∑
u,l,k

(
gulk − g̃ulk −

N

∑
n=1

cn Z̃nulk
)2. (11)

Transforming Eq. 11 into a matrix equation, i.e. the normal
equations [19], gives

QT Q A = QT G, (12)

where Q ∈ R(2UL)×N , A ∈ RN and G ∈ R2UL with the follow-
ing explicit expressions:

Q =




Z̃1111 . . Z̃N111

Z̃1112 . . Z̃N112
...

...

Z̃1UL1 . . Z̃NUL1

Z̃1UL2 . . Z̃NUL2




, (13)

A =




c1
...

cN


 and G =




g111 − g̃111

g112 − g̃112
...

gUL1 − g̃UL1

gUL2 − g̃UL2




. (14)

3. SIMULATION ANALYSIS

The influence of the number of sensors, sensor misalignment,
and measurement noise on the reconstruction of the wavefront
is analyzed. Each of the subsequent sections is dedicated to
the influence of one quantity. The quantities not analyzed in
a section are equal to the corresponding values in Section A
(reference settings).

A. Simulation settings
In-house software based on Matlab (The MathWorks Inc., Nat-
ick, MA, USA) in combination with OpticStudio (Zemax LLC,
Kirkland, WA, USA) is used to simulate the measurement of
a wavefront with a set of SHSs. Sensor misalignment as well
as measurement noise are considered in the simulation. All
simulated sensors are of the same model with a lenslet array con-
sisting of 52 × 52 lenslets (in total 2704). Each lenslet has a pitch
of 75 × 75 µm2 resulting in a side length of the sensor aperture
of 3.9 mm. A wavefront with a divergence of 62◦ is simulated
(see Fig. 4), where the radius of the respective nominal sphere is
90 mm. The distortion of the wavefront has a peak-to-valley (PV)
of 13.6 µm and contains the first 15 Zernike polynomials. The
measurement of the distorted wavefront (see Eq. 8) and the mea-
surement of a spherical wavefront (see Eq. 9) are simulated. The
latter one is used to reduce the influence of sensor misalignment

(see Eq. 10) which is possible if the distorted and the spherical
wavefront have the same origin. The Zernike coefficients are
then estimated from the measurement data using Eq. 12, where
the Zernike polynomials of the first 4 orders are considered.

Fig. 4. Simulated distorted wavefront with a divergence of
62◦ and a nominal radius of 90 mm. The deviation of the wave-
front from the sphere is described by a linear combination of
the first 15 Zernike polynomials with a PV of 13.6 µm. The red
squares correspond to the apertures of the sensors measuring
segments of the wavefront.

After the estimation of the coefficients, i.e. the reconstruction of
the wavefront, the difference between the reconstructed wave-
front and the true wavefront is determined which corresponds
to the reconstruction error. To compensate for misalignment and
phase difference between the wavefronts, the true wavefront is
fitted into the reconstructed wavefront [13] before calculating
the difference.
In this section, 5 sensors are simulated with the following pairs
of parameters defining their positions:

(θ1, θ2) [
◦] = (0, 0), (28, 0), (28, 90), (28, 180), (28, 270). (15)

The positions in cartesian coordinates (FG) are given by



r0 sin(θ1) cos(θ2)

r0 sin(θ1) sin(θ2)

−r0 cos(θ1)


 with r0 = 90 mm. (16)

The sensor apertures are illustrated with red squares in Fig. 4
and Fig. 5a. The SHSs are aligned in a way that their lenslet
arrays are tangent to the nominal sphere of the wavefront. To
simulate the expected misalignment, each sensor deviates from
its nominal position and alignment [20]. The deviation from the
nominal position, i.e. translational misalignment, has a standard
deviation (σ) of 100 µm with respect to each of the three spatial
dimensions. Roll, pitch, and yaw of the sensor lead to a deviation
from its nominal alignment, i.e. rotational misalignment, and
are each simulated with a σ equal to 100 mrad. Measurement
noise is simulated with σ = 30 µrad (angle of slope) [21]. The
sensors in total measure about 1% of the wavefront, enabling
the reconstruction of the wavefront (see Eq. 12) with a root mean
square (RMS) value of the reconstruction error of 75 nm. The
reconstruction error is illustrated in Fig. 5b.
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(a)

(b)

Fig. 5. (a) Sensor arrangement of the reference settings (red
squares correspond to sensor apertures). (b) Reconstruction
error (RMS = 75 nm) defined as the difference between the
reconstructed wavefront and the true wavefront.

B. Influence of sensor number

Simulations with different numbers of sensors, i.e. 3, 4, 5, 9, 13,
and 17, are carried out and the respective reconstruction error
is shown in Fig. 6b. As the sensor arrangement also influences
the reconstruction performance, a sensor arrangement for any
number of sensors contains all sensor arrangements with lower
numbers of sensors as illustrated in Fig. 6a. This enables a fair
assessment of the dependence of the reconstruction error on the
sensor number. A measurement with less than 4 sensors leads to
large reconstruction errors beyond 500 nm. The more sensors the
better the reconstruction, as the influence of measurement errors
on the estimation of the Zernike coefficients decreases. With 4
sensors a reconstruction error of around 100 nm is attained, while
5 sensors result in a reconstruction error of 75 nm. For a sensor
number between 5 and 13, the decrease of the reconstruction
error per sensor is 7 nm on average.
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Fig. 6. (a) Sensor arrangement. Red squares correspond to sen-
sor apertures. A sensor aperture is included in each number
of sensors greater or equal to the value next to the aperture.
(b) Dependence of the RMS reconstruction error (logarithmic
scale) on the number of SHSs.

C. Influence of sensor misalignment

Misalignment of the sensors is expected due to inevitable un-
certainties during manufacturing and assembly. The misalign-
ment results in a measurement error (see Eq. 8) leading to re-
construction errors. As discussed in Section A misalignment
is divided into translational and rotational misalignment. Fig-
ure 7 illustrates the RMS reconstruction error vs. the standard
deviation (σ) of translational misalignment of the sensors. To
show the influence of rotational misalignment, two curves are
illustrated for different standard deviations of rotational mis-
alignment, i.e. σ = 1 mrad, and σ = 10 mrad. The values that
define the simulated misalignment of a sensor are drawn from a
zero-mean Gaussian distribution with the considered σ. Results
show an average increase of the RMS reconstruction error by
1.3 nm if σ increases by 10 µm. The reconstruction performance
hardly decreases when the rotational misalignment is increased
to σ = 10 mrad. This indicates that the influence of rotational
misalignment is well reduced by subtracting the measurement
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of the spherical wavefront (see Eq. 10). In the reference settings,
introduced in Section A, the origins of the distorted and the
spherical wavefront coincide. However, a deviation of the origin
of the spherical wavefront from the origin of the distorted wave-
front may occur, as different optical systems are used to generate
the wavefronts. The dependence of the RMS reconstruction
error on a displacement of the spherical wavefront along the
direction vector (1, 1, 1)T/

√
3 is depicted in Fig. 8. The displace-

ment is with respect to the origin of the distorted wavefront.
The reconstruction error increases with the displacement as the
calibration of the sensor misalignment with the measurement
of the spherical wavefront degrades. An average decrease of
the reconstruction error of 2.7 nm per 10 µm displacement of the
spherical wavefront is observed.
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 rotational misalignment = 1mrad
 rotational misalignment = 10mrad

Fig. 7. Dependence of the RMS reconstruction error on σ of
translational misalignment of the SHSs. One curve relates to a
specific σ of rotational misalignment (i.e. 1 or 10 mrad).
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Fig. 8. Dependence of the RMS reconstruction error on the dis-
placement of the spherical wavefront used for the calibration
of sensor misalignment. The direction vector of the displace-
ment is given by (1, 1, 1)T/

√
3.

D. Influence of noise

Noise arising from background light, readout, or dark currents
[22] is simulated by adding an error to the measurement of the
gradient components (see Eq. 8). In particular, each component
gets an individual error drawn from a zero-mean Gaussian distri-
bution. Fig. 9 shows the dependence of the RMS reconstruction
error on the standard deviation of noise. For a noise-free mea-
surement (σ = 0) the reconstruction error reaches a minimum
with an RMS value of 46 nm. The RMS reconstruction error in-
creases linearly with the noise where an increase of 11.5 nm is
observed if σ of noise is increased by 10 µrad.
Additionally, the measurement and reconstruction of a divergent
wavefront (divergence = 62◦, nominal radius = 90 mm) with a
PV of 2 µm consisting of the first 15 ZP with equal coefficients
(200 nm) is simulated. In Fig. 10 the estimation error of the co-
efficients of oblique astigmatism and of vertical astigmatism is
shown in dependence of noise. The larger the gradient values of
a mode at the measurement locations, the better the estimation
quality of the respective coefficient, due to the higher signal-
to-noise ratio (SNR). With the sensor arrangement of Fig. 5a
both oblique astigmatism and vertical astigmatism provide sets
of measurement data with the same SNR. Nevertheless, the
coefficient error of vertical astigmatism increases significantly
stronger with noise than the one of oblique astigmatism. This
shows that the estimation of the coefficients is also influenced by
the other modes that are assumed for the wavefront distortion.
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Fig. 9. Dependence of the RMS reconstruction error on σ of
measurement noise.

4. EXPERIMENTAL VALIDATION OF THE CONCEPT

A spherical wavefront is generated with an optical fiber (NA
= 0.5, Thorlabs Inc., Newton, NY, USA). The wavefront propa-
gates through a microscope slide (1 mm) where it gets distorted.
The corresponding setup is illustrated in Fig. 1b. The distorted
wavefront with a divergence of 62◦ is measured with 5 commer-
cial SHSs (AR3, Optocraft, Erlangen, Germany) at a radius of
90 mm. The sensors are mounted on an aluminum frame (see
Fig. 1b) and are arranged equally to the arrangement illustrated
in Fig. 5a. The sensors each have a detection area of 4.9× 3.7 mm2

consisting of a lenslet array with 65 × 49 lenslets (3185 in total)
with a lens-pitch of 75 × 75 µm2.
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Fig. 10. Dependence of coefficient errors of oblique and ver-
tical astigmatism on σ of measurement noise. For the sensor
arrangement (Fig. 5a) both ZP lead to measured gradient val-
ues at the same scale indicating that the other ZP influences
the estimation quality of the coefficients.

For the calibration of the sensor misalignment, a spherical wave-
front with the same origin as the distorted wavefront is mea-
sured (see Eq. 9). The spherical wavefront is obtained by remov-
ing the microscope slide. After inserting the microscope slide,
the distorted wavefront is measured and reconstructed using
Eq. 12. For the reconstruction, all Zernike polynomials up to the
4th order are used and the reconstructed wavefront is shown
in Fig. 11b. The reconstruction of the wavefront without the
calibration of the sensor misalignment is carried out as well and
shown in Fig. 11a. For this, G in Eq. 12 is replaced by G′ given
by

G′ =




g111 − S111

g112 − S112
...

gUL1 − SUL1

gUL2 − SUL2




. (17)

Each sensor needs a measurement time of about 40 ms where
60 ms are additionally needed for the reconstruction of the
wavefront on a personal computer (2.6 GHz).
Eight segments, i.e. the black rectangles in Fig. 11a and Fig. 11b,
are additionally measured at other locations on the distorted
wavefront of the same phase. To position the sensors to the
new locations, the wavefront is rotated about the x2-axis
(see Fig. 2) by ±10◦ while keeping the aluminum frame with
the sensors fixed. The rotation of the wavefront is obtained
by rotating the microscope slide with the rotary stage (see
Fig. 1b). The segments are not used for the reconstruction of
the distorted wavefront but are individually reconstructed
with a state-of-the-art reconstruction algorithm [23]. Due to
the dense gradient measurement of an SHS, the segments can
be reconstructed with high accuracy where a reconstruction
error with an RMS value of a few nanometers is attained.
The segments are then fitted into the reconstructed distorted
wavefront at the locations where they have been measured. The

difference between the segments and the distorted wavefront
is an indicator of the reconstruction quality. Omitting the
calibration of the sensor misalignment leads to an insufficient
reconstruction of the wavefront with an RMS value of the
difference of 11 µm. A high-quality reconstruction is obtained
with the calibration of the sensor misalignment where an RMS
value of the differences of 11 nm is attained. The results show
the importance of the calibration of the sensor misalignment
and that a sufficient calibration can be obtained with the
measurement of a spherical wavefront.
To obtain an estimate of the true wavefront, the setup (with
the microscope slide) for generating the wavefront (Fig. 1b)
is simulated and the wavefront is determined via raytracing.
Subtracting the nominal sphere from the simulated and the
reconstructed wavefront leads to the simulated and measured
wavefront distortion, respectively, depicted in Fig. 12. As
expected, the distortion is similar to the spherical aberration
[16]. The RMS difference between the simulated and the
reconstructed wavefront is 200 nm which is an estimate for the
true RMS reconstruction error. However, the true reconstruction
error may be smaller, as in the simulation the nominal dimen-
sions and material properties of the setup are considered which
may deviate from the actual dimensions and material properties.

In summary, the successful reconstruction of a highly di-
vergent wavefront (62◦) from sparse SHS measurements
is demonstrated. Results show that the wavefront can be
reconstructed with a reconstruction error at the scale of 75 nm
from a measurement of 1 % of the wavefront.

5. CONCLUSIONS

This contribution presents a concept for the sparse measurement
and reconstruction of a highly divergent wavefront. The concept
enables a direct measurement of the wavefront meaning that
no supporting optics are needed for reshaping the wavefront
before the measurement. A measurement system using SHSs
is proposed and the mathematics enabling a successful recon-
struction of the wavefront are discussed. For the evaluation of
the concept with respect to measurement errors, caused by sen-
sor misalignment and noise, a simulation analysis is presented.
Results show that a measurement of 1 % of a wavefront with a
divergence of 62◦ can be sufficient for a successful reconstruc-
tion of the wavefront with an error at the scale of 75 nm. The
concept is experimentally validated with a measurement system
consisting of 5 SHSs showing a reconstruction error of 200 nm.
The sparse measurement results in low measurement times mak-
ing the concept suitable for the inline measurement of optical
systems.
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