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1 Nonlinear Systems

The analysis and design methods for controlling linear systems are by far the most
advanced. This is due to the superposition principle, which significantly simplifies the
mathematical treatment of this class of dynamical systems. However, physical laws often
contain significant nonlinearities. When these can no longer be neglected, one must resort
to the methods of nonlinear control engineering.

Due to the superposition principle, local and global properties coincide in linear systems.
This is no longer the case for nonlinear dynamical systems. If one restricts oneself to local
properties in nonlinear systems, often linear methods can still be used by linearizing the
system equations. However, if one is interested in global properties, the full nonlinear
mathematical model must be examined.

A large class of nonlinear dynamical systems can be described by mathematical models
of first-order nonlinear differential equations. For these models, there is no simple tool
available for input-output description as in the case of Laplace transformation in linear
systems. Therefore, the analysis of such systems is preferably done in state space.

1.1 Linear and Nonlinear Systems

The relationship
x = Ax (1.1)

describes a linear, time-invariant, autonomous system of n-th order with lumped parame-
ters. Besides the superposition principle, the system can be characterized by additional
properties.

The equilibrium points xg of (1.1) are solutions to the linear system of equations

0= AXR . (12)

In the case where det(A) # 0, the system has exactly one equilibrium point, namely
xpr = 0; otherwise, it has infinitely many equilibrium points.

Ezercise 1.1. Provide a second-order system (1.1) with infinitely many equilibrium
points.

With the transition matrix

t2 tr
<I>(t):eAt:E+At+A2§+...+A”—'+... (1.3)
n!
the solution of the initial value problem is
x(t) = ®(t)xo . (1.4)
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1.2 Satellite Control Page 2

It is easy to see that x(¢) satisfies the inequality
are” " < ||x(t)]| < age®?! (1.5)

with real numbers aj, az, a1, a2 > 0. That is, a trajectory x(¢) of the system (1.1) cannot
converge to the equilibrium xr = 0 in finite time nor grow beyond all bounds in finite time.

These properties do not necessarily hold for a nonlinear, autonomous system of n-th
order

x =f(x) . (1.6)
The equilibrium points of this system are now solutions to the nonlinear system of equations
0 =f(xpg) . (1.7)

No general statement can be made about the solution set Xp of (1.7). Thus, Xr can
consist of exactly one element, a finite number of elements, or an infinite number of
elements.

Ezercise 1.2. Provide a first-order system (1.6) with exactly three equilibrium points.

Nonlinear systems can also converge to the equilibrium state in finite time. Consider
the equation

&= —\/x, x9 >0 . (1.8)
For the solution of the above system, we have
Vo —1)?  for 0<t<2/m
ety = | (VFOm2)T for 0SS (1.9)
0 otherwise .

The solution of a nonlinear system can also grow beyond bounds in finite time. For
example, consider the system

i=1+2%  20=0 (1.10)

with the solution given by

o(t) = tan(t), 0<t< g . (1.11)

There is no solution for ¢ > 7.

1.2 Satellite Control

Figure 1.1 shows a communication satellite. If the satellite is considered as a rigid body,
its rotational motion can be described by the relationship

Ow = —-w x (Ow) + M (1.12)
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1.2 Satellite Control Page 3

with

W= |wsy] , (1.13a)

© =012 O O3], (1.13b)

M= |M, (1.13¢)

body-fixed frame

inertial frame

Figure 1.1: Rotational motion of a satellite.

Here, w denotes the vector of angular velocities, ® the inertia matrix, and M the vector
of torques. The quantities w, ®, and M are referred to the satellite-fixed coordinate
frame (Oc, x1, w2, x3) at the center of mass O¢. If the coordinate frame (O¢, 1, 2, x3)
is aligned with the principal axes of inertia of the satellite, we have

©1 0 0
=0 ©5 0], (1.14)
0 0 O
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1.3 Ball on Beam Page 4

which simplifies the above system to

O11wy = —(@33 — @22)002003 + M, (1.15&)
Ogowy = —(@11 — @33)&)1&)3 + My (1.15b)
O33w3 = —(O22 — O11)wiws + M3 (1.15¢)

Ezercise 1.3. How many fundamentally different equilibrium states can you specify
for the satellite (1.15) when M = 07

1.3 Ball on Beam

A ball with mass mg rolls on a pivot-mounted beam (see Figure 1.2). The setup is

reference

P2
A reference

x1

Y

Figure 1.2: Beam with rolling ball.

influenced by applying a moment M at the pivot point of the beam. The geometric
relationships hold as follows:

x1 = rcos(p1) — rosin(er) (1.16a)
x9 = rsin(ypi) + 7o cos(¢1) (1.16b)

and
r= —Togbg . (117)

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
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1.3 Ball on Beam Page 5

Neglecting friction forces, the Lagrangian is given by

L(Qoh ©P1,T, 7’) = imK (1’%(@1, Y1, T, T) + .’E%(Wl, ®1, 7, T))

translational kinetic energy

X (1.18)
+ 3 <@B¢% + Ok (o1 + 90'2)2) —mggr2(p1,T)

rotational kinetic energy potential energy

with the mass of the ball mg, the moment of inertia of the beam ©p, the moment of
inertia of the ball O = %m k72, and the acceleration due to gravity g.

Ezercise 1.4. Show that for the moment of inertia of a homogeneous ball with radius

ro, the following holds:
2

O = - 2
K 5mK To
Using the generalized coordinates r(t) and ¢1(t), the Euler-Lagrange equations yield

the system’s equations of motion in the form

d/o A o

dt<a7-aL(801790177'77ﬂ)> - EL(%,SOMT’ 7)=0 (1.19a)
d/ 0 0
— [ —= ; ; - ’ ) = . 1.1
dt(&pl L(§017§017r7 T)) 8@1 L(QOl,QOl,'I”, T) M ( gb)

To simplify the results, it is assumed that the ball is a point mass, so rg = 0 and O = 0.
Thus, the Lagrangian simplifies to

N R T T .
L1, 1,7, 7) = §mw2 + imxr%? + 563% — mcgrsin(pr) (1.20)

and the mathematical model becomes

d2 1

ET A m(M — 2mgri$r — gmir cos(p1)) (1.21a)
d? : :
I’ = el - gsin(pn) - (1.21D)

The equilibrium positions of this system are given by

¢1,R =10 (1.22a)
Mp = gmgrg (1.22b)
rr arbitrary. (1.22¢)

Exercise 1.5. Replace the rolling ball in Figure 1.2 with a frictionless sliding cube of
mass mg and edge length [. Provide the Lagrangian function and the equations of
motion for this model.

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
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1.3 Ball on Beam Page 6

Ezercise 1.6. Figure 1.3 shows a crane with a pivot arm. Determine the equations of
motion using Lagrangian mechanics. Introduce the generalized coordinates as the
angles 1 and 9. The input variables are the two moments M; and M.

l -
P2 29 -
! - Y2
"\ - rod 2
i &
- Z1 M2 1)
rod 1 ; n e
\\\ |
\ 3 | \

|
\_‘/Ml
|
Figure 1.3: Crane with pivot arm.

Ezxercise 1.7. In Figure 1.4, a simple manipulator consisting of five beam elements
is depicted. It is a system with two degrees of freedom, where the quantities ¢
and g9 are introduced as generalized coordinates. This manipulator has the special
property that the system of differential equations decouples when a simple geometric
relationship is satisfied. That is, ¢; or ¢o is only influenced by My or Ms. This is
particularly convenient for controller design. Such examples are typical mechatronic
tasks, as in this case the construction is carried out in such a way that the control
task is subsequently simplified. However, knowledge of the mathematical model is
required to accomplish this. Manipulators of this type were built, among others, by
the company Hitachi under the model designation HPR10II.

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
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AW:\
lc4
A
y A
lc3 A 1
g2, M3
L (: ZCI <
RM 1
\\
\ »
la x

lcQ

Figure 1.4: Closed kinematic chain.

1.4 Positioning with Static Friction

Figure 1.5 shows a mass m sliding on a rough surface subject to the spring force Fg = cz,
the friction force Fg, and the input force F,.

In the friction force model, a distinction is made between static and dynamic models.
In the static model, the friction force F’r is given as a function of the velocity v = %x.

As shown in Figure 1.6, the friction force generally consists of a velocity-proportional
(viscous) component r,v, a Coulomb component (dry friction) rcsign(v), and a static
friction component described by the parameter rz. It has also been experimentally
observed that the force-velocity curve when entering or leaving the static friction state
follows the shape of the dashed curve in Figure 1.6 (Stribeck effect). The velocity vg at
which the friction force Fr reaches a minimum is also referred to as the Stribeck velocity.
Very often, this behavior is described in the form

v\ 2
Fr=ryw+rcesgn(v)+ (rg —re)exp (— <'UO> ) sgn(v) (1.23)

where a reference velocity vy is used for the total friction force. Hence, the mathematical
model of Figure 1.5 written relative to the relaxed position of the spring xg reads

(1) The static friction condition is satisfied, so v = 0 and |F,, — cx| < rpq,

d
mdy =0 (1.24b)
dt '

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
©A. Deutschmann-Olek and L. Tarra, Automation and Control Institute, TU Wien
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Figure 1.5: Spring-mass system with static friction.

(2) The adhesion condition is not fulfilled

d
a.’ﬂ = (125&)
d

maV = F,—Fr—cx (1.25b)

with the friction force Fr according to (1.23).

When implementing the mathematical model (1.24) and (1.25) in a numerical simulation
program like MATLAB/SIMULINK, it must be ensured that the structural switching between
(1.24) and (1.25) is correctly implemented. For example, SIMULINK offers dedicated blocks
to detect zero-crossings of variables and implement the switching of states using the
STATEFLOW TOOLBOX.

Combining static friction with an integral controller generally leads to undesirable
limit cycles. To demonstrate this, in the next step, a PI controller will be designed as a

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
©A. Deutschmann-Olek and L. Tarra, Automation and Control Institute, TU Wien



1.4 Positioning with Static Friction Page 9

- - - viscous friction component
-==dry friction component
------ Stribeck effect

— static model of friction

Figure 1.6: Static friction model.

position controller for the spring-mass system shown in Figure 1.5 with the input force
F,. For the design of the PI controller, it is common practice to neglect the Coulomb
friction component and the static friction component, i.e., 7z = rc = 0. This results in a
simple linear system with position x as the output and force F,, as the input, with the
corresponding transfer function

G(s) = — = % (1.26)

E, ms® +ry,s+c¢

If the parameters are chosen asc=2, m=1,rc =1, r, =3, rg = 4, and vg = 0.01, then
the PI controller R(s) = 4511 for the linear system (1.26) leads to the step response of
the closed loop shown in Figure 1.7.

1.5 1 1 T

Position z

Time ¢t

Figure 1.7: Step response of the linear system.

Implementing the PI controller on the original model (1.24) and (1.25), we obtain the
position and velocity profiles shown in Figure 1.8.

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
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1.5
® Z
g 1 = 8
= g S
e 05 F K
= N g
2 o £ 3
Z R

— ]
. i i .
0 20 40 60
Time ¢ in s Time ¢ in s

Figure 1.8: Position control of a spring-mass system with static friction using a PI con-
troller.

FEzercise 1.8. Try to replicate the results of Figure 1.8 in MATLAB/SIMULINK. Consider
measures to prevent limit cycles (Dead Zone, Integrator with switchable I component,
Dithering, etc.).

Ezercise 1.9. Determine the Stribeck velocity vg for the friction model approach
(1.23) with the parameters rc = 1, 1, = 3, rg = 4, and vy = 0.01.

In addition to static friction models, various dynamic models can be found in the
literature. Many of these models are essentially based on a brush-like contact model of
two rough surfaces. In the so-called LuGre model, the friction force is calculated in the
form

Fr = 0'02’+0'1%Z+0‘2AU , (1.27)

with the relative velocity Av of the two contact surfaces. The average deflection of the
brushes z satisfies the differential equation

d |Av]
Freh Av — X 00% (1.28)
with
Av\?
X=rc+ (rg —rc)exp| — (v) . (1.29)
0

Analogous to the static friction model (see (1.23)), r¢ denotes the coefficient of Coulomb
friction, 7 denotes the static friction, and vy denotes a reference velocity. The coefficients
09, 01, and o9 allow parameterization of the friction force model using measurement data.
For a constant relative velocity Awv, the static friction force (%z = 0) is calculated as

Fr = o3Av+rosgn(Av) + (rg —re) exp(— <€:> ) sgn(Av) . (1.30)

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
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It can be seen that (1.30) corresponds to the relationship in (1.23). Therefore, the
parameter oo in (1.27) corresponds to the parameter r, of the viscous friction component
in (1.23). The advantage of the dynamic friction model is that no structural switching
is required for simulation. However, in general, the entire differential equation system
becomes wvery stiff, requiring the use of special integration algorithms.

1.5 Linear and Nonlinear Oscillator

The simplest linear oscillator with an angular frequency of wy is described by a differential
equation system of the form

.fl = —Wpx2 (1.31&)
I"Q = WoT1 (1.31b)

with the output variable z;. A fundamental disadvantage of this oscillator is that
disturbances can change the amplitude (see Figure 1.9 left). It is obvious to extend the
linear oscillator in a way that the amplitude is ’stabilized’. One possibility is shown by
the following system

i1 = —wos — 21 (23 + 23 — 1) (1.32a)

T9 = wor1 — T2 (x% + 22 — 1) . (1.32b)

The influence of the nonlinear terms can be seen in Figure 1.9 (right).

Figure 1.9: Nonlinear and linear oscillator.

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
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Ezercise 1.10. Calculate the general solution for the nonlinear oscillator (1.32). Use
the transformed variables

x1(t) = r(t) cos(p(t)) (1.33a)
x2(t) = r(t)sin(e(t)) . (1.33b)

1.6 Vehicle Maneuvers

Figure 1.10 shows a drastically simplified model of a vehicle maneuver. The control
variables considered are the rolling speed u; and the rotational speed uo of the axle.

A

$2 ........................

: >
g
Figure 1.10: Simple vehicle model.
The corresponding mathematical model is given by

jjl - Sin(xg) 0

Zo| = | cos(zz) |u1+ |0]us . (1.34)

I3 0 1

Linearizing the model around an equilibrium point
T1,R 0
XR = ZT2.R|> ur = |})] s (135)

T3.R

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
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1.7 Direct Current (DC) Machines Page 13

results in
000 —sin(z3 R) 0
Ax= 10 0 O|Ax+ | cos(zgr) |Aur+ |[0]Ausy . (1.36)
0 0 0 0 1

It can be easily verified that the controllability matrix
R(A,B)= B AB A’B] (1.37)

has rank two. Therefore, every linearized model of the vehicle maneuver around an
equilibrium point is uncontrollable. However, from experience, it is known that this may
not hold for the original system (or what is your experience with parking?).

1.7 Direct Current (DC) Machines

Figure 1.11 shows the equivalent circuit diagram of a separately excited DC machine. The

Ra

o | |
7;A

La

&
AS)

uA

A
NG,
U

Figure 1.11: Equivalent circuit diagram of a separately excited DC machine.
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1.7 Direct Current (DC) Machines Page 14

corresponding mathematical model can be formulated in the form

d
Li—ig=usg— Raig— kypw (1.38a)
dt ——
Uind
d .
a¢p =up — Rpip (1.38b)
d
Oc—w = kypig — Mg, (1.38¢)
dt ———
Mel

where L, is the armature inductance, R4 is the armature resistance, ip = f(¢p) is
the field current, Rp is the field circuit resistance, O¢ is the moment of inertia of the
DC machine and all rigidly flanged components, and k is the armature circuit constant.
The state variables in this case are the armature current i4, the linked field flux ¥ g,
and the angular velocity w, while the control variables are the armature voltage w4, the
field voltage ug, and the load torque Mp acts as a disturbance on the system. This
description of the separately excited DC machine already assumes that the following
model assumptions have been taken into account:

e The spatially distributed windings can be modeled as concentrated inductances in
their respective winding axes,

e the inductances in the armature and field circuits twisted by 90° against each other
already indicate a complete decoupling between the armature and field,

o the resistances in the armature and field circuits are constant,
e no iron losses are considered,

e there are no saturation effects in the armature circuit, and

o commutation is assumed to be ideal (no torque ripple).

To classify the steady-state behavior of the DC machine independently of the specific
machine parameters, a normalization of (1.38) to dimensionless quantities is carried out.
Using the reference values of the nominal angular velocity wp, the nominal linked field
flux ¥ r o, and

UA0 = Uind,0 = kYFowo , (

i _ UA,0 (
A0 RA ) .

(

(

Mo = kYroiap ,

uro = Rpipp
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(1.38) is then transformed into dimensionless form as

Lad {1 '
Ladfia)_vwa a4 Yrw (1.400)
Radt\iap uAo A0 YR Wo
Yrod (Yr | _ ur 7 (3 (1.40b)
upp dt \ Yro Urp YEo
© d ' M
Gw0<w) _Yria Mo (1.40c)
Mo dt \wo Yrotao  Meayp
where Z;—FO = % =f (%) Due to the larger air gap in the armature transverse
direction, £4 < Yr0 and magnetic saturation effects in the armature circuit can generally
Ry UR,Q

be neglected. For simplification of notation, all normalized quantities % are denoted in
the form x% = % in the following.

For constant input quantities w4, up, and My, the equations for the steady state from
(1.40) are given by

0=y —i4 — Pp@ (1.41a)
0=1iir — f(r) (1.41b)
0=pia— My . (1.41c)

Considering the normalized flux ¥z as an independent input quantity - which can always
be calculated from @ via (1.41b) in the steady state - the following relationships can be
specified for the steady state of the separately excited DC machine

1 -

Oy (1.42a)
Yr
1 1 -~

5= =g — =M, (1.42D)
(o 2

It should be noted that the flux ¥ g is limited by iron saturation in the stator circuit, which
is why 1ro can always be set in such a way that approximately in the entire operating
range the following holds

Ypp=—<1. (1.43)

FEzercise 1.11. Show that in the case of a constant excitation DC machine r = 9r
the mathematical model (1.38) is linear.

There is a distinction between armature control and field control in separately excited
DC machines. In armature control, the excitation flux is set as in the case of a constant
excitation DC machine 9r = 9r, and the control of the angular velocity w is done
through the armature circuit voltage u4.
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Ezercise 1.12. Draw the steady-state characteristics of (1.42) for Yp =1 with @4 as
a parameter (24 = —1.0, — 0.5, 0.5, 1.0) in the range —0.5 < M, < 0.5.

In contrast, in field control, the armature voltage is operated at the nominal value
ua = Fu4 0, and the speed control is done through the excitation voltage ur by weakening
the excitation flux in the range Q;F’min < tpp < 1. Setting G4 = 1 in (1.42), the steady-state
characteristics shown in Figure 1.12 are obtained. The maximum achievable angular
velocity Wmax for a constant load torque M is obtained from (1.42) with @4 = 1 through
the relationship

e —}2(1 — ?ML) -0 (1.44)
dyp (2 Yr
in the form
@F’min =2Mj, , (1.45a)
1
Omax = —— . (1.45b)
4Mj,

It can be seen from (1.45) that for a given constant load torque M, the lower limit of
the flux is given by ¥ g min = 2M7.

Yr = 0.3 W A iAA Y =0.3
\ \ 1.5

7 4 ‘Dmax 1/)~F = 04

vr =04 \ 1.0

Yr - 0:6\L 05 p =08

—0.2 0 0.2 04 Mz —M 0.2 04 Mo
L —05

Speed-torque characteristic Armature current-torque characteristic

Figure 1.12: Characteristic curves for DC machines.

The left image of Figure 1.12 shows, among other things, that reducing the flux ¥p
depending on the load torque M}, does not necessarily lead to an increase in the angular
velocity @. Therefore, in practice, a combination of armature and field control is usually
chosen - namely, in a way that the angular velocity is controlled by the armature voltage
u4 up to the nominal value of angular velocity wy and the excitation flux ¢z is maintained
at its nominal value 9 ro, and only when the armature voltage u 4 is reached, further
increase in angular velocity is achieved through field weakening.

Ezercise 1.13. Figure 1.13 shows the equivalent circuit diagram of a series-wound
machine, which is very commonly used in traction drives.Any external resistances in
the armature circuit are added to the armature resistance R4, and the adjustable
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resistance Rp is used for field weakening. Provide a mathematical model of the
series-wound machine and consider how the resistance Rp affects the steady-state
behavior.
Rp
o . | — . >
1A
ir =f(¥p)
Rp Vg Mel w, p
) /)
M
UA O¢q L
B
v RA
O | S|
Figure 1.13: Equivalent circuit diagram of a series-wound machine.

1.8 Hydraulic Actuator (Double Rod Cylinder)

Figure 1.14 shows a double rod cylinder controlled by a 3/4-way valve with zero overlap.
It should be noted that this configuration also includes the very common case of a double-
acting cylinder with a single piston rod (differential cylinder). Here, x) denotes the piston
position, Vg1 and Vj o are the volumes of the two cylinder chambers for z; = 0, A; and
Ay describe the effective piston areas, my is the sum of all moving masses, ¢; and ¢
denote the flow from the control valve to the cylinder and from the cylinder to the control
valve, respectively, g;n; is the internal leakage oil flow, and gezs,1 and geqe,2 describe the
external leakage oil flows. In general, the density of oil p,;; is a function of pressure p and
temperature T'. The temperature influence will be neglected further, and the isothermal
bulk modulus Sp will be used as a constitutive equation with

BT Poil 6}9 T = const.

The continuity equations for the two cylinder chambers are

d
gz Poit (1) (Vo + Aszk)) = poir(p1) (a1 — dint — deat,1) (1.47a)
d
q (Poit(p2) (Vo2 — A2k)) = poir(p2) (Gint — deat2 — 42) (1.47b)
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q, «— q,
‘ * xS ‘

Figure 1.14: Double rod cylinder with 3/4-way valve.

with the cylinder pressures p; and po. Since the internal and external leakage oil flows
Qints Qext,1, and ezt 2 are generally laminar, there is a linear relationship between leakage
oil flow and pressure drop. Using relation (1.46), equation (1.47) simplifies to

d By d |
= Vox + Aran) (fh Ay %k Cint(p1 — p2) Ce:vt,lPl) (1.48a)
4 —B—T(— + 4L e Coilpr—po) — C ) (1.48b)
dtp2 = (Vo,z — A21'k) q2 2dt k int\P1 — P2 ext,2P2 .

with the laminar leakage coefficients Cj,t, Cezt,1, and Cegr 2. For a 3/4-way valve with
zero overlap, the flows ¢; and ¢ are calculated as

@1 = Ky1vps — pisg(xs) — Ky 2v/p1 — prsg(—xs) (1.49a)
¢ = Ky 2vp2 — prsg(zs) — Ky 1v/ps — pasg(—xs) (1.49Db)

with the tank pressure pr, the supply pressure pg, the control spool position x,, the
function sg(xs) = x5 for s > 0 and sg(zs) = 0 for x5 < 0, and the valve coefficients
K, = CqAviN/2/poit, i© = 1,2. Here, the term A, ;zs denotes the orifice area and Cy
denotes the flow coefficient (Cy ~ 0.6 — 0.8, depending on the geometry of the control
edge, Reynolds number, flow direction, etc).
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Neglecting the dynamics of the control valve and considering the control valve position
Ts as an input to the system, a mathematical model for Figure 1.14 is obtained in the

form
d Br
S = T (qy — Ayog — Cont(p1 — p2) — Cea 1.50
T (Vox + Aran) (1 10Uk t(p1 — p2) £1P1) (1.50a)
im = ﬂ—T(—(k + Asvg, + Cine(p1 — p2) — Cet 2p2) (1.50Db)
dt (‘/0’2 — Agfbk) ’
d
axk = Vg (1.50C)
A= L (Aapr — Aops — v — cxan) (1.50d)
TR 11 2p2 — dRVk — CkTk .

with ¢; and g2 from (1.49).
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2 Dynamical Systems

A dynamical system (without input) allows the description of the change of certain points
(elements of a suitable set X') in time ¢. In control engineering, these points are given by
the state x(t) of the system. If we choose the set of states as X = R", then an autonomous
dynamical system is a mapping

Pi(x): R" xR - R" (2.1)
with
x(t) = ®1(x0) - (2.2)
From the relationship
x0 = ®o(x0) (2.3)

it follows that ®¢ must be the identity mapping I with x = I(x). From the relationships

x(t) = ®4(x0) (2.4a)
x(s+1t) = Py(x(t)) (2.4b)
x(s+1t) = Pgyi(x0) (2.4¢)

we now have
X(5+ 1) = B()(x))) = By (x0) (2.5)
P, 0P =D,y , (2.6)

where o denotes the composition of the mappings ®, and ®;. By exchanging the order in
the above considerations, we obtain

q’s+t = @5 e} i’t == @t o q)s y (27)

justifying the notation ® .

Ezxercise 2.1. Let a(x) : R® — R™ and b(x) : R" — R" be two linear mappings from
R™ to itself. Is the composition (a o b)(x) = a(b(x)) again a linear mapping? Does
aob=Dboa hold?

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
©A. Deutschmann-Olek and L. Tarra, Automation and Control Institute, TU Wien



2 Dynamical Systems Page 22

In other words, are linear mappings commutative with respect to composition? The
linear mappings a and b are given by the matrices A and B with y = Ax and
y = Bx. What are the matrix representations of the above compositions?

Furthermore, it is assumed that ®;(x) is a (continuously) differentiable mapping with
respect to x.

Definition 2.1 (Dynamical System). A (autonomous) dynamical system is a C!
(continuously differentiable) mapping

Pi(x): R" xR — R", (2.8)
that satisfies the following conditions:
(1) ®¢ is the identity mapping I, and
(2) the composition ®,(P;(x)) satisfies the relations
P, =P, 0P, =P, 0D, (2.9)
for all s,t € R.
Note that from the above definition, it immediately follows
D (®4(x0)) = Do(x0) = (B! 0 ) (x0) = Xo (2.10)
The mapping ®; thus satisfies the following conditions:
(1) & =1,
(2) @iy = Ps0P, =P, 0P, and
(3) o7t =2 ..

A dynamical system according to Definition 2.1 is closely related to a system of
differential equations. From

() = Tim —(By ay(x0) — Bi(x0))

At—0 At

(1 o 1)o0
9 (2.11)

= a@t =0 o ‘I)t(Xo)
0

= 5% @)

it follows
(1) = F(x(1),  F(x() = o o). (2.12)

Thus, a dynamical system also satisfies the relationship
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4) %@t‘tm(X(t)) =f(x(t)) with x(t) = ®¢(x0). The mapping ®; is also called the
flow of the differential equation system (2.12).

A At

Ezercise 2.2. Choose the specific dynamical system x(t) = e®!xg or ®;(x) = ex.
Now interpret the properties of the transition matrix according to points (1) - (3) of

a dynamical system. What does the corresponding differential equation system look
like?

As an example, the motion of a point x¢ € R? on a unit sphere with the origin as the
center is considered (see Figure 2.1). As an approach for a (continuous) transformation
that maps points on the unit sphere back to themselves, the form

x(t) = D(t,x0)x0 = ®¢(x0) (2.13)
is chosen with a (3 x 3) matrix D. Due to x} xo = x'(¢)x(¢) = 1, the conditions
D'D=DDT =1 (2.14)

must be satisfied.

FEzercise 2.3. Show the validity of (2.14).

T3

x2

g

Figure 2.1: Motion on a sphere.

For the mapping in Figure 2.1 to describe a dynamical system, the conditions
(1) D(0,x) =T and

(2) D(s+t,x) =D(s,D(t,x)x)D(t,x) = D(¢,D(s,x)x)D(s, x)
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must hold. Furthermore, it is known that a dynamical system is associated with a system
of differential equations of the form

X = gD(t,x) X (2.15)

0
D(t,x)x
(D( ))t:O 5 L

T ot
Additionally, the relationship

W = <6D(t, X0)>DT(757 X0)

ot
1 .
= lim = (D(t + At,x0) — D(t,x0))D" (t, Xo)

using condition (2):

- Jim A (D(ALD(Ex0)x0)D(tx0) - Dltxo)D (1 xg)
- A}‘,EO At ) » X0)X0 » X0 » X0 » X0
. 1 T
= AI}SIBO E(D(At’ D(t,x¢)x0) — I)D(¢,x0)D " (¢, x0)
0
= —D(t
5 0 (5 %) o
holds. By using (2.14), it is immediately clear that W is skew-symmetric, because
0 0 0
—(DD") = ( =D |D"* D(DT> =0 2.17
5 (PD7) <m > P\ o (2.17)
or
0 0
~D|D'=-D [ﬂ). 2.18
(&) =05 218
A skew-symmetric matrix W generally has the form
0 —ws3(x)  wa(x)
W(x) = | w3(x) 0 —wi(x) (2.19)
—wo(x)  wi(x) 0
and thus the differential equation (2.15) can be written as follows
x=Wx =w(x) X x (2.20)

with w(x) = [w1(x), wa(x), wz(x)]. This means that when a dynamical system describes
the motion of a point on a sphere, the differential notation yields the cross product.

2.1 Differential Equations

By a dynamical system according to Definition 2.1, a system of differential equations is
defined. The investigation of when a differential equation of the form

x = f(x) (2.21)

describes a dynamical system in the above sense will be examined subsequently. However,
in a first step, some basic concepts will be explained.
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Definition 2.2 (Linear Vector Space). A non-empty set X is called a linear vector
space over a (scalar) field K with the binary operations + : X x X — X (addition)
and - : K x X — X (scalar multiplication), if the following vector space axioms are
satisfied:

(1) The set X with the operation + forms a commutative group, i.e., for x, y, z € X,
the following holds:

(1) x+y=y+x Commutativity (2.22)
(2) x+(y+2z2)=(x+y) +z Associativity (2.23)
3) 0+x=x Identity element (2.24)
(4) x+(—x)=0 Inverse element (2.25)

(2) The multiplication - by a scalar a, b € K satisfies the laws:

(1) a(x+y)=ax+ay Distributivity (2.26)
(2) (a+b)x=ax+bx Distrivutivity (2.27)
(3) (ab)x = a(bx) Compativility (2.28)
(4) Ix=x, 0x=0 (2.29)

Definition 2.3 (Linear Subspace). If X' is a linear vector space over the field K,
then a subset S of X is a linear subspace if x, y € S = ax + by € S for all scalars a,
be K.

An expression of the form

n
Zajxj =a1X] + asXg + ... +apx, (2.30)
j=1
with X 3 x;, 7 =1,...,nand scalars K > a;, j = 1,...,nis called a linear combination of
the vectors x1, X, ...,X, € X. If there exist scalars a;, j = 1,...,n, not all identically zero,
n
such that the linear combination ) a;jx; = 0 holds, then the vectors x1,x2,...,x, € X
j=1
are linearly dependent. If apart from the trivial solution a; =0, j = 1,...,n, no scalars
exist that satisfy this condition, then the vectors xi1,Xs,...,x, € X are called linearly

independent. For the set of all linear combinations of vectors in a non-empty subset M of
X, we denote span(M). The subspace spanned by M (also known as linear hull) is the
smallest subspace according to Definition 2.3 that contains M, i.e., all its elements can
be represented as linear combinations of elements from M.

If a linear vector space X is spanned by a finite number n of linearly independent
vectors, then X has dimension n and is called finite-dimensional. If no finite number
exists, X is infinite-dimensional.

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
©A. Deutschmann-Olek and L. Tarra, Automation and Control Institute, TU Wien



2.1 Differential Equations Page 26

2.1.1 The Concept of Norms

Examples of linear vector spaces include vectors in R™, n x m-dimensional real-valued
matrices, or complex numbers, each with the scalar field R.

Definition 2.4 (Normed Linear Vector Space). A normed linear vector space is a
vector space X over a scalar field K with a real-valued function |x|| : X — R4 that
assigns to each x € X a real number ||x||, called the norm of x, and satisfies the
following norm axioms:

(D]|x|]| >0 forallxe X Non-negativity
@lxl| =0 x =0

Glx+yl <=+ (¥l Triangle Inequality
(4)||ax|| = |a|||x|| for all x € X and all o € K

FEzercise 2.4. Show that from the norm axioms it follows that ||x —y| > ||x|| — |ly]|-

Next, we consider some classical normed vector spaces, distinguishing between finite
and infinite-dimensional vector spaces. The p-norm, 1 < p < oo, of a finite-dimensinal
vector x© = [x1,...,2,] is defined as

n 1/p
x|, = (leil”) (2.35)
=1

and for p = co we have
%]l = mlax|1‘i| . (2.36)
In addition to the co-norm ("infinity norm") according to (2.36), the most commonly used

norms on R™ are the 1-norm ("one norm")

n

I/l = |l (2.37)

i=1

and the 2-norm ("square norm" or "Euclidean norm")

n 1/2
x|, = (Z x?) : (2.38)
=1

The following inequalities hold:

Theorem 2.1 (Holder’s Inequality). If the relationship

1 1
-+-=1 (2.39)
p q
holds for positive numbers 1 < p < oo and 1 < q < oo, then for xT = [z1,...,2,] and
y' = [y1,...,ynl, the inequality
n
> lziyil < =, Myl - (2.40)

1=1
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follows.

Theorem 2.2 (Minkowski’s Inequality). For x, y € R", 1 < p < oo, we have
Ix+yl, < =, + ¥l - (2.41)

The equality in (2.41) holds if and only if ax = by for positive constants a and b.

Note that Minkowski’s inequality corresponds to the triangle inequality (3) for norms
in Definition 2.4.
In a finite-dimensional normed vector space, all norms are equivalent. This means that if

| Il and || [|5 denote two different norms, there always exist two constants 0 < c1,cp < 00
such that

all llo <1 llg < el lla (2.42)

holds.

Ezercise 2.5. Prove the statement that in a finite-dimensional vector space, all p-norms
are equivalent.

Ezercise 2.6. Show that the equivalence of norms (|| ||, ~ [/ |l5) is an equivalence
relation.

Remark: You need to prove the properties of reflexivity (|| ||, ~ | Il.),
symmetry (|| llo ~ | llg = Il llg ~ || lla); and transitivity (|| lo ~ [l |5 and
g ~ 1My = 1l ~ W I1)-

Ezercise 2.7. Draw in the (x1,z2)-plane the sets M; = {x € R?|||x|; <1}, My =
{x € R?|||x[|y<1}, and Mo ={x € R?|||x||,,<1}. Verify the inequality

Il < 13/l < V21l (2.43)

using the image and find suitable positive constants ¢; and cg for the inequality

callxlly < Nl < callxlly - (2.44)

The equivalence of norms does not hold for infinite-dimensional normed vector spaces.
In the infinite-dimensional vector space Lylto,t1], 1 < p < oo, all real-valued functions
z(t) in the interval [to, ¢1] are considered, satisfying

t1 1/p
lell, = (/ ]:):(t)|pdt> <o, (2.45)
to

It is important to note that in the vector space L,[tp,t1], functions that are almost
everywhere equal, meaning they differ only on a countable set of points, are considered
identical. This is the reason why the norm ||z[|, in (2.45) satisfies condition (2) of
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Definition 2.4. The vector space L lto,t1] describes all real-valued functions z(t) that
are essentially bounded on the interval [tg,t1], i.e., bounded except on a countable set of
points. The corresponding norm is then ||z||, = esssup; <;<;, |z(t)|. Holder’s inequality
for the L, spaces is as follows (see Theorem 2.1):

Theorem 2.3 (Hoélder’s Inequality for L, Spaces). For z(t) € Lylto, t1] and y(t) €
Lylto,t1] with p > 1,

1 + 1 =1 (2.46)
p q
holds
t1
/t lz(@®)y @) dt < |z, llyll, - (2.47)
0

The Minkowski Inequality for L, Spaces corresponds to the triangle inequality (3)
according to the norm definition 2.4 and is therefore not repeated here.

The common norms here are the Ly, Lo, and the L., norms and are briefly summarized
below.

t1

lall, = / (b)) dt (2.450)
0
t1

lzlly =/ [ 220yt (2.45b)
to

|2]loo =ess sup [z(?)] . (2.48¢)
to<t<t1

It is easy to see that for the function

1/t fort>1
oy = Ut fortz (2.49)
0 fort<1

the L1, Lo, and L, norms can be calculated as follows

=]}y = o0, (2.50a)
lzll, =1, (2.50D)
[E3 (2.50¢)

and thus the existence of one norm does not imply the existence of other norms.

FEzercise 2.8. Calculate the L, Lo, and Lo, norms for the time functions z(t) = sin(t),
z(t) =1 —exp(—t), and x(t) = 1//t for 0 <t < oo.

Regarding the equivalence of norms, the following definition of topologically equivalent
normed vector spaces should be mentioned:
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Definition 2.5. Let (&, || ||) and (y, I ”y) be two normed linear vector spaces.
Now, X and Y are called topologically isomorphic if there exists a bijective linear
mapping T : X — Y and positive real constants c¢; and ¢y such that

cllx[ly < Tx|y < callx|x (2.51)
for all x € X. The norms || |5 and || ||;, are then also called equivalent.

Finally, it should be noted that norms of finite and infinite-dimensional vector spaces
can also be combined. For example, consider the vector space C"[ty, 1], the set of all
vector-valued continuous time functions mapping the interval [to, 1] to R™. If a norm of
the form

sup [|x(t)[5
tE[to,tl]

n 1/2 (2.52)
- ()

tE[to,tl] i=1

1)l

is defined, then || ||, provides a norm on R" with an n-dimensional vector as the argument,
while || || denotes the norm on C"[tg, ;] with a vector-valued time function as the
argument.

Ezercise 2.9. Prove that ||x(t)||~ from (2.50) is a norm.

2.1.2 Induced Matrix Norm

A real-valued (m x n) matrix A describes a linear mapping from R™ to R™. Assuming
|x]|, denotes a valid norm, one defines the so-called induced p-norm as follows:

1A] = sup 2%lp (2.53)
xzo (1%,

It is immediately clear that the following inequality holds for x # O:

|Ax]|, = HAXHPHXHP < sup ”AXHPHXHP = [l All; ,lIxll,,- (2.54)
Il x20 [, ’
For p =1, 2, 0o, we have:
m n
||A||z',1 = mjaXZ\aijl ) ||AH12 = {\/Amax(ATA) und ||A||zoo = mZaXZ‘aiﬂ )
i=1 j=1
maximum absolute column sum maximum absolute row sum
(2.55)
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where Amax(ATA) denotes the largest eigenvalue of ATA (largest singular value of A).
For example, if we consider the matrix:

A= (2.56)

Ne R

2
6
7

o ot W

the induced norms can be calculated as (in MATLAB using the commands norm(A,1),
norm(A), and norm(A inf):

IA],, =16, (2.57a)
1A, , = 16.708 , (2.57b)
A =24 . (2.57c)

Ezercise 2.10. Prove that for A € R™*" and B € R™* with the induced matrix
norm || |, ,, the following holds:

IABI[;,, < [|Afl; ,[BIl;, - (2.58)

Ezercise 2.11. Show that for A € R™*™, the following inequalities hold:

1Al < (/lIAlG,

1
EHA”’LOO < [[Afl;2 = Vm[Al; o (2.59)

i1 < Al < VnllAll;,

1
—|A
Al
Using the so-called Rayleigh quotient, a convenient estimate of quadratic forms can be

given. The Rayleigh quotient of a real-valued (complex-valued) (n x n) matrix A with
any nontrivial vector x is defined as:

T
A
Rx] = x Ax

Tx (2.60)
It is important to note that in the complex case, x ! refers to the transposed, complex
conjugate. We want to find the vector x for which the Rayleigh quotient attains extreme
values, i.e.,

T X XT X
< 0 R[x]) _ A A 2 (Ax— Rx]x) = 0. (2.61)

ax T XX )t 1R

Since the Rayleigh quotient is real, the extremal value problem reduces to solving an
eigenvalue problem of the form:

(A-—RxI)x=0 (2.62)

with the identity matrix I.
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Therefore, the eigenvectors of A are solutions to the extremal value problem of the
Rayleigh quotient (2.61), and with x as an eigenvector of A, the Rayleigh quotient R[x]
corresponds to the associated eigenvalue A due to:

T A A T
Rix] =2 2% XX _ 5 (2.63)

xTx xTx

This allows us to provide the following useful estimation for all x € R"™:

Amin (A)|[x]15 < xTAX < Amax (A) |3 (2.64)

Exercise 2.12. Show that every square matrix A can be decomposed into a symmetric
part Ag and a skew-symmetric part Ags. Furthermore, show that in the quadratic
form xT Ax, the skew-symmetric part of the matrix A cancels out.

Exercise 2.13. Use the Rayleigh quotient to show that a symmetric matrix A € R"*"
has exclusively real eigenvalues and a positive definite matrix A € R™*" has exclusively
positive real eigenvalues.

2.1.3 Banach Space

In the following, we will consider convergence in normed vector spaces.

Definition 2.6 (Convergence). A sequence of points (xj) in a normed linear vector
space (X,| ) with x; € X is called convergent to a limit x € X (in compact
notation xj — x) if

lim ||x; — x| =0 (2.65)
k—o0
holds. Furthermore, for a continuous function f(x), it holds that if x; — x, then
f(xp) — f(x).

The above definition allows to investigate whether a given sequence converges to a
given limit or not. However, this requires knowledge of the limit, which is generally not
available. Therefore, one often resorts to the concept of a Cauchy sequence.

Definition 2.7 (Cauchy Sequence). A sequence (xj) with x; € X is called a Cauchy

sequence if

lim ||x, —xp| =0 (2.66)

7,1 —+00

holds.

The relationship between convergent sequences and Cauchy sequences is characterized
by the following theorem.

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
©A. Deutschmann-Olek and L. Tarra, Automation and Control Institute, TU Wien



2.1 Differential Equations Page 32

Theorem 2.4 (Cauchy Sequence). FEvery convergent sequence is a Cauchy sequence.
However, the converse does not generally hold in normed vector spaces.

To illustrate this theorem, consider X = C'[0, 1], i.e., the sequence of continuous functions
{zk(t)}, k =2,3,... in the interval 0 < ¢ < 1, of the form

0 for 0<t< % - %
ap(t)=qkt—5+1  for $-1<t<] (2.67)
1 for % <t<l1
Choosing the Ly norm for {z(¢)} C C[0,1],
1 1/2
lall, = | [a*@at) . (2.65)
0
immediately leads to
3w m 2 3 m n\?
||xm—:nn||§:/ n(mt——l—l) dt + <mt——nt—|—) dt
11 2 1_1 2 2
2 m 2 n (2.69)
B (m — n)2
© 3n2m
for n > m, and
lim ||z, — 2,]5=0 . (2.70)

n,Mm—00

Thus, it can be seen that the sequence (2.67) is a Cauchy sequence for the Ly norm.
However, for the limit function, we have

lim xi(t) = z(t) =

0 for 0<t<?i
{ o D (2.71)
k—oo

This shows that the limit function z(¢) is not continuous and therefore not an element of

10, 1].
Ezxercise 2.14. Draw a plot of the sequence (2.67).

Since it is generally of interest that the limit of Cauchy sequences in a normed linear
vector space also lies in this vector space, the concept of a Banach space is introduced.

Definition 2.8 (Banach space). A normed linear vector space (X, || ||) is called
complete if every Cauchy sequence converges to an element x € X. A complete,
normed vector space is also called a Banach space.
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Theorem 2.5 (Cauchy convergence criterion). In a complete, normed vector space, a
sequence converges if and only if it is a Cauchy sequence.

The normed linear vector spaces (R", || [[,), (R", || [|), Lplto, t1], and Le[to, 1] are
examples of Banach spaces. Furthermore, it can be shown that C[0, 1] with the norm
| |l is also a Banach space.

For the following, some important definitions are needed:

Definition 2.9 (Closed subset). A subset S C X' is called closed if for every convergent
sequence (x) with x; € S, the limit also lies in S. If S is not closed, one can add to
S the set of all possible limits of convergent sequences in S, and this set is called the
closure of S denoted by S. Thus, S is the smallest closed subset containing S.

Definition 2.10 (Bounded subset). A subset S C X is bounded if

sup||x||, < oo . (2.72)
x€eS

Definition 2.11 (Compact subset). A subset S C X is called compact or relatively

compact if every sequence in S or S contains a convergent subsequence with the limit
in S orS.

The following theorems hold for subspaces of a Banach space:

Theorem 2.6. In a Banach space, a subset is complete if and only if it is closed.

Theorem 2.7. In a normed linear vector space, every finite-dimensional subspace is
complete.

Next, consider an equation of the form x = 7'(x). A solution x* of this equation is
called a fized point of the mapping T', since x* is invariant under T'. A classical approach
to finding the fixed point is the so-called successive approximation using the recurrence
equation xj11 = T(xg) with the initial value xo. The contraction mapping theorem
provides sufficient conditions for the existence of a unique fixed point for the mapping T’
in a Banach space and for the convergence of the successive approximation sequence to
this fixed point.

Theorem 2.8 (Contraction Theorem). Let S be a non-empty closed subset of a
Banach space X with the mapping T : S — S. If for all x, y € S the inequality

IT(x) =Tl <plx—yll, 0<p<1, (2.73)
holds, then the equation

x = T(x) (2.74)
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has exactly one fixed point solution x = x*, and the sequence xj+1 = T (X)) converges
for every initial value xg € S to x*. In this case, T is called a contraction.

The following exercise demonstrates a simple application of the Contraction Theorem.

Exercise 2.15. Consider a linear system of equations of the form
Ax =D (2.75)

with a real-valued (n x n) matrix A. Suppose

@l > Y Jai - (2.76)
J#

Show that the equation system Ax = b has a unique solution, which can be computed
using the recurrence equation

ka-'rl = (D - A)Xk + b ’ k Z 0 i D = dia‘g(all)a227 s aann) (277)

for every xg € R™.

2.1.4 Hilbert Space

A so-called pre-Hilbert space is a linear vector space X equipped with an inner product.

Definition 2.12 (Pre-Hilbert Space). Let X' be a linear vector space over the scalar
field K. A mapping (x,y): X x X — K, which assigns to each pair of elements x,
y € X a scalar, is called an inner product if it satisfies the following conditions:

x+Yy,z) = (x,z) + (y,z) (Sesquilinear form)
(2.78)
4)(x,x) >0 und (x,x)=0<x=0
where (y,x)* denotes the complex conjugate of (y,x) and a € K.
Examples of vector spaces with an inner product include vectors in R™ with
(x,y) =y'x (2.79)

or the vector space of continuous time functions on the interval —1 <t < 1 with the inner
product

(@,y) = / () dr (2.80)

-1

As the examples show, the inner product also defines the specific norm

[x[ly = 1/{(x,%) . (2.81)

To generalize this property, the following theorem is needed.
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Theorem 2.9 (Cauchy-Schwarz Inequality). For all x, y, elements of a linear vector
space X with scalar field K and an inner product, the following inequality holds:

166y < [Ixllallylly - (2.82)

The equality in (2.82) is satisfied if and only if x = Ay ory = 0.

Proof. To prove this, consider the inequality valid for all a € K:

0<(x—ay,x—ay)
= (x,x) — (ay,x) = (x,ay)  +la(y,y) (2.83)
——

*

=(ay,x)"=a*(y,x)

with y # 0. Choosing

(x,y)
a= , 2.84
(v, ) (2.84)
it follows
I, )17
0 < (x, 2.85
%) (v.¥) (2.85)
or
[(x, 3| <\ (&x)(y,y) =[xyl - (2.86)
For y = 0, nothing needs to be shown. O

Theorem 2.10 (Associated Norm in Pre-Hilbert Spaces). In a pre-Hilbert space X,
the inner product induces a function ||x|, = \/(x,x) that is a norm according to the
definition in 2.4.

In a pre-Hilbert space, there are other useful properties:

Theorem 2.11. In a pre-Hilbert space X, if (x,y) =0 for allx € X, then y = 0.

FExercise 2.16. Prove Theorem 2.11.

Theorem 2.12 (Parallelogram Equation). In a pre-Hilbert space X, the following
equation holds:

2 2 2 2
||X‘|‘Y||2+ ||X—Y||2 :2||X||2+2||Y||2 c (2.87)

FExercise 2.17. Prove Theorem 2.12.
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Definition 2.13 (Hilbert Space). A complete pre-Hilbert space is called a Hilbert
space.

Therefore, a Hilbert space is a Banach space equipped with an inner product that,
according to Theorem 2.10, induces a norm. The spaces (R, | ||5)) and La[to,?1] are
Hilbert spaces with inner products

(x,y) = yTx (2.88)

= [z1,...,z,] and yl = [Y1,.-.,Yn], and

(T, Y) Lofto,n] = /t 51 x(t)y*(t) dt (2.89)

for x©

for x, y € Lalto, t1]. It is important to note that in this case, the Cauchy-Schwarz inequality
(2.82) corresponds to Holder’s inequality (2.40) or (2.47) for p = ¢ = 2.
2.1.5 Existence and Uniqueness

The solution of a differential equation does not have to be unique. To see this, consider
the differential equation

i=a'3 29=0. (2.90)
It is easy to verify that

z(t) =0, (2.91a)
3/2
2(t) = (?) (2.91D)

are solutions of (2.90). Although the right-hand side of the differential equation is
continuous, the solution is not unique. In fact, continuity guarantees the existence
of a solution, but further conditions are needed for uniqueness. In the following, the
time-varying system

x=1f(t,x), =x(to) =xo (2.92)
is examined, as this also covers the non-autonomous case.

Theorem 2.13 (Local Existence and Uniqueness). Let f(¢,x) be piecewise continuous
in t and satisfy the estimate (Lipschitz condition)

[£(t,x) —£(t, y)| < Llx -yl , 0<L<oo (2.93)

forallx,y e B={xe€R"||x—x¢| <r} and all t € [ty,to + 7|. Then there exists
a d >0 such that

x =f(t,x) , x(to) =xo (2.94)

has exactly one solution fort € [to,to + d]. In this case, the function f(t,x) is said to
be locally Lipschitz on B C R™. If condition (2.93) holds in the entire R™, then the
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function f(t,x) is called globally Lipschitz.

Proof. The proof of this theorem is based on the contraction theorem according to
Theorem 2.8. In a first step, the Banach space X = C"[ty, to + ] of all vector-valued
continuous time functions in the time interval [t,tg + 0] is defined with the norm
%)l = SuPsety to+0) 1X(2)[|. For further explanation, see also (2.52). Furthermore,
the differential equation (2.94) is transformed into an equivalent integral equation of
the form

(Px)(t) = xo + / £(7, x(r)) dr (2.95)

Within the proof, it is then shown that the mapping P on the closed subset § C X
with & = {x € C"[tg,to + 0] | [|x — %o/ < 7} is a contraction and that P maps the
subset S to itself. To do this, one calculates

t

(Px1)(t) — (Pxo)(t) = / £(7, x1 (7)) dr — / £(7, xo(7)) dr (2.96)

to
for x;(t), x2(t) € S.
It now holds that
t

1(Px1)(t) = (Px2)(t)llc = /(f(T, x1(7)) = £(7,x2(7))) dr

to C
t
< f(r,x1(1)) — f(7,%2(7 dr
< [ xi(m) — £rxa) e 2om
to
t
< [ L) - %) dr
to
< Lo[lx1(t) = x2(t)]l o
and by choosing
§<p/L, p<1, (2.98)

and with (2.98), Theorem 2.8 shows that P is a contraction on S. In the next step,
it must be proven that the mapping P maps the subset S C X to itself. Since f is
piecewise continuous, it follows that f(¢,x¢) is bounded on the interval [tg, to + ¢],
hence

h= £(t, . 2.99
tem@]!l( Xo)|| (2.99)
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This results in

t
1(Px)(t) = %ol < /Hf(TaX(T))HC dr

< /||f(7-,x(7')) — £(7,%0) + (7, %0) | d7

to
t (2.100)
< [ x() = £ %)l + E(T,x0) ) dr
to
t
< [(Wix(r) = xollc+h) dr
to
< d(Lr+h).
Choosing
g< (2.101)
~Lr+h’ ’

ensures that S is mapped onto itself under P. Combining (2.98) and (2.101) and
choosing d to be less than or equal to the considered time interval 7 from Theorem
2.13,

. (p T
0= - 1 2.102
min( £, ") L o<1, (2:102)

the existence and uniqueness of the solution in S for ¢ € [tg, to+9] is thus demonstrated.

O

Since the mapping P from (2.95) is a contraction, it follows from Theorem 2.8 that the
sequence Xi+1 = Pxj with x¢9 = x(ty) converges to the unique solution of the integral
equation (2.95) or the equivalent differential equation (2.94). This method is also known
as the Picard iteration method.

Ezxercise 2.18. Show that for linear, time-invariant systems of the form
x=Ax, x(ty) =x0, (2.103)

the Picard iteration method precisely iteratively calculates the transition matrix
B(t) = Al
Ezercise 2.19. Calculate, using the Picard iteration method, the transition matrix of

a linear, time-varying system of the form

x=A(t)x, x(to) =xp . (2.104)
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Remark: The transition matrix of (2.104) is calculated from the Peano-Baker series
as

®(t) :I+/A(T)d7'+/A(T)/A(7-1)d7-1 dr+ ... (2.105)
0

For a scalar function f(z) : R — R that does not explicitly depend on time ¢, the
Lipschitz condition (2.93) can be written very simply as

ly — |
The condition (2.106) allows a very simple graphical interpretation, namely the function
f(z) must not have a slope greater than L. Therefore, functions f(z) that have an infinite
slope at a point (like the function z'/3 from (2.90) at the point = = 0) are certainly
not locally Lipschitz. This also implies that discontinuous functions f(z) do not satisfy
the Lipschitz condition (2.93) at the point of discontinuity. This connection between

the Lipschitz condition and the boundedness of ‘8% f (x)‘ is generalized in the following
theorem without proof:

Theorem 2.14 (Lipschitz condition and continuity). If the functions f(t,x) from
(2.92) and [0f /0x|(t,x) are continuous on the set [to,to + é] x B with B C R", then
f(t,x) locally satisfies the Lipschitz condition of (2.93).

To verify the global existence and uniqueness of a differential equation of type (2.92),
the following theorem is provided:

Theorem 2.15 (Global Existence and Uniqueness). Assume that the function f(t,x)
from (2.92) is piecewise continuous in t and globally Lipschitz for all t € [ty,to + 7]
according to Theorem 2.13. Then the differential equation (2.92) has a unique solution
in the time interval t € [to,to+7|. If the function £(t,x) from (2.92) and [0f /0x](t,x)
are continuous on the set [to,to + 7| x R™, then £(t,x) is globally Lipschitz if and only
if [0f /0x](t,x) on [tg,to + 7] X R™ is uniformly bounded.

To explain, [0f/0x](t,x) is uniformly bounded if, independently of ¢ty > 0, for every
positive, finite constant a, there exists a 5(a) > 0 independent of y such that

H (to, x(t0)) < B(a) (2.107)

<a:>H8 (t,x(8))

[ 7
with || ||, denoting the induced norm according to (2.53) for all ¢ € [tg,to + 7| and all
x € R"™.

The proofs of the last two theorems can be found in the literature cited at the end of
this chapter. As an example, consider the system

Tl _ |71+ 2 (2.108)

.i‘g T9 — 1T . .
N—— N—————

% f(x)
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From Theorem 2.14, it can be immediately concluded that f(x) from (2.108) is locally
Lipschitz on R2. However, the application of Theorem 2.15 shows that f(x) is not globally
Lipschitz, since df /0x on R? is not uniformly bounded.

In summary, it can be stated that the mathematical models of most physical systems in
the form of (2.92) are locally Lipschitz, as this essentially corresponds to a requirement of
continuous differentiability of the right-hand side, as stated in Theorem 2.14. In contrast,
the global Lipschitz condition is very restrictive and is satisfied by only a few physical
systems, as was already hinted at by the requirement for the uniform boundedness of

[0f /0x](t,x).

Ezercise 2.20. Check for the following functions

(1) f(z) =2+ |z| (2.109)
(2) f(x) = sin(x)sgn(zx) (2.110)
(3) f(x) = tan(x) (2.111)
and
flx) = 9% + tanh(bxy) — tanh(bxg)] (2.112)
azy + tanh(bzy) + tanh(bxs) '
and
B —1 + al|z2||
f(x) = —(a + b)wy + bxt — xlxj (2.113)

whether they are (a) continuous, (b) continuously differentiable, (c) locally Lipschitz,
and (d) globally Lipschitz.

Ezxercise 2.21. Show that the system

2x
T 1+x2§

2x
—T2+ 1+;%

s X(to) = Xy (2.114)

has a unique solution for all ¢ > tg.

2.1.6 Influence of Parameters

Often one wants to investigate the influence of parameters on the solution of a differential
equation of the form

x =f(t,x,p), x(to) =xo (2.115)

with the parameter vector p € R?. Let py denote the nominal value of the parameter
vector p.
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Theorem 2.16 (Influence of Parameters). Assume that £(t,x,p) is continuous in
(t,x,p) and locally Lipschitz in x (Lipschitz condition (2.93)) on [to,to + 7] x D x {p|
Ilp — pol| < r} with D C R™. Furthermore, let y(t,po) be a solution of the differential
equation y = f(t,y, po) with the initial value y(to, po) = yo € D, where the solution
y(t,po) remains in D for all times t € [ty,to + 7]. Then, for a given € > 0, there
exist 01, 6o > 0 such that for

lzo —yoll <01 wund |p—pol <d (2.116)

the differential equation z = £(t,z, p) with the initial value z(ty, p) = zo has a unique
solution z(t,p) for all times t € [to,to + 7| and z(t,p) satisfies the condition

12(t,p) = y(t, po)ll <& (2.117)

For the proof of this theorem, we refer to the literature cited at the end of this chapter.
In essence, this theorem states that for all parameters p sufficiently close to the nominal
value po (||p — pol| < d2), the differential equation (2.115) has a unique solution that is
very close to the nominal solution of the differential equation x = f(¢,x, po), x(t9) = Xo.

Assuming that f(¢,x, p) satisfies the conditions of Theorem 2.16 and has continuous
first partial derivatives with respect to x and p for all (t,x,p) € [to,tp + 7] x R™ x R%
The differential equation (2.115) can now be rewritten into an equivalent integral equation
of the form

t
x(t,p) =x0+ | f(s,x(s,p),p)ds (2.118)
to

Due to the continuous differentiability of f(¢,x, p) with respect to x and p, we have

d

d to d 0
—x(t = — —f — —f .o (211
dpX(0P) = qoxot [ SR x(s,p). ) fx(sp) (s x(s,p) p)ds (2119
=0

Differentiating (2.119) with respect to ¢, we obtain

S xp(t,0) = A P)xp(t ) + B(tD) . xplinp) = 0 (2.120)
and
xp(t,p) = dci)X(t,p) : (2.121a)
A(t,p) = (%f(t,x, p) xtin (2.121D)
B(t,p) = aapf(t,x, 1)) . (2.121c)

For parameters p sufficiently close to the nominal value pg, the matrices A(¢,p) and
B(t,p), and thus xp (¢, p), are well-defined on the time interval [tg,ty 4+ 7]. Substituting

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
©A. Deutschmann-Olek and L. Tarra, Automation and Control Institute, TU Wien



2.1 Differential Equations Page 42

P = po into xp(t, p) yields the so-called sensitivity function

d
S(t) = xp(t, po) = T -x(t,P) (2.122)
P P=Po
which is the solution of the differential equation (compare with (2.120))
x = f(t,x,po) , (2.123a)
x(to) = %o , (2.123b)
§ = {af(t X p)} S+ {8f(t X p)] (2.123¢)
ox P=Po 8p o P=Po 7 .
S(to) =0 . (2.123d)

The matrix differential equation for S(¢) is also referred to as the sensitivity equation. The
sensitivity function can be interpreted as providing a first-order approximation for the
effect of parameter variations on the solution. This allows for approximating the solution
x(t,p) of (2.115) for small changes in the parameter vector p from the nominal value pg
in the form

X(t) p) ~ X(ta pO) + S(t)(p - pO) (2124)

This approximation is, among other things, the basis for singular perturbation theory.
While one could imagine determining the effect of parameter variations by simply varying
the parameters in the differential equations, this approach has the disadvantage that small
parameter variations often get lost in the round-off errors of the integration, thus not
allowing for quantitative statements about the influence of parameters on the solution.

Ezxercise 2.22. The following differential equation system (Phase-Locked-Loop) is
given

.i'l = X9 (2.125)
&g = —csin(z1) — (a + beos(xy))z2 (2.126)
with state x* = [z1, 29] and parameter vector pT = [a, b, ¢]. The nominal values of
the parameter vector p are pg = [1,0,1]. The sensitivity function S(¢) according
to (2.122) is sought. Compare the solutions for the nominal parameter vector pg

and for the parameter vector p* = [1.2,—0.2,0.8] for x§ = [1,1] by simulation in
MATLAB/SIMULINK.

FExercise 2.23. Calculate the sensitivity equation for the Van der Pol oscillator
i?—s(l—v2>1')—|—v:0 (2.127)

with state x* = [v, 0] and parameter p = e. Compare the solutions for various small
deviations from the nominal value ¢y = 0.01 by simulation in MATLAB/SIMULINK.
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3 Fundamentals of Lyapunov Theory

This chapter covers the theoretical foundations for investigating the stability of an
equilibrium point for autonomous and non-autonomous nonlinear systems.

3.1 Autonomous Systems

In this section, we consider an autonomous system
x = f(x) (3.1)

with the smooth vector field f(x). Denoting the flow of (3.1) by ®;(x), an equilibrium
point xp satisfies the relation

f(xg) =0 or ®,(xp) = xR . (3.2)

Without loss of generality, we can assume that the equilibrium point is xp = 0. If xp # 0,
then by a simple coordinate transformation X = x — xp, one can always achieve that in
the new coordinates Xz = 0. The concept of a vector field will now be briefly explained.

3.1.1 Vector Fields

An important concept in the study of (autonomous) systems of the form (3.1) is that
of a vector field, where so-called smooth vector fields are of particular significance. The
following definition applies:

Definition 3.1 (Smooth Function). A function f: R"™ — R is called smooth or C*°
if f and all partial derivatives of any order [

6l

[T, Ohiz; ;

are continuous.

This definition can now be easily extended to a mapping f : R™ — R" by requiring that
all components f;, i =1,...,n of f are smooth.

Definition 3.2 (Vector Field). A (smooth) vector field is a prescription that assigns

to each point x € R” the pair (x,f(x)) € R™ x R" through a (smooth) mapping

f:R" — R".

Note that a vector field is not a mapping of the form R™ — R™. A vector field assigns
a linear vector space R™ to each point x in R", where the specific coordinate system is
the image set of the mapping f(x). Often, the explicit indication of the first argument in
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(x,f(x)) is suppressed and simply written as f(x). However, if we have two vector fields
fi : R™ — R™and f5 : R — R", then they can only be added f(x1) + fa(x2) if x; = %2,
as otherwise f; and fs would lie in different vector spaces.

As an example, consider the electrostatic field of two fixed point charges ¢; and ¢» in
three-dimensional space. If ¢ is located at position qul = (2,1, Tq, 2, Tqy 3], then to each
point xT = [z1, 29, 23] the field strength E;(x) is assigned in the form

q1 (X - XQ1)

Ei(x) = dneg ((

e (3.4)

Taa — 1) + (g2 — 72)° + (T3 — 363)2)

Analogously, charge g2 generates the field Es. Both vector fields can be superimposed,
and one obtains the force on a test charge ¢ at position x as

F = ¢Ei(x) + ¢E2(x) . (3.5)

Note that the sum gE;(x1) + ¢E2(x2) is not a meaningful operation for x; # xa. Figure
3.1 illustrates this fact.

q1 q2

Figure 3.1: Illustration of the concept of a vector field using the example of the electric
field of two point charges.

For second-order systems of the type (3.1), the solution trajectories can be easily
obtained graphically by drawing the vector field f*(x) = [f1(x1,22), f2(x1,22)]. The
reason for this is that for a solution curve of (3.1) passing through the point x* = [z1, z],
the vector field f(x) at point x is tangential to the solution curve.

Ezxercise 3.1. Draw the vector field for the system of differential equations

:tl = T2 (36&)
.’tg = — SiH(IEl) — 1.5.’E2 . (36b)
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‘ | Remark: Use MAPLE and the command fieldplot for this purpose.

3.1.2 Stability of the Equilibrium

These prerequisites allow us to define the stability of an equilibrium point in the sense of
Lyapunov.

Definition 3.3 (Lyapunov Stability of Autonomous Systems). The equilibrium
xp = 0 of (3.1) is called stable (in the sense of Lyapunov) if for every ¢ > 0 there
exists d(¢) > 0 such that

%ol < 6(e) = [[®e(x0)ll <& (3.7)

holds for all ¢ > 0. Furthermore, the equilibrium xr = 0 of (3.1) is referred to as
attractive if there exists a positive real number 7 such that

Ixol <n = lim ®4(xp) =0 . (3.8)
t—»00

If the equilibrium xzp = 0 of (3.1) is stable and attractive, then it is also called
asymptotically stable.

The choice of norms || || in (3.7) and (3.8) is arbitrary, as shown in Section 2.1.1,
where it is demonstrated that in a finite-dimensional vector space, norms are topologically
equivalent. The distinction between stable and attractive in Definition 3.3 is important
because an attractive equilibrium may not necessarily be stable. An example of this is
given by the system

= 23 (zg — 21) + 73 (3.9)
(23 + 23) (1 + (23 + 23)%)

l’%(fl)g — 2x1)
(23 + 23) (1+ (23 +23)%)

Tog =

(3.9b)

with the vector field shown in Figure 3.2.

3.1.3 Direct (Second) Method of Lyapunov

Before discussing the direct method of Lyapunov, the physical idea behind this method
will be illustrated using the simple electrical system shown in Figure 3.3.
The network equations are

d 1

— = —(— — ) -1
3 L( uc — Ryip) (3.10a)
d 17/. uc

acTc <ZL RQ) (3.10b)
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Figure 3.2: Vector field of an unstable but attractive point.

with the capacitor voltage uc and the current through the inductance i;,. The energy
stored in the capacitance C' and inductance L

1, 1
V= §Lz% + 5Cu% (3.11)

is positive for all (uc, ir) # (0,0) and its time derivative

d PR
il —Ryi% — R—Qu% (3.12)

is negative for all (uc, i) # (0,0). By introducing the norm

uc .
=/Cu% + Li? 3.13
]| - e o

it can be shown from Definition 3.3 for § = ¢ that the equilibrium uc = iy, = 0 is stable
and attractive, hence asymptotically stable.

Ezercise 3.2. Show that (3.13) is a norm.

In the context of Lyapunov theory, for nonlinear systems of type (3.1), the energy
function (3.11) is replaced by a function V' with corresponding properties. For this purpose,
the following definition is introduced:
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|
E

et w [|n

A

1

Figure 3.3: Simple electrical system.

Definition 3.4 (Positive/Negative (Semi-)Definiteness). Let D C R™ be an open
neighborhood of 0. A function V(x) : D — R is called locally positive (negative)
definite if the following conditions are satisfied:

(1) V(x) is continuously differentiable,
(2) V(0) =0, and
(3) V(x) >0, (V(x) <0) for x € D— {0}.

If D = R"™ and there exists a constant r > 0 such that

inf V(x)>0 <|sup V(x) < 0) , (3.14)

lI<[|=>r |x[|>r

then V' (x) is called positive (negative) definite.

If V(x) in condition (3) satisfies only the following conditions:
(3) V(x) >0, (V(x) <0) for x € D— {0},

then V(x) is called (locally) positive (negative) semidefinite.
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Ezercise 3.3. Which of the following functions are positive (negative) (semi)definite?

V(x1, 29, 23) = 23 + 23 + 374 (3.15a
V(x1, 20, x3) = —27 — 23 — ax3 + x5, a>0 (3.15b

In analogy to the electrical example in Figure 3.3, one now tries to construct a positive
definite function V(x) (corresponding to the energy function), the so-called Lyapunov
function, whose time derivative is negative definite. For the temporal change of V(x)
along a trajectory ®;(xo) of (3.1), the following holds:

d 0 d
3V (@t(x0)) = 85(V(‘I’t(xo))(h‘1’t(xo) .15)
= &V(x)f(x) .

Figure 3.4 illustrates this fact using the level sets V(x) = ¢ for various positive constants
c.

T2 A

Figure 3.4: Constructing a Lyapunov function.

Exercise 3.4. Show that for second-order systems, the level sets near the equilibrium
point are always ellipses. (This also justifies the choice of the schematic representation
in Figure 3.4.)
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Now we are able to formulate Lyapunov’s direct method:

Theorem 3.1 (Lyapunov’s Direct Method). Let xgp = 0 be an equilibrium point
of (3.1) and D C R™ be an open neighborhood of 0. If there exists a function
V(x) : D — R such that V(x) is positive definite on D and V(x) is negative
semidefinite on D, then the equilibrium point xgp = 0 is stable. If V(x) is even
negative definite, then the equilibrium point xp = 0 is asymptotically stable. The
function V (x) is then called a Lyapunov function.

The proof of this theorem is not provided here but can be found in the literature
referenced at the end. It should be noted at this point that using the level sets of Figure
3.4 can help illustrate the statement of Theorem 3.1.

Ezercise 3.5. Consider an RLC' network described by the following system of differ-

ential equations:
-1
XC _ CcC o Ri1 Rig| |xc¢ (3.17)
Xy, 0 L Ro1 Ragf |x1 '

Here, x¢ denotes the vector of capacitor voltages and xj denotes the vector of
inductance currents. The diagonal matrix C contains all capacitor values, and the
positive definite matrix L consists of self and mutual inductances. The matrices Rq1
and Rgo are symmetric, and Rjo = —RQTI. Show that for negative definite matrices
R11 and Rgg, the equilibrium point xo = x5, = 0 is asymptotically stable.

Remark: Use as a Lyapunov function the total energy stored in the energy
storage elements: V(x¢,x) = 3x5Cxc + 5x1Lx.

Note that the failure of a candidate for V(x) does mot imply the instability of the
equilibrium point. In such a case, a different function V(x) must be chosen. However,
the existence of a Lyapunov function is always guaranteed if the equilibrium point is
stable in the Lyapunov sense, i.e., the main challenge is to find a suitable Lyapunov
function V' (x). In most technical-physical applications, the Lyapunov function can be
obtained from physical considerations by considering the stored energy in the system as a
suitable candidate. If this is not possible, for example, if the physical structure is partially
destroyed by control, then other methods must be used accordingly.

In the case of a scalar system of the form

i=—f(x) (3.18)

with continuous f(x), f(0) =0, and zf(z) > 0 for all z # 0 with « € (—a,a), one chooses
candidates for the Lyapunov function as

Vie) = / F(2)dz . (3.19)
0

Obviously, V(x) is positive definite on the interval (—a,a) and for the time derivative of
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V(x) we have

V() = f(a)(=f(z)) = —f*(z) <0 (3.20)

for all x # 0 with z € (—a,a). This proves the asymptotic stability of the equilibrium
zr = 0.

FEzercise 3.6. Show that a single-input system with an asymptotically stable equi-
librium zr = 0 can always be written in the form of (3.18) in a sufficiently small
neighborhood D = {z € R| — a < x < a} around the equilibrium, with the condition
xf(x) >0 for all z € D — {0}.

3.1.4 Basin of Attraction

Although stability of an equilibrium can be assessed using the above methods, the allowed
deviation x¢ from the equilibrium 0 is only known to be sufficiently small. To quantitatively
classify these possible deviations, the so-called basin of attraction is defined.

Definition 3.5 (Basin of Attraction). Let xg = 0 be an asymptotically stable
equilibrium of (3.1). Then the set

g = {xo € R"| tlglolo ®,(x0) = 0} (3.21)

is called the basin of attraction of xgp = 0. If £ = R", then the equilibrium xz = 0 is
globally asymptotically stable.

If one can show that the Lyapunov function V(x) is positive definite on a domain X’
and V(x) is negative definite on a domain ), where the domains X and ) include the
equilibrium xg = 0, then a simple estimation of the basin of attraction is given by the
largest level set

Lo={xeR"|V(x)<c} (3.22)

for which L, Cc X N Y.

Ezercise 3.7. Show that £, C X N'Y being a positively invariant set according to
Definition 3.6. Provide a justification for why this is indeed a suitable estimation of
the basin of attraction.

When proving global asymptotic stability, fundamental difficulties arise as for large c,
the level sets (3.22) may no longer be closed and bounded (compact). If this property is
lost, the level sets are no longer positively invariant sets and hence not suitable estimates
for the basin of attraction. An example of this is given by the Lyapunov function

V(x) = + 3 (3.23)

Ty
(1+ 2%)

As can be seen from Figure 3.5, the level sets L. are compact for small ¢, which
directly follows from the fact that V(x) is positive definite. In order for the level
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c=0.1
c=0.2
c=20.3
c=04
c=0.5
c=20.6
~ c=0.7
8 c=08
c=0.9
c=1.0
c=1.2
c=14
c=1.6
c=1.8

Figure 3.5: Regarding the compactness of level sets.

sets L. to be completely contained in a region B, = {x € R"|||x|| < r}, the condition
c < min|y|—, V(x) < oo must be satisfied, i.e., if

[ = lim min V(x) < oo, (3.24)

To0 [|x[|=r

then the level sets L. for ¢ < [ are compact. For the Lyapunov function (3.23), it follows
that

[ = lim min 7x% + 22
=00 ||x||=r (1 + x%) 2
, x? (3.25)
= lim ———
|z1]—00 (1 + :El)
=1,

which means that the level sets are compact only for ¢ < 1. To ensure that the level sets
L. are compact for all ¢ > 0, the additional requirement

i V(x) =00 (3.26)

is established. A function that satisfies this condition is called radially unbounded. This
leads to the following theorem.

Theorem 3.2 (Global asymptotic stability). Let xg = 0 be an equilibrium point of
(3.1). If there exists a function V(x) : R™ — R such that V(x) is positive definite,
V(x) is negative definite, and V (x) is radially unbounded, then the equilibrium point
xgr = 0 s globally asymptotically stable.

Again, for the detailed proof, one should refer to the literature.
Consider the dynamic system shown in Figure 3.6 with 77, T5 > 0, and the saturation
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characteristic
-1 for z;1 < -1
F(x1) =< x1 for —1 <21 <1 (3.27)
1 for x;1 >1
or
-1 for r1 < -1
x
L ={1 for —1 < <1 (3.28)
F(xy)
1 forx1 > 1.
1 T F(xl) Ul .
| 1 > o 1+T1s z1
u9 1
3 ® 11 Tos Z2

Figure 3.6: Block diagram of the analyzed dynamic system.

The corresponding mathematical model is

. 1

1 = ?(F(xl)xg — 1) (3.29a)
1

. 1

X9 = E(m%xl - :cg) . (3.29b)

Now, if we choose candidates for the Lyapunov function as
V(x) = a’x7 + b3, a,b#0, (3.30)

then we obtain the expression for V(x) as

. 2a? ( F(x1) 2b°
Vix) = x%TI< o T — 1) + ng(x%xl — 1) . (3.31)

Obviously, V(x) is negative definite for

I 1
d < — 3.32
Flo) and z o ( )

To <
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To estimate the basin of attraction, a level set £. = {x € R?| V(x) < ¢} is sought where
V(x) is negative definite. For this purpose, we determine the ellipse V (x) = a%2? + b%2% =
(1/€)?, which touches the curves (3.32). The point of tangency between the ellipse
2 2
x x
L o +——2_.=1 (3.33)
(Ve/a)™  (Ve/b)
and the saturation characteristic zo9 = % immediately yields the relationship /c/b = 1.
To determine the second point of tangency, we use the fact that at the point of tangency
of the two curves

x? 1
—L o +23=1 and x1=— (3.34)
(Ve/a) 3
the slopes
2x1 d —-2d
Lwé +229dxo =0 and dz; = 733:2 (3.35)
(Ve/a) 2
and
d - d —3
doy | g de2 oo (3.36)
de’l I’Q(ﬁ/@) d$1 2
must be equal. From (3.34) and (3.36) it follows that
4
- - 1
e 5 = Y2 and T3 = — (3.37)
(Vela? 2 ot
and thus
2
z3 = Weja) . (3.38)

2
Substituting (3.38) into (3.34), we obtain
3v3
Veja = ;f ) (3.39)
Thus, an estimation of the basin of attraction is calculated as the interior of the ellipse
2

x
o taz=1. (3.40)

4

Figure 3.7 shows the graphical representation of the situation.
FExercise 3.8. The following dynamic system is given

—6x1

T = 2 + 2o, =1+ z? (3.41a)
-2
By = W . (3.41D)

(1) Calculate the equilibrium(s) of the system (3.41). Show that for all x € R2,
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Figure 3.7: Calculation of the basin of attraction of Figure 3.6.

V(x) > 0 and V(x) < 0 for

Vix) = % + 23 . (3.42)

(2) Are the equilibrium(s) stable, asymptotically stable, globally stable, or globally
asymptotically stable?
Ezercise 3.9. The following dynamic system is given:

i = —x1 + 2031, (3.43a)
ig = —X2 . (343b)

(1) Show that the equilibrium xz = 0 is asymptotically stable.

(2) Provide the largest possible estimate of the basin of attraction.

3.1.5 The Invariance Principle

Expanding on Theorem 3.1, there are systems where the equilibrium xz = 0 is asymp-
totically stable even though the time derivative of the Lyapunov function V(x) is only
negative semidefinite. As an example, consider the simple spring-mass-damper system
shown in Figure 3.8 with mass m, linear damping force Fy = d%z, d > 0, and nonlinear
spring force F, = p(2) satisfying k122 < ¢p(2)z < koz? with 0 < k1 < ko.

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
©A. Deutschmann-Olek and L. Tarra, Automation and Control Institute, TU Wien



3.1 Autonomous Systems Page 56

Yp(2)
z
Figure 3.8: Simple mechanical system.
The equations of motion are

d
i (3.44a)
S0 = () + o) (3.440)
gl = el v .

with the state x* = [2,v] and the only equilibrium xg = 0. The kinetic and potential
energy stored in the system

V= %mv2 + /OZ Yr(w)dw (3.45)

are naturally positive definite and serve as suitable candidates for a Lyapunov function.
Clearly,

d 1
—V = mv<—(wp(z) + dv)) + Yp(2)v = —dv? (3.46)
dt m
is negative semidefinite, and according to Theorem 3.1, we can conclude that the equi-
librium xp = 0 is stable in the sense of Lyapunov. That is, the energy V stored in the
system always decreases, except when v = 0 where it remains constant. Substituting v =0

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
©A. Deutschmann-Olek and L. Tarra, Automation and Control Institute, TU Wien



3.1 Autonomous Systems Page 57

into (3.44), we see that z = z and $v = —Lyp(Z) for a constant z. From the specific
form of the characteristic curve ¥)p(z) in Figure 3.8, it follows that %v only becomes zero
for z = 0. This demonstrates that the energy V stored in the system must decrease until
the point z = v = 0 is reached, proving the asymptotic stability of the equilibrium.

The mathematical generalization of this procedure leads to the so-called Invariance
Principle of Krassovskii-LaSalle. Before this is discussed in more detail, the concepts of
limit points and limit sets should be explained. Without loss of generality, consider again
the autonomous, smooth nth-order system

x =f(x) (3.47)
with the flow ®;(x) according to (3.1).

Definition 3.6 (Positively Invariant Set). A set M C R™ is called a positively
invariant set of the system (3.47) if the image of set M under the flow ®; is the set
M itself, i.e., (M) C M, for all ¢t > 0.

Simple examples of a positively invariant set are the set {xr} with xp as an equilibrium
point, the set of points of a limit cycle, etc. A set M is called a negatively invariant set of
the system (3.47) if ®_,(M) is positively invariant. Also of interest are points that are
approached arbitrarily closely by a trajectory an infinite number of times. For this, the
following definition is given:

Definition 3.7 (Limit Point and Limit Set). A point y € R" is called an w-limit
point of x of the system (3.47) if there exists a sequence (¢;) of real numbers from the
interval [0, co) with ¢; — oo such that

lim [ly — @, (x)| = 0 (3.48)
1—00

holds. The set of all w-limit points of x, the so-called w-limit set of x, is denoted by

L, (x).

Equivalently to the above definition, limit points and limit sets can be considered for
t < 0. In this case, the designations a-limit point and a-limit set L, (x) are used.

Definition 3.8 (Limit Cycle). A limit cycle of (3.47) is a closed trajectory ~ that
satisfies the conditions v C L, (x) or 7 C Lq(x) for certain x € R™. In the first case,
the limit cycle is called an w-limit cycle, and in the second case, an a-limit cycle.

In Figure 3.9, the concepts of limit set and limit cycle are illustrated based on a
schematic representation of the trajectories of the Van der Pol oscillator. Here, v describes
the unique closed trajectory that, for every point x € R? except for the point x4, forms
the w-limit set L, (x), i.e., v describes an w-limit cycle. Furthermore, the point x4 is the
a-limit set L, (x) for every point x inside ~. If x is outside 7, then L,(x) = {}.

With these concepts, it is now possible to formulate the invariance principle of
Krassovskii-LaSalle.
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—

<

Figure 3.9: Limit points and limit sets.

Theorem 3.3 (Auxiliary lemma for the invariance theorem). If the solution x(t) =
®,(x0) of the system (3.1) is bounded for t > 0, then the w-limit set L,(xo) of xo
according to Definition 3.7 is a nonempty, compact (bounded and closed), positively
invariant set with the property

Jim ®,(xo) € Lo (x0) - (3.49)

The proof of this theorem can be found in the literature cited at the end.

Theorem 3.4 (Invariance principle of Krassovskii-LaSalle). Assume X is a compact,
positively invariant set and V : X — R is a continuously differentiable function that
satisfies V(x) < 0 on X. Let Y be the subset of X for which Y = {X € X|V(x) = 0}.
If M denotes the largest positively invariant set of ), then

L,(X)C M. (3.50)

The proof of this theorem can also be found in the literature cited at the end. As seen
from Theorem 3.4, V(x) does not need to be positive definite. The difficulty here lies in
finding the compact, positively invariant set X'. However, it is known from Section 3.1.4
that the level set of a positive definite function V(x) is locally compact and positively
invariant. If radial unboundedness can be proven, then this holds globally. Thus, it is
possible to formulate the following theorem as a direct consequence of Theorem 3.4.

Theorem 3.5 (Application of the Invariance Theorem). Let xg = 0 be an equilibrium
point of (3.1) and D C R™ be an open neighborhood of 0. If there exists a function
V(x): D — R such that V(x) is positive definite on D and V (x) is negative semidef-
inite on D, then the point xgr = 0 is asymptotically stable if the largest positively
invariant subset of Y = {x € DIV (x) = 0} is the set M = {0}. Furthermore, if V(x)
is radially unbounded, then xr = 0 is globally asymptotically stable.
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Referring to the spring-mass-damper system in Figure 3.8, consider the example

& = 19 (3.51a)
T = —g(z1) — h(z2) (3.51b)
with
g(0) =0,  zg(z1) >O0forxy #0, z; € (—a,a) (3.52)
h0) =0,  aoh(xy) >0forzp #0, x3 € (—a,a) (3.53)

being examined. It is assumed that g(z1) and h(x2) are continuous on the interval (—a, a).
It can be easily verified that xg = 0 in the set D= {x € R*| —a < 21 < a,—a < 23 < a}
is the only equilibrium point. A candidate for a Lyapunov function is chosen as

1

.%'2
V(x) = / gw)dz + 2 (3.54)
0

Clearly, V(x) is positive definite on D and for V we have
V(X) = g(acl);icl + zodo = —Z‘Qh(ﬂjg) <0. (3.55)

In this example, the set ) = {X €D|V(x) = 0} simplifies to Y = {x € D|z; arbitrary and zo = 0}.
Therefore, for the solution curves to remain in ) for all times ¢ > 0, it follows immediately

that 1 = 0, meaning the largest positively invariant subset of ) is the set M = {0}.

Hence, according to Theorem 3.5, the equilibrium point xr = 0 is asymptotically stable.

Ezxercise 3.10. Given is a first-order dynamic system

T =ar1+u (3.56)

with an adaptive control law
Ty = yI3, v >0 (3.57a)
U= —ToTq . (3.57Db)

Show using the invariance principle of Krassovskii-LaSalle that for the closed loop
system, limy_,o 21 (t) = 0 regardless of the plant parameter a. It is only known that
the parameter a is bounded from above by a < b.

Remark: Choose as a candidate for the Lyapunov function

1o 1 2
V(x) = 571 + 2 (x2 — b)*, b>a . (3.58)
3.1.6 Linear Systems
The stability analysis of linear systems
x = Ax (3.59)
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can be carried out based on the eigenvalues of the matrix A. By means of a regular state
transformation z = Tx, the system can be transformed to Jordan normal form

with

A Jordan block J; has the form

J1

0

0
473 1
0 a;
0

z=Jz
0
Jo
0
0
a;
0

-mXxXm

for an m-fold real eigenvalue \; = a; of the matrix A or

(A, 1
0 A,
0

0

A;
0

0

0
I
A

)

2mx2m

(3.60)

(3.61)

(3.62)

(3.63)

for an m-fold complex conjugate eigenvalue \; = a; & jb; of the matrix A.

FExercise 3.11. How should the transformation matrix T look like in order to obtain

the Jordan form?

Remark: FEigenvectors
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Now, the following theorem holds for stability according to Lyapunov:

Theorem 3.6 (Stability of Linear Systems). The equilibrium xg = 0 of (3.59) is
stable in the sense of Lyapunov if and only if for each Jordan block J; of (3.60), a; < 0
ora; <0 and m = 1. If a; < 0 holds for each Jordan block J; of (3.60), then the
equilibrium xg = 0 is asymptotically stable.

FExercise 3.12. Prove Theorem 3.6.

Two more definitions are needed for the subsequent considerations.

Definition 3.9 (Hurwitz Matrix). An (n X n) matrix A is called a Hurwitz matriz if
for all eigenvalues \; of A, Re(\;) <0 fori=1,...,n.

Definition 3.10 (Positive Definite Matrix). A symmetric (n X n) matrix P is called
positive definite if xTPx > 0 for all x € R"® — {0}. If x'Px > 0, then P is called
positive semidefinite.

Ezercise 3.13. Where are the eigenvalues of a positive (semi)definite matrix located?
Prove your statements.

Now, if we choose candidates for a Lyapunov function of (3.59) as
V(x) =xTPx (3.64)
with a positive definite matrix P, then for V we have
V(x)=x"Px+x'Px
= xT (ATP + PA)X (3.65)
= —XTQX
with a square matrix Q that satisfies the relationship
ATP+PA+Q=0 (3.66)
(3.66) is also called the Lyapunov equation.

Ezercise 3.14. Show that the Lyapunov equation (3.66) is a linear equation in the
elements p;; of P.

If the matrix Q is positive definite, then from Theorem 3.1, it follows that the equilibrium
xpr = 0 is asymptotically stable and consequently A is a Hurwitz matrix. That is, for a
given positive definite matrix P, the matrix Q is computed for system (3.59) and checked
for positive definiteness. For linear systems, this procedure can be reversed. A positive
definite Q is specified, and P is computed accordingly. The following theorem states:
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Theorem 3.7 (Lyapunov Equation). The matriz A is a Hurwitz matrix if and only
if the Lyapunov equation (3.66) has a positive definite solution P for every positive
definite Q. In this case, P is uniquely determined.

Proof. («<): Follows trivially from Theorem 3.1. (=): If A is a Hurwitz matrix, then
the existence of the integral

P= / ATQeA! dt (3.67)
0

is guaranteed. Furthermore, if Q is positive definite, then this must also hold for P,
because from

xTPx =0 (3.68)
it follows
o
/xTeATthAtx dt=0. (3.69)
—_——
0 >0

Since Q is positive definite, eAt

matrix, x = 0. The calculation

x = 0 and due to the regularity of the transition

ATP 4 PA — / ATAT QA 4 + / ATIQEAI A (it
0 0

o0

d

_ / 3 (e*1Qer) ar (3.70)
0

_ }320 eATthAt -Q

-Q

shows that P from (3.67) is indeed a solution of the Lyapunov equation (3.66). The
uniqueness of the solution remains to be shown. Assuming Py is another solution of
the Lyapunov equation (3.66). For the time derivative of the expression

F(X) = X"TPX - X"PX = XT(P - Py)X (3.71)
with X as a solution of the matrix differential equation

X =AX (3.72)
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we obtain

F(X) =X"[ ATP + PA - (AP + PoA) |X =0. (3.73)
-Q
-Q

Thus, F(X) is constant along a trajectory of (3.59). From
F(e) = A (P — Pg)e?! (3.74)
we then deduce, with

lim F(eA) = F(I)

t—0
—(P-P
( ) (3.75)
= lim F(e?)
t——+o00
=0
the uniqueness of the solution of (3.66). O
Exercise 3.15. Given are two identical linear systems of the form
_ 0 1 0 .
X; = l—l 0 X; + L[ i=1,2 (3.76a)
yi=[1 0. (3.76b)

Check the stability of the equilibrium when the two systems are connected in series or
in parallel. Provide a physical interpretation of the results when considering system
(3.76) as an undamped mass-spring oscillator.

FEzercise 3.16. Given is the linear autonomous time-invariant sampled system
Xp11 = Axy, A e R (3.77)
Show that the existence of a positive definite solution P € R™*" of the inequality
ATPA-P <0 (3.78)

is sufficient for V(x) = xTPx to be a Lyapunov function for (3.77).

FEzercise 3.17. The linear system

% = Ax (3.79)
y = Cx (3.79D)
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is completely observable. Show that A is a Hurwitz matrix if and only if the Lyapunov
equation

PA + ATP = —C'C (3.80)

is satisfied for a positive definite P. Show further that in this case, the solution for P
is unique.
Remark: Use the invariance principle of Krassovskii-LaSalle and the fact that
for the observable pair (A, C), CeA'x = 0 for all t > 0 if and only if x = 0 for
all £ > 0.

3.1.7 Indirect (First) Method of Lyapunov

In addition to the second method of Lyapunov discussed in Section 3.1.3, which is
essentially based on the construction of a Lyapunov function, there is also the possibility
to assess the stability of an equilibrium point based on the linearized system around this
equilibrium point. Consider the nonlinear autonomous system

x = f(x) (3.81)

with equilibrium point xz = 0. Assuming that f(x) is continuously differentiable on an
open neighborhood D of 0, f(x) can be written in the form
£(x) = £0) + L£(x)|  x+re),  tim X

ox x=0 Ix[—0 ||x]|

-0 (3.82)

Then the following theorem holds:

Theorem 3.8 (Indirect (first) Method of Lyapunov). Let xg = 0 be an equilibrium
point of (3.81) and f(x) be continuously differentiable on an open neighborhood D C R™
of 0. With

A= —f(x) (3.83)

the following holds:

(1) If all eigenvalues A\; of A have a real part less than zero, i.e., Re(\;) < 0, then
the equilibrium point is asymptotically stable.

(2) If one eigenvalue \; of A satisfies Re(\;) > 0, then the origin is unstable.

(8) For eigenvalues \; of A with Re(\;) =0, no statement can be made about the
stability of the equilibrium point of the nonlinear system.

Proof. To prove the first part of this theorem, the function

V(x)=xTPx (3.84)
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with positive definite P is considered as a candidate for a Lyapunov function. From
(3.82), it follows for V

V(x) = xTPf(x) + fT(x)Px
= xTP(Ax 4 r(x)) + (Ax + r(x)) ' Px (3.85)
= x"(PA + ATP)x + 2x"Pr(x) .
Since A is a Hurwitz matrix, the Lyapunov equation

PA+ATP+Q=0 (3.86)

has a positive definite solution P for every positive definite Q. It was also assumed
that f(x) is continuously differentiable, and therefore for every ¢ > 0, there exists a
d > 0 such that

[eGOlly <ellxlly lixlly <4 (3.87)

For a positive definite matrix P, the induced 2-norm satisfies the estimate (compare
to (2.55))

Amin(P) < ||PHZ‘72 < Amax(P) (3.88)

with Apin(P) > 0 or Apax(P) > 0 as the smallest or largest eigenvalue of P. Thus,
from the Cauchy-Schwarz inequality (2.82), (3.87), and (3.88), the estimate

‘XTPr(X)) < Prx) [yl < 1Pl IrG) 1%y < eAmax(P)x]13 (3.89)
——
<ellx|l,
or
V(x) < —xTQx + 26 \max (P) ||x]/3 (3.90)
< (= Amin(Q) + 25>‘maX(P))||XHg )
is obtained, and V is definitely negative for
Amin((Q)
—_— 3.91
* S D (P) (3.91)

This proves, according to Theorem 3.1, the asymptotic stability of the equilibrium
xgr = 0. The proof of the second part of Theorem 3.8 is not carried out here but can
be found in the corresponding literature. O

Exercise 3.18. Search in the literature provided at the end for Lyapunov instability
theorems and apply them to prove the second part of Theorem 3.8.

If the linearized system has eigenvalues A; with Re()\;) = 0, then the indirect method
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does not allow any statement. Consider the nonlinear single-input system
i = ax® (3.92)
with the system linearized around the equilibrium xp =0
z=0. (3.93)
Choosing candidates for a Lyapunov function as
V(z) = z* (3.94)
and obtaining V as
V(z) = 4azb . (3.95)

It is easy to see that the origin is asymptotically stable for a < 0 but unstable for a > 0.
For a = 0, the system is linear and has infinitely many equilibrium points.

Ezxercise 3.19. Examine the stability of the equilibrium point(s) for systems (3.9),
(3.29), (3.41), and (3.43) using the indirect method of Lyapunov.

3.2 Non-autonomous Systems
The following considerations are based on the non-autonomous nonlinear system
x = f(t,x) (3.96)

with f : [0,00) x D — R™ piecewise continuous in ¢ and locally Lipschitz in x on [0, 00) X D,
D C R, (compare Theorem 2.13). The error systems that arise in trajectory tracking
control of nonlinear systems typically have the structure of (3.96). One calls xp € D an
equilibrium of (3.96) for ¢ = t, if for all times ¢ > ¢y > 0 the relationship

f(t,xg) =0 (3.97)

is satisfied, where xp must be independent of time t. Without loss of generality, one can
assume that an equilibrium with xz = 0 for tg = 0 is given.

Ezercise 3.20. Show that for xp # 0, tg # 0, one can always achieve, through a simple
coordinate and time transformation, that in the new coordinates the equilibrium
%xp =0 for t =0.

In the following, it will be briefly shown that the equilibrium of a non-autonomous
system (3.96) can also be the transformed nontrivial solution of an autonomous system.
This has the advantage that the stability analysis of a solution trajectory can be reduced
to the stability of an equilibrium of a non-autonomous system. Consider the autonomous
system

d

.y =8, (3.98)
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where y(7) denotes a solution of (3.98) for 7 > 79 > 0. Now, performing a coordinate and
time transformation of the form x =y — y(7) and ¢t = 7 — 79, we obtain the transformed
system

d d d_
—x = —y(t+10)— ¥+ 70)

dt dt dt
d
= g(x+F(t + 7)) — =F(t+70) (3.99)
=f(t,x) .
Since y(7) is a solution of (3.98) for 7 > 79 > 0, we have
d _ _
() =gF(), T=27m=20 (3.100)
or in the transformed time ¢
d
Yt +m)=gFt+mn), =0 (3.101)

It is immediately clear from (3.99) and (3.101) that xg = 0 for ¢, = 0 is an equilibrium of
the transformed system %x = f(t,x).

The definition of Lyapunov stability according to Definition 3.3 can now also be applied
to non-autonomous systems, but here the dependence of the system behavior on the initial
time £y must be explicitly taken into account.

Definition 3.11 (Lyapunov Stability of Non-Autonomous Systems). The equilib-
rium xp = 0 of (3.96) is called

o stable (in the sense of Lyapunov), if for every € > 0 there exists a d(e,ty) > 0
such that

[x(o)ll < é(est0) = [x@)] <e (3.102)
holds for all ¢ >ty > 0,

o uniformly stable, if for every € > 0 there exists a d(¢) > 0 (independent of )
such that (3.102) is satisfied for all ¢t > ¢y > 0,

o asymptotically stable, if it is stable and there exists a positive real number 7(¢g)
such that from

|x(to)|| < n(to) = lim x(t) =0, (3.103)

t—o00

o uniformly asymptotically stable, if it is uniformly stable, there exists a positive
real number 7 (independent of ¢y) such that (3.103) is satisfied for all ¢ > ¢y > 0,
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and for every p > 0 one can find a T'(xt) > 0 such that
Ix(to)ll<n = |x@)|] <p forall t>tg+T(p) (3.104)

holds.

For non-autonomous systems of the form (3.96), a theorem analogous to Theorem 3.1
can now be given for checking uniform stability:

Theorem 3.9 (Uniform stability of non-autonomous systems). Let xgp = 0 be an
equilibrium of (3.96) for t =0 and D C R™ be an open neighborhood of 0. If there
exists a continuously differentiable function V(t,x) : [0,00) x D — R and continuous
positive definite functions W1(x) and Wa(x) on D such that

Wi(x) < V(t,x) < Wa(x) (3.105a)
gtv + (;}(V)f(t?x) <0 (3.105b)

holds for allt > 0 and all x € D, then the equilibrium xr = 0 s uniformly stable.
If furthermore a continuous positive definite function Ws(x) on D exists such that
(3.105b) can be bounded as

gtv + (iv) f(t,x) < —Ws(x) <0 (3.106)

for all t > 0 and all x € D, then the equilibrium xr = 0 is uniformly asymptotically
stable.

The proof of this theorem can be found in the literature cited at the end.

Exercise 3.21. Show that the equilibrium x = 0 of the system

lu’ﬂl} _ [—551 —g(t)le (3.107)

Z2 1 — T2

with the continuously differentiable time function g(t), 0 < g(¢) < k and %g(t) < g(t)
for all ¢ > 0 is uniformly asymptotically stable.

FEzercise 3.22. Given is the following mathematical model (mathematical pendulum
with time-varying damping)

i’l . xI9
ng] N l— sin(zq1) — g(t)xj (3.108)

with the continuously differentiable time function g(¢), 0 < a < g(t) < < oo and
%g(t) < vy < 2 for all t > 0. Show that the equilibrium x; = x5 = 0 is uniformly
asymptotically stable.

Besides uniform stability, exponential stability also plays a crucial role in the analysis
of non-autonomous systems.

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
©A. Deutschmann-Olek and L. Tarra, Automation and Control Institute, TU Wien



3.2 Non-autonomous Systems Page 69

Definition 3.12 (Exponential Stability of Non-autonomous Systems). The equilib-
rium xp = 0 of (3.96) is called exponentially stable if positive constants ki, ko, and
k3 exist such that

Ix(to)ll <ks = IIx(@)I| < kullx(to)[|le~*=210) . (3.109)
The verification of exponential stability can be done using the following theorem.

Theorem 3.10 (Exponential Stability of Non-autonomous Systems). Let xg = 0 be
an equilibrium of (5.96) at t =0 and D C R™ be an open neighborhood of 0. If there
exists a continuously differentiable function V(t,x) : [0,00) x D — R and positive
constants o, j = 1,...,4, such that

an [[x(1)[[** < V (¢, %) < anl|x()]* (3.110a)
o) %) »
&VJF <axv>f(t,x) < —asl|x(t)]| (3.110b)

holds for all t > 0 and all x € D, then the equilibrium xg = 0 s exponentially stable.

Proof. From the two inequalities (3.110), it can be seen that

SV (%) < —aslx(0)]"* < -2Vt (3.111)
and thus
V(t,x) < V(to, x(to))e o2 1) . (3.112)
Furthermore, from (3.110a) it follows
V(to, x(to)) < aal[x(to)[|™* (3.113)

and

|mmns(V“”)“, (3.114)

aq

hence, with (3.112), the following estimation

1 1
Vit oy ay a3
(ol < (FER) < (22) ¥ gm0 (3.115)
a1 aq
can be given. This directly shows the exponential stability according to Definition
a
312 for ky = (22)™ and ky = ;2. -
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Exercise 3.23. Given is the following mathematical model

[.«m] _ [ h(t)zs — g(t)at ] (3.116)
xTo —h(t)xl - g(t).%'%

with the continuously differentiable and bounded time functions h(t) and g(t), g(t) >
k > 0 for all ¢ > 0. Is the equilibrium z; = x5 = 0 uniformly asymptotically stable?
Is the equilibrium z; = x2 = 0 exponentially stable?

FEzercise 3.24. Given is the following mathematical model

[xll _ et (23 + 23) sin(t) (3.117)
I —x1 — 22 + (23 + 23) cos(t)
Show that the equilibrium 1 = x5 = 0 is exponentially stable.
3.2.1 Linear Systems
The stability analysis of linear time-varying systems of the form
X = A(t)x (3.118)

is significantly more challenging compared to the time-invariant case as in (3.59).

Ezample 3.1. Consider the system (3.118) with the dynamics matrix

14 15(cos(t)? 1 —15sin(t) cos(t)] ' (3.119)

A(t) = . . 2

—1 — 1.5sin(t) cos(t) —14 1.5(sin(¢))
In this case, the eigenvalues A\j o = —1/4 + I/7/4 of A(t) are constant for all times
t and have negative real parts, yet the equilibrium is unstable as shown by the
calculation of the solution for tg = 0

t/2 —t

e’ = cos(t e "sin(?

x(t) = ) ( ) (®) x(0) (3.120)
—et?sin(t) et cos(t)

It is worth mentioning that linear time-varying systems arise naturally when linearizing

nonlinear (autonomous) systems around a desired trajectory.

The stability analysis of the equilibrium can be carried out, for example, using Theo-

rem 3.9. To do this, one chooses a suitable Lyapunov function of the form

V(t,x) =x"P(t)x, 0<al<P(t)<asl (3.121)

with a continuously differentiable, bounded, and symmetric matrix P(¢) and positive
constants a; and as. The Lyapunov function satisfies the inequalities

aul|x[l3 < V(t,x) < az|x| - (3.122)
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If P(t) satisfies the matrix differential equation
—P(t) = AT(t)P(t) + P(t)A(t) + Q(¢)
for a continuous, bounded, and symmetric matrix Q(¢) such that
0<a3I <Q(t),

then the change in V (¢, x) along a solution curve of (3.118) is given by

%V(t, x) = X P(t)x + x P(t)x + xTP(t)x

= x"(ATOP(t) + P(t) + P()A(1))x
= —x"Q(t)x

< —az|x|3 <0 .

(3.123)

(3.124)

(3.125)

From (3.122) and (3.125), it is immediately apparent that exponential stability for ay = 2
is also demonstrated by Theorem 3.10. It is worth mentioning that for linear time-varying

systems, uniform asymptotic stability and exponential stability are equivalent.

For the analysis of linear periodically time-varying systems of the form (3.118) with
A(t) = A(t+1T), a comprehensive theory can be found in the literature under the term
Floquet theory. Here, we refrain from further elaboration on this topic, but we provide a

useful estimation for the trajectories of linear time-varying systems.

Theorem 3.11 (Wazewski’s Inequality). A solution x(t) of the linear time-varying
system (3.118) with the real-valued dynamics matriz A(t) satisfies the following

inequality

Ixta)lexp( [ Ar)ar) < ol < Il ess( [ Acr)ar)

(3.126)

where \(t) and A(t) denote the smallest and largest eigenvalue of the symmetric part

of the matriz A(t)

Al(t) = %(A(t) + AT (D))

(3.127)
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Proof. For a fixed time ¢, according to (2.64), the relationship holds

ADIx(@)]l < xT (1) As(O)x(t) < A1)]x(2)l3 (3.128)

and by substituting

)3 = %" (1x(6) + X" (1)%(1)
= x"(t)(A) + AT(®))x(t) (3.129)
= 2xT (1) A, (1)x(t)
we obtain
2A(t)[[x (1[5 < %IIX(t)H% < 20(1)|[x(8)]]3 - (3.130)

Now, considering only the left part of the inequality (3.130) in the first step, the
result immediately follows according to (3.126)

() (1) 3 < 20ty |, D) (3.1310)
Ay dt < JUxW) (3.131D)
<01,
g o (X0, .
, ar <] <|X(750)”2> (3:181c)
(ol exo [ Ar)ar) < ()], (3.1314)
O

FEzxercise 3.25. Show in the same way the right part of the inequality (3.130).

Taking again the system (3.118) with the dynamics matrix (3.119) as an example, the
symmetric part of the dynamics matrix is calculated as

Al(t) = %(A(t) + AT (D))
—1+1.5(cos(t))? —1.5sin(t) cos(t

) (3.132)
—1.5sin(t)cos(t) —1+ 1.5(sin(t))?

with the corresponding eigenvalues \s; = 1/2 and A\sa = —1. According to Theorem 3.11,
a solution x(t) satisfies the inequality

Ix(to) loe™*=") < lx()]l, < [Ix(to)ll,e2* ") . (3.133)
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3.2.2 Lyapunov-like Theory: Barbalat’s Lemma

In addition to the Lyapunov theory for non-autonomous nonlinear systems of the form
(3.96) discussed in the previous section, one often finds a Lyapunov-like approach using
what is called Barbalat’s Lemma. It is based on the mathematical properties of the
asymptotic behavior of functions and their derivatives. In the first step, let us review
some asymptotic properties of functions and their temporal derivatives. For a function
f(t) differentiable with respect to time ¢, the following holds:

(1)

3)

From tlim f(t) =0, it does not follow tlim f(t) = ¢ with |¢] < oo.

As an example, consider the function f(t) = In(¢). While the derivative satis-
fies

MHﬂﬂ:%:0, (3.134)

t—o00

the function itself goes to co as t — oo.

From tli}m f(t) = ¢ with |¢| < oo, it does not follow tli}m f(t)=o.

For example, consider the function f(t) = e !sin(e?), for which tli)m f(t) =0,
but

lim f(t) = lim (2 cos <e2t>et — e 'sin <e2t>) (3.135)

t—o00 t—00

is not defined.

If f(t) is bounded from below and not increasing (f(t) < 0), then it follows
tle f(t) = ¢ with |¢] < oco.

Barbalat’s Lemma now clarifies under which conditions the derivative f (t) of a bounded
function converges to zero as t — oo.

Theorem 3.12 (Barbalat’s Lemma). If the differentiable function f(t) satisfies
ltlim f(t) = c with |c| < oo and f(t) is uniformly continuous, then tlim f(t) =0.
—00 —00

Before showing how this theorem is used for stability analysis, let us briefly revisit the
concept of uniform continuity of a function f(¢).
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Definition 3.13 (ed-Continuity). A function f(t) is said to be continuous at the
point t; if for every € > 0 there exists § = d(e, t1) > 0 such that

t—ti|<6 = |f(t)— ft)| <e. (3.136)

A function f(t) is called uniformly continuous if 6 can always be found independently
of t1.

Consider the function f(t) =t as an example. Let us choose an ¢ > 0 and determine a
0 such that

’tQ—tﬂ<e or [t—tllt+t]<e |t—t]<d. (3.137)

From (3.137), it can be seen that for ¢ > t; > 0, for every ¢, a § can always be found such
that

O<t—-t1h<d6 = (t—tl)(t+t1)<6. (3.138)

Replacing t in (3.138) with ¢, =¢1 +d — % and letting n — oo, we obtain

5(2t1 +0) < e (3.139)
or rather
€
0 < — . .14
< 5%, (3.140)

It can be observed that as ¢; increases, keeping € constant, the value of § decreases, and
thus there is no smallest § that would be correct for all ¢;. Therefore, the function f(t) = t
is continuous but not uniformly continuous. In contrast, for the function f(t) = v/t under

the condition ¢ > t; > 0,
Vi—vE| < \Jlt-t] <€, (3.141)

and choosing § = €? immediately leads to uniform continuity, i.e.,

t—ti| <6, (3.142a)

VIiE—t] <e, (3.142b)

Vi-vh|<e. (3.142¢)

FEzercise 3.26. Prove the last implication in (3.142).

As can be seen, verifying uniform continuity in this manner is quite tedious. Therefore,
a sufficient criterion of the following form is often used:
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Theorem 3.13 (Sufficient condition for uniform continuity). A differentiable function
f(t) is uniformly continuous if its derivative %f(t) is bounded.

From Barbalat’s Lemma, the following theorem for stability analysis of nonlinear,
non-autonomous systems of the form (3.96) immediately follows.

Theorem 3.14 (Lyapunov-like method). If a scalar function V(t,x) : Ry x R® - R
satisfies the conditions

(1) V(t,x) is bounded from below,
(2) V(t,x) <0, and
(3) V(t,x) is uniformly continuous in time t,

then hm V(t,x) =

As an application example, consider the following control engineering problem: We
want to position a mass m sliding on a horizontal surface using the force F' in the absence
of friction. The corresponding system of differential equations is

d2
m—z =F. 3.143
dt2 ( )
Suppose the desired position rq(t) is specified by a person using a control stick, then a
simple way to convert this external signal into a twice continuously differentiable reference
signal zq(t) is through a reference model of the form

ao

Iq + a1tq + agxq = agrq, G(s) = A—d = (3.144)

Tq N $2+a18+a0

for suitable parameters a; and ag. The parameters a; and ag are chosen such that
the reference model with transfer function G(s) is stable and meets the performance
requirements. Now, the simple control law

F(t) = m(a’v’d —2X\é — )\26), e=x—xq (3.145)
for A > 0 leads to an asymptotically stable closed loop with error dynamics
E+2Xé+ N e =0. (3.146)

Furthermore, assume that the mass m is constant but not precisely known, i.e., only
the estimated value m is known. Substituting the estimated value 7 for m in the control
law (3.145), we obtain for the closed loop

mi = m(:eso” —2\é — )\26) (3.147)
or

mi = m (ison — 226 — N2 ) = 1 (itgon — 206 — Ne) —m (igon — 20é — M) (3.148)
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and by introducing a generalized control error s = é + Ae, we get

d
me.s +mAs = e, (fsoll —2Xé — >\2e) (3.149)
w(t)
with the parameter error e,, = m — m.
The adaptive control law
d
= Tws, v >0 (3.150)

guarantees that the generalized control error converges asymptotically to zero. To prove
this, one considers the function bounded from below

V(s,em) = ;<m32 + em> (3.151)

and calculates its time derivative

d 1 1
aV = ms(—/\s + memw) + gem(—fyws)

= -—Ams?><0.

(3.152)

Since V is positive definite in s and e,, and V is negative semidefinite, the functions s
and ey, are bounded. Taking another time derivative of V', one obtains

. 1
V = —-2\ms (—)\8 + emw> , (3.153)
m

and this function is also bounded due to the bounded quantities s and e, and the
assumption of bounded reference signals rq(t) (hence w(t) is also bounded). According to
Theorem 3.13, V is uniformly continuous, the Barbalat’s Lemma (Theorem 3.14) can be
applied, leading to

lim V = — lim Ams? =0 (3.154)
t—o00 t—o00
thus
lim s=0. (3.155)
t—o0
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4 Lyapunov-based Controller Design

This chapter discusses some controller design methods based on Lyapunov’s theory of
stability. The basic idea of these methods is to find a nonlinear state feedback u = o(x)
for a system of the form

x=f(x,u), £(0,0)=0 (4.1)

with the state x € R, the control input u € RP, and «(0) = 0, such that the equilibrium
xpr = 0 of the closed loop system

x = f(x, a(x)) (4.2)

becomes stable or asymptotically stable in the sense of Lyapunov.

4.1 Integrator Backstepping

As a starting point and motivation for this nonlinear controller design method, consider
the following nonlinear system

i1 = cos(z1) — 3 + o (4.3a)
Tog=u (4.3b)

with state x = [x1, 22] and control input u. Now, a state feedback control u = u(z1, z2)
should be designed such that for every initial state x(0) = xq, lim; o x1(¢) = 0 and
limy o0 |22(t)| = ¢ < 0co. From (4.3), it can be seen that for 1 g = 0, the only equilibrium
with x} = [0, —1] is given. Considering the state z2 as a virtual control input for the
system (4.3a), then the state feedback

2 = a(x1) = —cos(z1) — c1xy c1 >0 (4.4)

would make the equilibrium z; p = 0 of the subsystem (4.3a), (4.4) asymptotically stable.
To show this, let’s choose the Lyapunov function

1
V(zy) = 53:% >0, (4.5)

then the time derivative is calculated as

iV(a:l) =1 (_lea — 01:1:1)

at (4.6)

=g} -2t <0.
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Next, the deviation of the state zo from the "ideal" form (4.4)
z =x9 —afx1) = T2 + cos(x1) + c121 (4.7)

is introduced as a new state variable, resulting in the differential equation (4.3) in the
new state [x1, 2]

i1 = cos(z1) — 2} + (2 — cos(x1) — e171)
o (48&)

= fx?fclxl + 2

F=d = ggelm) (4.8b)

=u — (sin(x1) — cl)(—a::{’ —czy + z) :

Now, assuming a Lyapunov function in the form

1 1 1
Va(wr,22) = V(21) + 52% = 2af + S (w2 + cos(an) + c121)* (4.9)

we get

%Va(:vl, xT9) =11 (—m? — 171 + z) + z(u — (sin(z1) — ¢1) (—x? —ci1z1 + z))

= 2 — ]+ 2 {xl +u — (sin(z1) — ¢1) (—a::f - + z)} . (410)

X

The idea is now to determine the control input « in such a way that %Va(xl, x2) becomes
negative definite. This can be achieved, for example, by choosing

X =21+ u— (sin(zy) — cl)(—x:{’ —cry + Z) = —c27, c2 >0 (4.11)
or
u=—x1 + (sin(xy) — 01)(—93‘;’ —cry + z) — oz . (4.12)

In conclusion, it can be easily verified that the state feedback (4.12) globally asymptoti-
cally stabilizes the equilibrium z1 r = 2r =0 or 1 g = 0 and 2o p = —1.

Ezercise 4.1. Show that Vg (z1,x2) from (4.9) is radially unbounded.

The choice of u according to (4.11) is of course not unique, as on one hand, y = —f(2)
could be chosen with any arbitrary function f(z) satisfying f(z)z > 0 for all z # 0, and
on the other hand, it is not necessary to cancel all terms of y. For example, the state
feedback

u=—x1 + (sin(x1) — cﬁ(—:ﬁ’ — clxl) — o2 (4.13)
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would lead to a closed loop (4.8), (4.13) of the form

i) = -1 — 1z + 2 (4.14a)

Z=—x1—coz — (sin(z1) — 1)z (4.14b)

and for the choice of parameters cs > ¢; + 1, the Lyapunov function

1 1
Va(z1,2) = zaf + =2° (4.15)
2 2
and its time derivative
d
&Va = —2] — 122 — (c3 — 1 +sin(xz1))2? (4.16)

show the global asymptotic stability of the equilibrium x; p = 2zr = 0 or 1 g = 0 and
T2R = —1.

FExercise 4.2. Show that for a suitable choice of parameters k; and ko, even the simple
state feedback

u=—kiz — koa3z (4.17)
leads to a closed loop with a globally asymptotically stable equilibrium.

Remark: Choose the Lyapunov function as V, = %z% + %22 and combine the
terms of V, appropriately.

These variations mentioned above demonstrate the design degrees of freedom of the
method. The generalization of the example discussed above is now possible in the following
form:

Theorem 4.1 (Integrator Backstepping). Consider the nonlinear system

x1 = f(x1) + g(x1)z2 (4.18a)
To=1u (4.18Db)

with the state xT = [X?, 1'2:| € R™1, the control input u € R, and xq = x(0). Assume

that a continuously differentiable function a(x1) with «(0) = 0 and a positive definite,
radially unbounded function V (x1) exist such that

(‘f{lv{f(xl) +g(x1)a(x1)} < W(x1) <0 (4.19)

and f(x1) satisfies £(0) = 0.

(1) If W(x1) is negative definite, then there exists a state feedback u = aq (X1, 22)
such that the equilibrium x1 gr = 0, o gr = 0 of the closed loop system is globally
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asymptotically stable with the Lyapunov function
1
Va(x1,22) = V(x1) + 5 (22 — a(x1))* . (4.20)

One possible state feedback is given by

u= a2 — alx1)) + peale}{fx1) +g(x)e2)
X1

0
— EV(Xl)g(Xl) g c>0.

(4.21)

(2) If W(x1) is only negative semidefinite, then there exists a state feedback u =
(X1, 22) such that the state variables x1(t) and xo(t) are bounded for all times
t > 0, and the solution of the system converges for t — oo to the largest positive
invariant set M of the set

(]
T2

Proof. Introducing the new state variables z = x9 — a(x) transforms (4.18) to

W(x1) =0 und z9= a(xl)} (4.22)

x1 = f(x1) + g(x1){z + a(x1)} (4.23a)
Z=u— aila(xl){f(xl) +gxi){z+a(x1)}} . (4.23b)

Substituting the state feedback (4.21) into (4.23), the time derivative of the positive
definite, radially unbounded Lyapunov function V,(x1, z2) from (4.20) satisfies

Ve = V) (1) + glx) (= + )} + 2{ ez — Vg |

< W(xp) — cz?

(4.24)

For W(x1) < 0, the global asymptotic stability of the equilibrium x; p =0, 29 r =0
is thus proven. In the case when W (x;) < 0, according to the invariance principle of
Krassovskii-LaSalle (see Theorem 3.4), it follows that

tllglo ®,(x0) € M (4.25)

with M being the largest positive invariant subset of set )

—Va=0 bzw. W(x1)=0 und z9= a(xl)}, (4.26)

Y=<{x= X1 e R d
X2

dit

which concludes the proof of the theorem above. O
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Ezercise 4.3. Design a nonlinear state feedback using the Integrator Backstepping
method for the system

Ii‘l = X1T2 (4.27&)

Satz 4.1 can now be extended to systems with a chain of integrators of the form

X = f(Xl) + g(xl)xg

.i'g = I3
T3 = T4 (4.28)
T =1Uu .

Assuming that a continuously differentiable function «;(x1) with a;(0) = 0 and a positive
definite, radially unbounded function V' (x;) exist such that condition (4.19) is satisfied,
and f(x7) satisfies the relationship £(0) = 0, the function

k
Va(x1,22,...,25) = V(x1) + = > (25 — ajo1(x1, 22, ..., 2j-1)) (4.29)
7=2

N | —

can be assumed as the Lyapunov function of the closed loop. To explain the procedure in
more detail, consider the case k = 3. The mathematical model (4.28) then reads

X = f(Xl) + g(Xl)IEQ (4.30&)
jjg = I3 (430b)
T3 =u (4.30c)

and the Lyapunov function (4.29) results in

1 1
Va(x1,29,23) = V(x1) + 5(3:2 —ap(x1))* + 5(3:3 — ao(x1,29))? . (4.31)
In a first step, introduce the state variables

21 = w9 — aq(x1) (4.32a)
Z9 = X3 — CkQ(Xl, 1'2) (4.32b)

and calculate the time derivative of the Lyapunov function (4.31) along a solution of the
system

v = 2 ) + g a1 + a0
+ 21 (963 - é)aalx(}fl)(f(xl) + g(X1)$2)) (4.33)

0 0
+ 29 <u — Txlaz(xl’@){f(xl) + g(x1)z2} — amag(xl,xg)xg) .
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Next, considering x3 in the first row of (4.33) as the input and applying Theorem 4.1
for it, we obtain

€T3 = OéQ(Xl, xZ)
(4.34)

= —c121 + aaxlozl(xl)(f(xl) + g(x1)x2) — aale(Xl)g(XO

with ¢; > 0. By replacing x3 = 22 + aa(x1, z2) according to (4.32) in (4.33), we get

d 0
aVa = TXIV(Xl)(f(Xl) + g(xl)al(xl)) —clz% + 2129

<W (x1) (4.35)

0 0
+ 29 <u — Tmaz(xl’m){f(xl) +g(x1)z2} — MQQ(Xl,JJQ)l‘g) .

Applying Theorem 4.1 again to (4.35) with the input u ultimately leads to the state
feedback

0 0
U= —21] — Ca29 + 8—X1a2(x1, x2)(f(x1) + g(x1)x2) + a—maz(xl, x2)x3 (4.36)

with ¢z > 0 and aa(x1,x2) according to (4.34).

Ezercise 4.4. Prove that for a negatively definite W (x;), the equilibrium x; = 0,
x9 = x3 = 0 is globally asymptotically stable. To which set do the solutions of the
system converge if W (x1) is only negatively semidefinite?

4.2 Generalized Backstepping

The method of Integrator Backstepping can now be extended to a class of nonlinear
systems of the form

Xl = f1 (Xl,Xg) (4.37&)
5(2 = fQ(Xl,XQ) +u (437b)

with the state x; € R", xo € RP and the control input u € RP. Without loss of generality,
assume that x; g = 0, X2 g = 0 is an equilibrium of the free system, i.e., for u = 0. If
this is not the case, then a state transformation X1 = x; — x1 g and X3 = X —Xg g and a
control input transformation 1 = u — ug can always be found such that this holds in the
new variables.

Theorem 4.2. Assume there exists a Lyapunov function V(x1) and a state feedback
X2 = a(x1) with a(0) = 0 such that the equilibrium x1 g = 0 of the system

5(1 = f1 (Xl, a(xl)) (438)

is globally (locally) asymptotically stable. Then, a state feedback u = u(xy,x2) with
u(0,0) = 0 can always be specified such that the equilibrium x; r =0, xo g = 0 of
the closed loop system (4.37) is globally (locally) asymptotically stable.
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Proof. The following proof is constructive and thus provides a computational proce-
dure to obtain the state feedback law.

(1) For the Lyapunov function V(x1), due to the asymptotic stability of system
(4.38), we have

gV(xl) = ;le(xl)fl(xha(xl)) <0. (4.39)

2) Now, introduce an auxiliary quantity G(xi,x2) in the form
) Yy q y >

L9
G(Xl,Xg) = 7f1(X1,V)

4.4
o dA (4.40)

v=a(x1)+Ax2

such that fj(x1, a(x1) + x2) can be expressed as follows
fy (Xl, a(xl) + XQ) =f; (Xl, Oé(Xl)) + G(Xl, X2)X2 (441)

To show this, multiply (4.40) from the right by x2 and replace the integrand
with the left-hand side of the subsequent expression

0 0
fl,égu’jlav)wzl + .04 fl,éi’;hv) T2,
0 .
5f1 (Xl, a(xy) + sz) = :
—_———— ; ,
Of1.n(x1,v Of1 n(x1,v
v 4f1’aq()11 )’x2,1 +o Tt ‘fl’aq(;pl )5’32,19 (4.42)
0
= —fi1(x1,V) X2 ,
ov v=a(x1)+Ax2

which yields

1
G(Xl,XQ)XQ = / Efl(Xl,V) X9 dX
0 8V v:a(x1)+)\x2 (4 43)
1 g ’
= 0 afl(xl, Ol(Xl) + )\XQ) dA
and consequently (4.41)
G(Xl,XQ)XQ = fl(Xl, a(xl) + Xz) — f1(X1, a(xl)) . (4.44)
(3) The state feedback law
Oda(x
u(Xl,Xg) = —fg(Xl,Xg) + ( 1)f1(X1,X2)
T
- [ G0 - ) (4.45)
—c(x2 — a(x1)), c>0
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guarantees the asymptotic stability of the equilibrium of the closed loop system.
The candidate for the Lyapunov function of the closed loop system is the
positive definite function

1
Va(x1,x2) = V(x1) + 5 lx2 — a(x1)]; (4.46)
The time derivative of V, along a solution of the system is

d
dt

f1(x1,x2)
_ |0V, OV, ’
Va1, %) = [3)(1 8"2} Lé(xbxz) +u (4.47)

Substituting u(xy,x2) and V,(x1,x2) from (4.45) and (4.46) into the equations,

we obtain
d oV Ja(x
Ve = i) + (2 — )™ =238y 1 xa) + o1,
Jdo(x
— fo(x1,x2) + 85(11)f1(X1’X2)
oV (x T
— 3( 1)G(X1,X2 - a(xl))} —c(x2 — a(xl))}
X1
ov
= oy, 10x1,%2) = G(x1, %2 — (x1)) (x2 — (1))}
— ¢flxz — a(x)lf; -
(4.48)
Replacing x2 with xo — a(x1) in (4.44), we get
G(x1,x2 — a(x1))(x2 — a(x1)) = fi(x1,x2) — fi(x1, a(x1)) (4.49)
Hence, for (4.48) we have
d ov
@ = g il alx) —clxz —alx)l; < 0. (4.50)
=4V (x1)<0
Thus, Theorem 4.2 is proven.
O

As an application example, consider the active damping system of a vehicle shown in
Figure 4.1.

A hydraulic actuator is mounted in parallel to a spring-damper system with the spring
constant ks and the damping constant ds between the vehicle chassis and the suspension.
The inflow ¢ of oil into the hydraulic actuator can be adjusted via a current-controlled
servo valve. The dynamics of the servo valve are approximated by a first-order time delay
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vehicle chassis
’J_‘ __________ - A Ts
——
Mg q ‘(’dszks Tq = Ts — Ty
[© | My 11— A LTy
/ hydraulic wheel
actuator
kg
road Lr
reference -
Figure 4.1: Active vehicle damping system.
element in the form
Ty = —CopTy + kyiy, Cy, ky >0 (4.51)

describing the spool position x, and the servo current as input 4,. The oil flow ¢ then
results from the relationship (compare to (1.49))

i Kv,l\/pS —px, for x,>0 (4 52)
E Kv,Z\/p —pra, for x, <0 .

with the tank pressure pr, the supply pressure pg, the pressure in the cylinder p, and the
valve coefficients K, 1 and K, 2. For simplicity, assuming the oil is incompressible, i.e.,
4p =0, and neglecting the leakage oil flows, (4.51) and (4.52) can be written as follows

q q .
= —c + Ky, zy >0 4.53a,
Koivps —p "Koivps —p " ! (4.53a)

q q .
=—c + kyly, T, <0 4.53b
Ky2v/p —pr "Koov/p—pr ! ( )

The state feedback, also called servo compensation,

7:*

— Y for z,>0
iy = { Koavps —p o (4.54)
b for z,<0

Ky2v/p —pr
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with the new input ¢;, then leads to the differential equation for the oil flow

4= —cvq + kyiy, . (4.55)
Furthermore, due to the assumption of oil incompressibility, the relation
Fo = % (4.56)
holds with the piston area A. Now, a damping behavior of the form
q=a(z,) = —A(dlzra + dgazz), dy, dy >0, (4.57)

is desired, where for small displacements (z, <) a linear behavior is assumed (23 is
negligible compared to z,), and for larger displacements, damping proportional to the
third power of x, is considered. This allows the application of the backstepping method
from Theorem 4.2 with n = p = 1, X1 = Zq, X2 = ¢, u = kyiy, fi(x1,x2) = %, and
fo(x1,%2) = —cq:

(1) The equilibrium x, = 0 of the system (4.56) with the fictitious state feedback (4.57)
is asymptotically stable, which can be directly shown with the Lyapunov function

V(z,) = 5%a (4.58)
and its time derivative along a solution of the system
d _ 2 4
aV(xa) = —(dlxa + dzxa) <0 (4.59)

(2) In this case, the auxiliary quantity (4.40) reads

Glawd) = [ (%)

(3) The state feedback according to (4.45) is given by

d)\ =
g=a(za)+Aq

1
R (4.60)

. da(ra) g OV(ze)1
kyiy = cpq + oz, A o, A c(qg — a(z,)), c>0 (4.61)

or with the choice ¢ = ¢, we obtain

1 3 2 1
i, = k—v (—ch(dl:):a + dgzca) — (d1 + 3d2xa)q — iL'aA) . (4.62)
As one can easily verify,
2
Lo, 1 3
Va(xan Q) = §Ia +§ q + A(dlIa + dea) (463)

it
V(za) —a(za)

is the corresponding Lyapunov function of the closed loop system given by (4.46).

Therefore, the state feedback for the servo current command of the servo valve consists
of (4.54) and (4.62).
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Ezercise 4.5. Given is the mathematical model (1.15) of the rotational motion of a
satellite as shown in Figure 1.1

@11@1 = —(@33 — @Qg)wgwg + My (4.64&)
O2wy = —(O11 — O33)wiws + Ms (4.64b)
O33w3 = —(O22 — O11)wiwa + M3 (4.64c)

with the angular velocities w1, wg, ws, the moments of inertia 11, G99, O33, and the
moments My, My, and M3 around the principal axes of inertia.

(1) In a first step, design a controller using the Computed-Torque method according
to Section 4.5 so that the equilibrium wi gr = wa p = w3 r = 0 is asymptotically
stabilized.

(2) Now assume that the cold gas thrusters in the z3 axis have failed, i.e., M3 = 0.
Design a state feedback controller according to Theorem 4.2 in such a way that
for this case, the equilibrium of the closed loop system wi p = wo p = w3 g =0
remains globally asymptotically stable. Why can the Computed-Torque method
no longer be applied here?

4.3 Adaptive Control

In this section, some basic concepts of Lyapunov-based adaptive control are discussed
using simple examples. To illustrate the idea, consider the simple nonlinear system

& =u+0p(x) (4.65)

with the state x € R, the control input v € R, and the unknown but constant parameter
f € R. Assuming in a first step that the parameter 6 is known, the equilibrium x = 0 is
asymptotically stabilized by the state feedback

u=—0p(z) — iz, with c1>0. (4.66)

A possible Lyapunov function is given by

1 )

V(z) = 51:2 >0, V(z) = —c12® <0 . (4.67)

Substituting an estimated value 6 for the unknown parameter 6 in the state feedback

(4.66), the change of V(z) = 1z? along a solution curve of the closed loop system is given
by

i =—c1x — 0p(x) + 0p(x) = —cra — (é - 9) o(z) . (4.68)
=0
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The expression for the change of V(z) = %xz along a solution curve of the closed loop

system is
V(z) = —ci12® — fp(z)x . (4.69)

To eliminate the indefinite term in the estimation error 0, the Lyapunov function is
extended by an additional quadratic term

== — 4.
Ve(x,ﬁ) V(x)+2 0 57 —1—270 >0, >0 (4.70)

and the change of Ve<x, 9~> along a solution curve of (4.68) is calculated as

. ~ ~ 1d -
— 2 _ —
Vi(2,0) = ez +9( o(x)z + the) . (4.71)
The differential equation of the estimated value 0 is then determined such that the
bracketed expression in (4.71) vanishes, i.e.,
d d d

&9 = &(9 — 9) = aﬁ =yp(x)x , (4.72)

resulting in Ve(x, 5) as

Ve<:r,0~) =122 <0 (4.73)

From Theorem 3.4, it is immediately clear that lim; o z(t) = 0.

The assumption that the (nonlinear) state feedback stabilizes the system for known
parameters 6 is also referred to in the literature as the certainty equivalence property,
which is essential for a variety of adaptive controller design methods. Furthermore, it
is easy to see that the unknown parameter 6 affects the system (4.65) in the same way
as the control input u, and thus the effect of the term 0p(z) can be easily compensated
for known 6 through the control input. This structural property is also known in the
literature as the matching condition. In the next part of this section, it will be shown that
the design of the parameter estimator still analogous even when the matching condition
is violated to the extent that the control input u affects the system with the unknown 6
only after one integrator. In this context, it is also referred to as the extended matching
condition. Hence, the associated system with the extended matching condition for the
parameter 6 takes the form

&1 = xo + Op(x1) (4.74a)
By =u. (4.74b)

In the first step, design a state feedback using the simple integrator backstepping method
assuming that the parameter 6 is known (certainty equivalence property). For the fictitious
control input

x9 = —0p(x1) — c121, cg >0 (4.75)
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the asymptotic stability of the equilibrium z; = 0 of the first subsystem immediately
follows with the Lyapunov function

1 .
V(z1) = 595% >0, V() = —0133% <0. (4.76)
Setting the Lyapunov function of the overall system as

1 1
Va(z1,22) = 51’% + §(x2 + 0p(z1) + c121)? (4.77)

and calculating the control input « from

Va(x1,20) = x1(z2 + Op(x1)) +(z2 + 0p(x1) + c111)

=—c1z?+(v2+0¢(z1)+c1a1)T1

X (u + <986x1g0($1) + 61> (w2 + 990(551))>

(4.78)
= —c12% + (w2 + Op(21) + c171)
0
X <’LL + <9 (:El) + Cl) (SL‘Q + 090(1131)) + $1)
(9:131
=—co(r2+0p(z1)+c171), c2>0
yields
0

U= — («983:190(561) + cl> (2 + 0p(x1)) — 21 — co(x2 + Op(x1) + c11) - (4.79)

To calculate the state feedback and the parameter estimator for a constant but unknown
parameter 6, the following Lyapunov function

~ 1 1 ~ 2 1 -~
Ve(:vl,:vg, 0) = Ex% + 5(.%2 + 0p(x1) + clxl) + %92, v >0 (4.80)

with the parameter estimation error 0 = 0 — 0 is used. The time derivative of Va (ml, 9, 9~>
is given by
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V, = x1(z2 + 0p(x1)) +(:c2 + égo(xl) + clxl)

=—c122+(z2+0p(x1)+c171 )21 —0p (21 )71
d -

~ 0 1
(1t (geton) + o1 ) (@ + 0p(on) + (o) 50) + 203
_ 2 7
= —c1x] + (1‘2 +0p(z1) + 61331) (4.81)

X (u + (9(;21@(331) + 01> (mg + é(p(l'l)) + 1+ (iéSO(JCl))

=—cCo (x2+é<p(x1)+clx1), co>0

d A1 «

+0 (—(,0(:51)3:1 + &05 — (xg + écp(xl) + clm1> <9ail<p(m1) + cl)gp(xl)> .

=0

The state feedback and the parameter estimator then follow as

u=— <§a¢(x1) + cl> (ZL'Q + écp(:nl)) — T — iégp(ml) — (ZL'Q + égp(:ﬂl) + 611‘1)

8.1‘1 dt
(4.82)
and
4G )( + (22 + (1) + )(éa (1) + )) (4.83)
dt = vYp\T1)| T1 X9 YT C121 8w1g0 X1 C1 . .

As an application example, consider the mathematical model of a simplified biochemical
process of the form

i1 = [po(z2) + b1p1(z2) + b2002(22)|21 — Dy (4.84a)
iy = —klpo(w2) + O1p1(22) + O2p2(w2)]x1 — Daa +u (4.84b)

with z1 as the concentration of the bacterial population, xo as the concentration of
the substrate, the specific growth rate p(z2) = [po(z2) + 0191 (x2) + O2p2(z2)] with the
unknown but constant parameters 61 and 05, the substrate feed rate u as the input, and
the system parameters D and k. Note that both the state variables 1 and xo as well
as the specific growth rate p(zq) are always non-negative. The task of control is now to
regulate the concentration of the bacterial population z; to a predetermined reference
value 1 4.
In the first step, one performs a regular state transformation of the form

z1 =In(z1) —In(xy4) bzw. z1 =1 4exp(21) (4.85a)

zZ9 = X9 bzw. Tro = 29 (485b)
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and the system (4.84) in the new state z' = [21, 2o reads
21 = [po(22) + O191(22) + O202(22)] — D (4.86a)
Zo = —k[po(22) + 0191(22) + Oap2(22)]z1,0€xp(21) — D22 +u . (4.86Db)

If one interprets po(22) as a fictitious input in the first differential equation of (4.86), it
can be easily verified that the control law

QDU(ZQ) = —914)01(22) — 02@2(22) +D — C1%1, c1 >0 (487)

asymptotically stabilizes the desired equilibrium 21 4 = 0 (1 = 21,4). In this context, one
chooses the Lyapunov function as

1 .
Vi) = 52’% >0, V(z1) = —c127 <0. (4.88)

To derive the state feedback and the parameter estimator for 87 = [f;, 65], one chooses a
similar Lyapunov function as shown before, i.e.,

- 1 1 . 2 1. -
Ve(z7 9) = iz% + 5 ((p[)(ZQ) + BTLpIQ(zg) — D+ clzl> + §9TI‘_19 (4.89a)
with
R o N ] .
0" =[01.6],  pia(z2) = l%(”)} , 0= H —0-90 (4.89b)
pa(22) 02

and the positive definite matrix I'. The change of the Lyapunov function V,(z, 8) along a
solution of the system (4.86) is calculated as
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: AT
Ve(z, 0) =2 (cpo(zg) + 0T 5(22) — D) + (goo(zz) +0 ¢i9(22) — D+ 01z1>
1d g

0 0 . . d.T ~T_
<822900(22)+9 a¢12(22)>22+0121+d9 9012(22)) +6'T %

()

AT _
B Z1<[g00(z2) +0 pip(2) — D+ Clzl} —c121 — 9
8 AT 8 . . d T
((aZQSOO(zg) +6 822('012(22>>Z2 it 0 o 2))
d
dt

¢12(22) - D+ 612’1> + 9TI‘*1—9

T 0 T 0 :
= —c17] + (@0(22) +0 pi5(22) - D+ Clzl) <(8800(z2) +6 69012(22))22

. A ~T d
+c14 + dte p1a(22) + zl) +6 (—zlcpu(zg) +I 1dt0>

0 T O
=—c12} + (‘PO(ZQ) +6 ‘Pm( 2) — D+ 0121) { (aZQSDO(ZQ) +0 822‘:012(320

x | =k |po(z2) + OT P12(22) | 21,0exp(21) — Dzo + u

_éT_éT
+ (z2)+ OF ()| =D ié 12(22) +
c1| [wolz2 I #ialz d z2) + 21
AT =T
"8
‘*T ld
+6 <—21<P12(2'2)+F dto)

AT 0 ~T O
= —c12} + (%(22) +6 ¢19(22) — D + Clzl) { (%WO(ZQ) +0 822“012('22))

« (k: [¢O(ZQ) + 9T<p12(z2)] 1 gexp(z1) — Dy + u)

+Cl<[¢0(z2) + éT‘P12(Z2>} - D) +%9T‘P12(Z2> + Zl}

~T d AT

<[ (mpoen) + 8 - prale) Jpraza)naexnlan) — )]

(4.90)

Ezercise 4.6. Calculate the relation (4.90).

| Remark: Take your time for this task.

The state feedback is obtained by setting the simply underlined expression in (4.90)
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AT
equal to —co <900(22) +60 p5(22) —D+cy z1>, where ¢ > 0, and the parameter estimator

follows directly by setting to zero the double underlined expression in (4.90) and the fact
that $6 = £6.

4.4 PD control law for rigid body systems

If ¥ = [q1, 42, ..., qn] denotes the generalized coordinates of a mechanical rigid body
system, then the equations of motion are obtained from the so-called Euler-Lagrange
equations

d/ o 0

“(—L)--"L=7,, k=1,....n 4.91

dt (3% ) g, k (4.91)
with the generalized velocities q = %q, the generalized forces or moments 71 =
[T1,72,...,Tn], and the Lagrangian L. For rigid body systems, the Lagrangian always

results from the difference between kinetic and potential energy, that is, L =T — V. Under
the assumption that

(1) the kinetic energy T' can be expressed as a quadratic function of the generalized
velocities ¢ in the form

T=y > dij(a)did; = §qTD(q)q (4.92)
j=1i=1

with the symmetric, positive definite generalized mass matrix D(q), and
(2) the potential energy V(q) is independent of q,
the equations of motion (4.91) can be written in the form

D(q)4+C(q,q)a+g(a) =7 (4.93)

To show this, substitute 7" from (4.92) and V(q) into the Euler-Lagrange equations (4.91)
and with

0 " )
—L=> dij(q)i; , (4.94a)
j=1

(4.94D)

0
—L== A (Q) iy — — 4.94
5 'E_ E_ o0 (a)diq; aqu (4.94c)
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(4.91) finally simplifies to

deJ j + Z Z(aqidkj((l) - 28qkdij(q))qiqj +87qu =Tk . (4.95)

Now, writing for

SN gdi@id =53 (j%dkj<q> ¥ aaqjdkxq)) Gy (496)

j=1i=1 "1 j=14i=1

the term B from (4.95) follows as

n n 1 9 5 5
Jz::“:l 2 <8Qi ki(Q) o, (@)= 5, g(q)) Gid; (4.97)
cijr(Q)

where the terms c;j1,(q) are referred to as Christoffel symbols of the first kind. Furthermore,

if we set g—;;(q) = gx(q), then from (4.95) and (4.97) we immediately obtain the equations

of motion in the form
n n n
> dii(@)d; + D> cie(Q)did; + gr(a) = 7 - (4.98)
j=1 j=14=1

As can be seen, the equations of motion (4.98) contain three different terms - those
involving the second derivative of the generalized coordinates (acceleration terms), those
where the product ¢;¢; appears (centrifugal terms for i = j and Coriolis terms for i # j),
and those that depend solely on q (potential forces). As stated above, the equations of
motion can thus be written in matrix form

D(q)q +C(q,q4)q +g(q) =7 (4.99)

with the (k, j)-th element of the matrix C(q, q) given by

C(q, q)[k, ] chk (4.100)

FExercise 4.7. Transform the mathematical models from Exercise 1.6 and 1.7 into the
structure of (4.99).

For stability considerations, the following essential theorem now applies:

Theorem 4.3. The matriz
is skew-symmetric, i.e.,

njk(a, 4) = —nui(a, q) - (4.102)
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Proof. To prove this, consider the (j, k)-th component of the matrix N(q, q) in the form

Njp = Z(;qidjk(q) - 2Cikj(Q)>Qi

i=1

(4.103)
- 0 0 0 )
= ; <8q2 k(g %djk(q) - T%dﬂ(q) + aqjChk(Q)) di
then it follows
" 0 0 .
Nk = ; (‘Mdji(Q) + aqjdik(Q)> Gi (4.104)
or by interchanging the indices j and k
Ngj = Zn: <_adki((l) + adij(q)> Gi (4.105)
=\ g Oqr,

and taking into account the symmetry of the mass matrix D(q), i.e., dx;(q) = dix(q), we
immediately obtain the result nj; = —ng;. ]

In the next step, we will show how a PD control law can asymptotically stabilize a
constant desired position of the generalized coordinates qq. For this purpose, a control
law of the form

7 =Kp(as—a) -Kpd + g(a) (4.106)
——
€q

is used with the positive definite matrices Kp and Kp, where the compensation of the
potential forces g(q) guarantees that q = qg is an equilibrium of the closed loop. With
the positive definite function
. 1, .1
V(a,4) = 54 D(@)a + ;e;Kpe, (4.107)

as the Lyapunov function and its time derivative along the solution of the closed loop
(4.99) and (4.106)

d o L Lo ,
—V(a,d4) = 4"D(q)d + -4"D(a)q + e] Kpé,

dt 2
= 4" (-C(a,4)a+ Kp(as —a) — Kpd) + ;"' D(a)d + e;pr\e’q_/
~9 (4.108)
T 1. T T . . T .
=q <2D(Q) C(a,¢ ))q+q Kp(qa—q) — e, Kpa—q Kpq
=0 =0
<0

the asymptotic stability of the desired position qq follows directly from the invariance
principle of Krassovskii-LaSalle (see Theorem 3.4). It should be noted at this point that
this PD control law (4.106) also leads to very good results for slowly varying desired
trajectories qq(t) (i.e., where qq(t) is very small).

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
©A. Deutschmann-Olek and L. Tarra, Automation and Control Institute, TU Wien



4.5 Inverse Dynamics (Computed-Torque) Page 97

Exercise 4.8. Design a PD controller for the mechanical systems in Exercise 1.6 and
1.7 according to (4.106). Choose suitable parameters and perform simulations of the
closed-loop systems in MATLAB/SIMULINK.

Exercise 4.9. Figure 4.2 shows a robot with three degrees of freedom with rod masses
m;, rod lengths [;, distances from the rod base to the center of mass [.;, and moments
of inertia Iz, Iyyi, 1. (all cross-moments are assumed to be zero) in the body-fixed
coordinate system (x;,y;, z;) for i = 1,2,3. A mass my, is attached at the end of the
third rod. The three degrees of freedom of the robot are the rotation around the z;
axis of rod 1, the rotation around the zo axis of rod 2, and the rotation around the 3
axis of rod 3. The action of the actuators is idealized as torque 7; in the connecting
joints.

Design a PD controller to stabilize a given desired position and simulate the control
loop in MATLAB/SIMULINK. Use the following numerical values: mq,mg, ms, mp, = 1
kg, lc1,le2,le3 = 1/2 m, I1,l2,l3 =1m, [;31 = yyl = Lgz2 = 1222 = Ipe3 = 1.3 =0.1
m?, and 1,1 = Iy = I3 = 0.02 m™.

N2

Figure 4.2: Robot with three degrees of freedom.

4.5 Inverse Dynamics (Computed-Torque)

Since the inertia matrix D(q) in (4.99) is positive definite, it can also be inverted, and
thus the control law of inverse dynamics (Computed-Torque)

7 =D(q)v+C(q,q)q + g(a) (4.109)

leads to a closed loop of the form

qg=v (4.110)
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with the new input v. One can now specify a controller for v such that the error
system converges globally asymptotically to a trajectory qq(t) that is twice continuously
differentiable. For this purpose, v is given in the form

v=d4—Ko(a—ay) —Ki(q—da) (4.111)
— —
€q &4
with suitable positive definite diagonal matrices Ky and K;, and the error dynamics then
reads

é, +Kié; + Koe, =0 . (4.112)
Hence, the error dynamics can be freely adjusted by choosing the matrices Ky and Kj.

Ezxercise 4.10. Design a controller for the mechanical systems of exercises 1.6 and 1.7
using the Computed-Torque method according to (4.109) and (4.111). Choose suitable
parameters and perform simulations of the closed control loops in MATLAB/SIMULINK.
Compare the results with those of exercise 4.8.

It is well known that system parameters such as masses, moments of inertia, etc., are
generally not precisely known and therefore cannot be ideally compensated for, as shown
in (4.109). However, the rigid body systems of the form (4.99) have the property that a
parameter vector p € R™ can always be found in such a way that it appears linearly in
the equations of motion, i.e.,

with an (n, m)-matrix Y1(q,q,q) and a vector Yo(q,q,q) consisting of known functions.
It should be noted that the entries of the parameter vector p might themselves depend
nonlinearly on the system’s masses, lengths, etc. Now, if an estimated value p of the
parameter vector p is substituted into the control law (4.109), then the control law (4.109)
and (4.111) becomes

7 = D(a)(ds — Koe, — Kiéy) + C(a, a)a + &(a) (4.114)
and the error system (4.112) results in

D(q)(&, + Koe, + K1&,) = D(q)d + C(q, 4)q + &(q)

Yo(q,9,4)+Y1(q,9,4)p

(4.115)
— | D(q)d + C(q,q)q + g(a)

Yo (qquq)—"_Yl (q7q7q)p

It should be mentioned at this point that the quantities D and D, C and C, as well as oy
and g differ only in that the parameter vector p is replaced by p, but their entries remain

functionally the same. Assuming the invertibility of ]f)(q), one can ultimately rewrite
(4.115) in the form

&, + Koey + Kie, = D(a) ' Yi(q,9,4)p = P (4.116)
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or as a first-order differential equation system

dieq) _ 1 Onn Ennlieg 4 | On ®p (4.117)
dt éq —KO -K; éq En,n
—————— ——
A B

with p = p — p and the identity matrix E. Since the matrices Ky and K; were chosen
in such a way that the error system is asymptotically stable, the matrix A is a Hurwitz
matrix, and according to Theorem 3.7, for every positive definite matrix Q, there exists a
unique positive definite solution P of the Lyapunov equation

ATP+PA+Q=0. (4.118)

To develop an adaptation law for the estimated value p of the parameter p, a Lyapunov
function of the form

V(eq, €q,P) = {eT éT}P (.eq

~ Tr~
Toe] +p'Tp (4.119)

€q
is assumed with a symmetric, positive definite matrix I', and its time derivative along a
solution is calculated

€q
€q

Sv=-[er &1]Q %

+2p* <<I>TBTP

+ I‘df>> : (4.120)

e, dt

Assuming that the parameter vector p is constant (or changes sufficiently slowly compared
to the system dynamics in practice) yields the adaptation law

d d e
—p=—p=-T"'@e"BTP| 4.121
P = P Lq : (4.121)
which results in (4.120) becoming
dy ~lel ef]Q %l <o. (4.122)
dt a é,

This immediately demonstrates the stability of the equilibrium of the error system
€q,R = éq,R =0.

To prove asymptotic stability, Barbalat’s Lemma is used (see Theorem 3.14). From the
fact that V(eq, &, P) from (4.119) is positive definite and %V from (4.122) is negative
semidefinite, the boundedness of e,, &;, and p directly follows. Assuming that the matrix
ﬁ(q) remains positive definite and invertible through parameter estimation guarantees
that the entries of ® in (4.116) are also bounded. From (4.116) and (4.121), it can then

be immediately seen that &, and %f) are bounded. This implies that C(li—;V is bounded,
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and consequently, according to Theorem 3.13, %V is uniformly continuous. This allows

the application of Barbalat’s Lemma, resulting in

. d
Jim =V =0 (4.123a)
or
tll>rro10 e = tlg(r)lo € =0. (4.123b)

One disadvantage of this method is that to calculate Y from (4.113) or ® from (4.116),
either the acceleration ¢ must be measured or approximated by differentiating the velocity
q. In practice, q is often simply replaced by qq.

Ezxercise 4.11. Design a controller using the Computed-Torque method with parameter
adaptation according to (4.114) and (4.121) for the mechanical systems in exercises
1.6 and 1.7. Choose a deviation of +15% from the nominal parameters and simulate
the closed-loop systems in MATLAB/SIMULINK. Compare the results with those from
exercise 4.10 where the actual parameters deviate by +15% from the nominal values.

FEzercise 4.12. Design a trajectory tracking controller using the Computed-Torque
method for the three-degree-of-freedom robot shown in Figure 4.2 and perform an
adaptation for the end mass mp,g according to (4.121). Simulate the closed-loop
system in MATLAB/SIMULINK for an end mass mp,st = 20 kg. Note that for the
nominal value of the end mass, Myt = 1 kg.

Exercise 4.13. Show that the controller according to Slotine and Lt

T=D(q)vV+C(q,q)v+gla) —Kp@—-v), v=qa—A(q—aqs) (4124

leads to an asymptotically stable error system for e, = q — qq with a positive definite
diagonal matrix A.

Remark: Introduce the generalized control error
s =¢&;+ Aey (4.125)

as an auxiliary quantity and consider the Lyapunov function

V= 5sTD(q)s (4.126)
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5 Linear State Space Control

Having discussed concrete strategies for applying Lyapunov theory to nonlinear control
systems in Chapter 4, the questions is how such strategies can be applied to real-world
systems such as the ones presented in Chapter 1.

For linear time-invariant (LTI) systems in continuous time, the simplest and most tra-
ditional approach is to design an analog electronic circuit which directly represents the
transfer function R(s) of the desired controller, designed, e.g. using the loop-shaping tech-
nique covered in the course Quantum Technology and Devices: Experimental Techniques
and Platforms. A proportional-integral (PI) controller, as depicted in Figure 5.1, can be
designed as follows:

Example 5.1. Due to the ideal operational amplifier, one can directly conclude that
in the Laplace domain, i1(s) = ic(s) = u(s)/R;. Similarly, as the voltage over the
feedback approximately keeps the noninverting input of the operational amplifier at
ground level, we have y(s) = —Raic(s) — ICC% Therefore, the complete circuit has
the transfer function

_yls) S 1+sT 1 14 sR(C
R(s) = u(s) 14 s T RC . . (5.1)
uc(t)
R, 7
ic(t) o
Ry
——__1 -
i1(t)
ideal | 5

u(t) i O + y(t)
1 I

Figure 5.1: Electronic circuit of a PI controller.

The problem now is that this methodology cannot be extended to nonlinear control as
the Laplace domain does not lend itself to nonlinear systems. If linearization around a
stationary point is not feasible, A different approach has to be taken.
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Digital hardware such as programmable logic controllers (PLCs), microcontrollers, or
desktop computers could simply evaluate (linear or nonlinear) control laws g in state
space of the form

u(t) = fu(x(t), 1) , (5.2)

provided the system state x(¢) is known. The problem here, however, is that digital
hardware is fundamentally constrained by a sample time which is given by the hardware
architecture. Thus, (5.2) can only be computed at discrete points in time.

Therefore, the remainder of these lecture notes, unless stated otherwise, will focus on
discrete-time systems, which emerge naturally from the sampling of continuous-time
systems. There are, however, also examples of dynamical systems that are fundamentally
discrete-time systems, for instance in economics [5.1].

5.1 Sampling of Control Systems

Figure 5.2 shows the basic structure of a digital control loop. In contrast to continuous-

- D/A ¢ a(t y(t)
() (ug / u(t) | Actuator ()' Plant .
converter
Digital
controller
(k)| A/D y(t)
< Sensor
converter
discrete-time <+> continuous-time In(t)

Figure 5.2: Block diagram of a digital control loop.

time control loops, the continuous-time measured variable y(t) recorded by the sensor
must be discretized in time using an A /D(Analog/Digital) converter so that it can be
further processed in the digital hardware. In the following, an ideal sensor is usually
assumed, i.e. n(t) = 0, so that y(t) = y(¢) applies. An ideal A/D converter, also called a
sample element or Sampler, then generates a sequence of samples (yx) = (yo, Y1, Y2, - - -)
= (y(to0),y(t1),y(t2),...) at the times tg, 1, to, ... from a continuous-time signal y(¢) (see
Figure 5.3). In the following, it is assumed that the sampling is equidistant, i.e. the
sampling times t; are integer multiples of the so-called sampling time T, and t, = kT,
k=0,1,2,.... For continuous and right-continuous functions y(¢), the sample element
thus satisfies the relationship

yr =y(kTy) for keZ, (5.3)
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1,
@, ),
y(t) Sampler (k)
0 T, 2T, 3T, t 0o T, 2T, 3T, t
Figure 5.3: Functionality of the sample element.
and for left-continuous functions y(t), we have
yr = lim y(t) for keZ. (5.4)

t——+kT,

In the digital hardware, the manipulated variable sequence (ug) is then calculated
from the sequence values (yi) of the sampled sensor signal y(¢) and from the sequence
values (r1) of the setpoint or reference signal at discrete times t;, = kT,. To generate
a continuous-time signal u(t) from a sequence of samples (uy), a D/A(Digital/Analog)
converter is required. In digital control loops, the D/A converter is usually designed in
such a way that it holds the sample value at the output constant until the next sampling
period (see Figure 5.4). This is also referred to as a zero-order hold in the case of ideal
behavior. The output variable u(t) of the zero-order hold is thus related to the input

1,
(), )
(k) Hold element u(t)4
o T, 21, 31, t 0 T, 21, 31, t

Figure 5.4: Functionality of the zero-order hold.

variable (uy) as follows,
u(t) =ur for kT, <t<(k+1)T, (5.5)
and, more generally,
o
u(t) =3 uy (J(t —KT,) —o(t — (k + 1)Ta)) : (5.6)

k=0
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Transforming (5.6) into the Laplace domain yields

v L s nTs) L
u(s)—Zukg(e —e ) =
k=0

,<1 _ efTas) i ukefkTas , (57)
k=0

S

0(s)

from which the transfer function of the hold element immediately results in

G(s) = Zgz; - %(1 — o) (5.8)
with the input variable
() = v(t) = > u(kT,)6(t ~ KT) (59)
k=0

results.

Ezercise 5.1. Show that the series connection of a precisely synchronized hold and
sample element with the sampling time T, and input sequence (ug) corresponds to a
direct connection.

5.1.1 Sampled-Data Systems

For further considerations, let the discrete-time system be according to Figure 5.5 with
ideally synchronized sample-and-hold with sampling time 7, as well as the input sequence
(ug) and the output sequence (yy).

T, l v T,

U u(t Actor + Plant
(u,) " (), ON )
+ Sensor
Hold element Control loop Sample element

Figure 5.5: Sampled-data System.

The Nonlinear Case

Assume that the plant in Figure 5.5 can be written in the form
x =f(x,u,t), x(tg) = xo (5.10a)
y = h(x,u,?) (5.10b)
with the state x € R”, the input u € R? and the output y € R?. The relationship between

xj and x4 of the associated sampled-data system then results as the solution of the
differential equation

x = f(x,u,t) (5.11)
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for the initial value x;, = x(kT,) and the input u(t) = ui = u(kT,) for kT, <t < (k + 1)1,
terminating at time t = (k + 1)7,. Doing this recursively gives the mathematical model
of the sampled-data system as a difference equation system

X1 = Fr(xp, ug), x0 = X(to) (5.12a)
¥& = hy(xp, ug) - (5.12b)

Ezxample 5.2. As an example, consider the nonlinear first-order plant

&(t) = —sin(t)x(t) + x(t)u(t) (5.13a)
y(t) = tz(t)* + u(t) . (5.13b)

The solution of the differential equation for the initial value x(t9) = xp and the
constant input u(t) = uc is

B xg exp(uct + cos(t))
~ cosh(cos(ty) + ucto) + sinh(cos(tg) + ucto) ’

x(t)

(5.14)

from which the associated sampled-data system immediately follows for tqg = kT,,
xo =k, t = (k+ 1)1y, x(t) = k41 and ue = uy to

wg exp(ug(k + 1), + cos((k + 1)T4))

_ 5.15
Tkt cosh(cos(kTy) + upkT,) + sinh(cos(kTy) + upkT,) (5.15)

results. The output y(¢) at time ¢ = kT, then follows in the form
yp = kToxs +uy . (5.16)

One thus recognizes that it is generally impossible to calculate the corresponding
sampled-data system exactly for nonlinear continuous-time systems since knowledge of
the analytic solution of the nonlinear system of differential equations is required. The
system (5.10) can be approximately converted into a difference equation system by means
of various numerical integration methods. For example, the difference equation system for
(5.10) according to the explicit Euler method is

Xpt+1 = Xg + Taf(Xk, ug, /CTa) . (5.17)
For the stability of the integration method and the sampling time T, (step size) to be
chosen, please refer to the numerical literature.
The Linear Time-Invariant Case
For linear, time-invariant (LTT) plants of the form

x = Ax + Bu (5.18a)
y = Cx+Du, (5.18b)

the general solution of this system of differential equations is given by the following
theorem:
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Theorem 5.1. The general solution of the system (5.18) is

t
x(t) = ®(t —to)xo+ | ®(t —7)Bu(r)dr, x(to) = X0
to (519)
y(t) = Cx(t) + Du(t) ,
with the continuous-time transition matriz
®(t) = exp(At) . (5.20)

This transition matrix (5.20) corresponds to the Peano-Baker series from (2.105) for the
case of A(t) not depending on time.

Substituting tg = kT,, t = (k+ 1)1, and u(7r) = uy, for kT, <7 < (k+ 1)T, into (5.19),
one obtains the sampled-data system associated with (5.18)

(k+1)T

Xpr1 = ®(To)xk + - ®((k+1)T, — 7) d7Buy (5.21a)
yr = Cx; + Duy ) (5.21b)
or, in short,
X1 = Pxg + Tug (5.22a)
v = Cx; + Duy, (5.22b)

with the new dynamics and input matrices
® = exp(AT,) (5.22¢)

Ta
r- / exp(A7) d7B . (5.22d)
0

Exercise 5.2. Show, using the variable transformation 7 = (k + 1)T, — 7, that the
following equation

(k+1)T T,
/ &((k+ 1)T, — 7)dr = / &(7)d7 (5.23)
kT, 0

holds.

Example 5.3. As an example, calculate the associated sampled-data system for the
state model of a double integrator

01 0
%x = Ax + bu= [0 O] x + L] u (5.24a)

Yy = ch = [1 O}X (5.24]?))
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for the sampling time 7,. The transition matrix is calculated in the form

12 1t
®(t) = exp(At) = E+ At + A25 = lo 1] (5.25)

and thus the dynamic matrix ® and the input vector I" of the sampled-data system
are obtained according to (5.22) as

(5.26)

(CL 3G A e

As a result, one obtains the sampled-data system

and

2

1 T, Iq
X = X+ | 2 |u 5.28a
k+1 lo 1 k Ta k ( )
ye=[1 0]x . (5.28b)

A discrete-time system is linear if and only if it can be written in the form

X1 = Prxp + Trug (5.29&)
yi = Cpxp + Dpuy (5.29Db)

Which is a form often obtained by linearizing (5.12) around a desired trajectory. A
discrete-time system is linear and time-invariant if and only if it can be written in the
form

Xpr1 = Pxg + Tug (5.29C)
yvi = Cxi + Duy, (5.29d)

with the state x € R", the input u € RP, the output y € R? and the matrices ® € R"*",
I' e R"*P, C € R?*™ and D € R?*P. As a reminder, it should be noted at this point that
the subscript k of a quantity & refers to the value of £ at time kT, i.e. & = &(kTy,).

Ezercise 5.3. Show that the matrices ® and I' of the sampled-data system (5.22) can

be calculated in the form
® T A B
= €Xp Ta ),
0 E 0 0

with E as the identity matrix.
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Hint: The following relationships hold:

d

d7,
d
d7,

® = AdD(T,)

I'=&(T,)B .

FEzercise 5.4. For the system

1
0

X + U

d__[-10
10

Y= {0 1}x

calculate the associated sampled-data system for the sampling time 7,. Check the
result in MATLAB using the command c2d for the sampling time 7, = 0.1s.

Ezxercise 5.5. Assume that the manipulated variable u(t) is applied to the process
with a known delay AT < T,, i.e., the mathematical model (5.18) is modified in the
form

—x(t) = Ax(t) + Bu(t — AT) (5.30a)
y(t) = Cx(t) . (5.30Db)

What is the associated sampled-data system for the sampling time 7,7

5.1.2 The Transition Matrix
In the following, consider the linear, time-invariant, autonomous sampled-data system
X1 = PXg, x(0) = xg - (5.31)

As can easily be verified, the solution of the difference equation (5.31) at time kT, for a
given initial value xq is

x; = ®x9 = U(k)xq . (5.32)

Thus, the (n x n) matrix W (k) defines the transition matrix of the discrete-time system
(5.31). Analogous to the transition matrix (5.20) in continuous time, ¥ (k) satisfies the
following discrete-time relationships:
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¥(0)=E (5.33a)
(k:+l) — (k)W () (5.33b)
Ul (k) = (k) (5.33¢)
T(k+1) = dU(k) , (5.33d)

where it is assumed for relation (5.33c) that the dynamic matrix ® of the discrete-time
system is non-singular. Note that the transition matrix of continuous-time systems for all
times t is non-singular regardless of the dynamic matrix A, whereas the transition matrix
W of discrete-time systems is non-singular if and only if the dynamic matrix ® of the
associated discrete-time system is non-singular.

Ezercise 5.6. Prove the properties (5.33) of the transition matrix ¥.

The general solution of a linear, time-invariant, sampled-data system of the form (5.22)
is easily obtained by successively applying the iteration rule

x1 = Pxg+ T'ug
xy = ® (®xg + Tug) +Tu; = ®x + ®Tup + 'y
N——————

n (5.34)
in the form
k—1 )
x, = ®Fx+ > @Iy, (5.35a)
j=0
v = Cxi + Duy . (5.35b)

It can be seen from (5.35) that the convolution integral of the general solution of continuous-
time systems from Theorem 5.1 is replaced in the discrete-time domain by the convolution
sum.

The following theorem for the stability of a linear, time-invariant, autonomous, sampled-
data system of the form

Xpt1 = Pxy (5.36)

can be stated:

Theorem 5.2 (Global Asymptotic Stability for Sampled-Data LTI Systems). For all
initial values xg € R™ of the system (5.36),

lim x5 = hm dFxy =0 (5.37)
k—oo
holds if and only if all eigenvalues of the dynamic matriz ® are less than 1 in absolute
value. One then also says that the equilibrium point xp = 0, which satisfies the
relation xp = ®PxpR, is globally asymptotically stable.
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In other words: While global asymptotic stability of continuous-time LTT systems is
equivalent to all eigenvalues of A having negative real part, the discrete-time counterpart
is all eigenvalues of ® being within the unit circle in the plane of complex numbers.

5.1.3 Input-Output Behavior

Similar to how linear differential equations representing a continuous-time LTT system can
be converted to a transfer function G(s), an analogous route can be taken for systems of
the form (5.22) to yield a discrete-time transfer function G(z). We will keep the treatment
here very brief as this lecture focuses on state-space methods. Details can be found, e.g.,
in the lecture notes of Automatisierung [5.2]. The main points are as follows:

e Domain transform: Instead of the Laplace transform, one may use the so-called
z-transform

2 (5 = (o freeos fee ) 0 Z() = £(2) = S for® (5.38)
k=0

o Transformed variable: While in the Laplace domain, s and 1/s correspond to
derivatives and integrals in time, respectively, one can see with the z-transform
above that z and 1/z correspond to the time shifts fi — fr+1 and fi — fi—1,
respectively.

o Transfer matrix: The transfer matrix (matrix of transfer functions) of (5.22) is given
by

} _ YZ(Z) . F— -1
Z{(w)}  uu(z) CE-®) T+D. (5.39)

Ezercise 5.7. Verify the validity of these statements based on (5.38).

Using the so-called Tustin transform

L 1+ Taq/2
1 —Tuq/2’

one can establish a frequency domain for discrete-time systems and, for instance, apply
loop-shaping techniques for controller design based in the discrete-time frequency response
q = IQ). We will not further pursue this approach in the following.

5.1.4 Choice of the sampling time

For the choice of the sampling time, one is met with a trade-off:

e Long sampling times might lead to insufficient control over the dynamics of a
sampled-data system since the input sequence (uy) must be held constant for long
stretches of time. Furthermore, if the system cannot be discretized exactly, such
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as in the case of a nonlinear system without an analytic solution, one must employ
a numerical integration scheme, for example (5.17). These schemes become less
accurate the longer T, is chosen. The primary upside of a long T, is that long
sampling times lead to simple and efficient implementations on the control hardware
as well as fast simulations.

e Short sampling times, on the contrary, are more difficult to implement on the control
hardware and lead to more simulation effort, but the accuracy of the numerical
integration in the simulation of the sampled-data system is improved.

For the minimum admissible value of T, for a given control system, one may orient oneself
based on the following two heuristics:

1. Information-theoretic considerations: Suppose one knows, at least in terms of the
maximal desired frequency wyqz, the spectral properties of the planned input signal
u(t) beforehand. In that case, the maximum-frequency component of that sampled
signal is given by

(ug) = (Ao sin(WmazTuk + ¢o)) - (5.40)

The output sequence (yy) of an LTT system will then, as soon as transient processes
have decayed, oscillate at the same maximal frequency wi,q, with some phase delay.
Based on Shannon’s sampling theorem [5.3], we then know that a unique assignment
between the harmonic underlying oscillation y(t) and the sequence (yy) is possible
only if the frequency wyq, and the sampling time T, satisfy the inequality

T, < — . (5.41)

wmaa:

2. Measured rise times: As a rule of thumb, one can apply step functions to all inputs
u;(t),1 < i < p of the system (5.10) or (5.18). Given the resulting step responses
hi(t), it makes sense to choose T, such that the shortest of the corresponding rise
times ¢, ; is still sufficiently resolved in time. We thus obtain

T < min; {¢,;}
a =
B

as another rule for the sampling time.

; 4< B8 <10 (5.42)

Example 5.4. A damped harmonic oscillator with gain V', damping ratio & and time
constant 7" can be represented in state space as

. 0 1 0
X = [ _UT? 9T ]x—i— l v/ ]u (5.43)

y=|10]x (5.44)
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or, equivalently, by the transfer function G(s) = W The rise time for this
system can be found by first computing the step response

h(t) = V(l — \/11_752(5811&(\/@;) + \/1 —& cos(\/l — §2;)>ef%>a(t) .

(5.45)

the inflection point t* is then found by setting the second derivative of (5.45) to
zero. The solution for ¢, is then the point where the linear interpolation reaches the
stationary value of h(t), i.e., h(t*)t =V, which results in

tan(arccos(§)) > ‘

arccos(§) (5-46)

t, = Texp<

Therefore, a reasonable choice for the sampling time is to choose T, = t,/5 in
accordance with (5.42), with ¢, from (5.46).

5.2 Reachability & Observability

As soon as one is presented with a state-space representation of a dynamical system, the
question is whether the inputs ui and outputs y; of this representation, together with
the state xj, are suitable for designing an effective control system. In the following, we
will focus on the case of discrete-time LTI systems

X1 = Pxg + Tuy , x(0) =x¢ (5.47a)
yr = Cxj + Dug , (5.47b)

with the state x € R™, the input u € RP, the output y € R? and the matrices & € R"*",
I'e R"*P. C € R?”*™ and D € RI*P.

Ezample 5.5. If the state-space dynamics in (5.47) are, for example, given by

0 2 0 0
®=| 05 00|, F=[0|,C=[00 1], D=0, (5.48)
0 0 2 1

then one can see that the actuators and sensors of the control loop exclusively act on
the subspace spanned by the third component of x;. This subspace, however, is only
mapped onto itself by ®. Therefore, we can conclude that

e the actuator represented by I' will not be able to attain arbitrary states in the
full state space R™ and that

e the sensor represented by C will not provide sufficient information about the
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whole system state if only the input and output sequences (uy) and (yi) are
known.

This example can be generalized to yield the concepts of reachability and observability, as
will be demonstrated in the following.

5.2.1 Reachability (discrete-time case)

Reachability analysis assesses whether arbitrary states in R™ can be reached with a finite
amount of control actions, in detail, it is defined as follows:

Definition 5.1 (Reachability in discrete time). The system (5.47) is called completely
reachable if, starting from the initial state xg = 0, any arbitrary state xy can be
reached with a finite control sequence (ux) = (ug,uy,...,un-1,0,...).

The following theorem now gives a more practical criterion for the reachability of the
system (5.47) based on the system matrices (®,T):

Theorem 5.3 (Reachability via the reachability matrix). The system (5.47) is
completely reachable if and only if the so-called reachability matrix

R(®,T) = [r,@r,@%,...,@”*lr] (5.49)

has rank n.

Proof. One has to look at the analytic solution for the system state, which is given
by (5.35). Since the definition of reachability assumes that xo = 0, the solution for
the state xy reads as

k—1
xy =y ®F 1Ty, . (5.50)
j=0

Another way to write (5.50) is

uny-—1

uny—2

xy = |0 ®T ... &N°IT (5.51)

Uo

For any arbitrary xy € R", this has at least one solution in the input sequence if
and only if the matrix in (5.51) has full row rank n. Since the matrix is exactly the
reachability matrix (5.49), the theorem follows. O

Ezercise 5.8. Show that the system from Example 5.5 is not completely reachable.

The analogous theorem to Theorem 5.3 for the continuous-time case (5.18) goes completely
analogously, except with a piecewise-continuous input function u(¢) instead of the input
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sequence (uy) and the matrices (A, B) instead of (®,T).

5.2.2 Observability (discrete-time case)

Suppose again a discrete-time LTI system given by (5.47). As a next step, one can address
the question when the sensor represented by C will provide sufficient information about
the whole system state if only the input and output sequences (ux) and (yi) can be
measured rather than the state itself. to this end, we define the concept of observability
as follows:

Definition 5.2 (Observability in discrete time). The discrete-time system (5.47)
is called completely observable if the knowledge of the input and output sequences
(ug) = (ug,uy,...,un-1,0,...) and (yx) = (¥o0,¥1,---,¥YN-1,0,...) with finite NV
as well as the system matrices ®, I', C and D allows the calculation of the initial
state xg.

In analogy to Theorem 5.3 on reachability, the following theorem on observability ap-
plies:

Theorem 5.4 (Observability via the observability matrix). The discrete-time system
(5.47) is completely observable if and only if the so-called observability matrix

C
Ce

O(C,®)= | C®* (5.52)

_Cén_l_
has rank n.

Ezercise 5.9. Prove Theorem 5.4, keeping in mind what is measured and what is to
be calculated.

FEzercise 5.10. Show that the system from Example 5.5 is not completely observable.

The combination of reachability and observability considerations can be based on the
following exercise:

Example 5.6. The motion of a hot air balloon according to Figure 5.6 is approximately
described by a mathematical model of the form

. 1
AT = ——AT +u (5.53a)
1
1
0=——(@w—w)+cAT (5.53b)
T2
h=v, (5.53¢c)
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with the temperature difference AT to the equilibrium temperature, the altitude
h of the balloon, the vertical velocity v of the balloon, the vertical wind speed w
(disturbance variable) and the control variable u proportional to the heat supplied.

burner flame

Il
wind Th

Figure 5.6: Schematic representation of a hot air balloon.

Referenzhdhe

1. Is it possible to observe the temperature change AT and a constant wind speed
w solely from the measurement of the altitude h?
Result: One must extend the mathematical model for the constant wind speed
w by the differential equation @ = 0. The observability matrix O then is

0 0 1 0

o 0 0 0

= 1 1

g —?2 0 ?2

1 1

5= % 0 %
det(0) = —
T1T2

and thus, the extended system is completely observable for ¢ # 0 with the
measurement y = h.

2. From now on assume w = 0, making the state space three-dimensional again.
Is the system (5.53) completely reachable with the input u?
Result: Yes, for o # 0.

3. Is the system (5.53) completely reachable with the input w?
Result: No.

5.3 Linear State Space Controllers & Observers

Now that we have a discrete-time description of dynamical systems and can assess their
reachability and observability (globally for LTT systems and locally around a reference point
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for nonlinear or time-varying systems), this information can be leveraged to derive state
feedback controllers and state observers (to be defined in this section) for these systems.
Due to the discrete-time and linear nature of the methods, they are straightworward to
implement on digital hardware and thus are popular methods for practitioners.

5.3.1 State Space Controllers via Pole Placement

A state feedback control law is a memoryless, functional dependence of the control input
u on the state variables x and possibly other external input variables (e.g., reference
variables) r in the general form

uy = fu o (Xk, %) (5.54)
or for linear, time-invariant systems
u; = Kxi + Gry, . (555)

Without loss of generality, the following considerations are based on the linear, time-
invariant, discrete-time, single-input system

Xpr1 = Pxy + Tug, x(0) = xg (5.56a)
yr = ¢l xy + duy, (5.56b)

with the state x € R"™, the input u € R, the output y € R and the matrices ® € R"™**",
I',c € R" and d € R. If a state feedback control law of the form

up = k'xy, + gry, (5.57)

is inserted into (5.56), the closed loop system is given by

X1 = (‘I’ + FkT) xi, + Lgry, x(0) = x¢ (5.58a)
~—_——
@g
Y = (cT + dkT)xk + dgry (5.58b)

with the closed-loop system matrix @, and the input variable r. Obviously, the variables
k € R" and g € R have to be determined within the state controller design in such a
way that the output sequence (yi) as a response of the closed loop (5.58) to special input
sequences, such as the step sequence (ry) = T0<1k) = (ro,70,70,-..), satisfies certain
conditions.

In the first step, the input sequence (ry) is disregarded, i.e. (rg) = (Ok), and the
variable k should be designed in such a way that the eigenvalues of the closed-loop system
matrix @, are located at arbitrarily specified desired locations. Therefore, this design is
also called pole placement in state space. Before that, however, an essential theorem for
the following, namely the Cayley-Hamilton theorem, is formulated and proven:
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Theorem 5.5 (Cayley-Hamilton Theorem). Let
p(z)=ag+arz+  +a_12" L+ 2" (5.59)
be the characteristic polynomial of the matriz ® € R"*™, then ® satisfies the relation

p(®)=aE+a®+ 40, 1" +8"=0. (5.60)

Proof. For the inverse of the matrix (zE — ®) € R™*™ holds

(E— @) adj(zE — ®)

~ det(zE — @) ’ (5:61)

where the adjugate matrix adj(zE — ®) only has polynomials of n — 1-order and can
therefore be written in the form

adjcE—®)=Ro+Riz+ -+ Ry 22" 24+ R,_12" ¢ (5.62)
From (5.61) and (5.62) one finally obtains
det(zE — ®)E = (:E — ®)(Ro + Raz + -+ Ry 22" 2+ Ry 12"71)  (5.63)
or

(ao +arz 4 F a2V + z”)E

(5.64)
=—®Ro+ -+ (Rp—2 — ®R,_1)2" ' + Rp12" .

Comparing the coefficients of the powers of z in (5.64) gives the following system of

equations
aoE = —'I)RO

alE = RO — ‘I’Rl

: (5.65)
an—2E =Ry 3 — PR, 2

an1E=R;, 2 — PR, 1
E=R, .

If one now multiplies the j-th line of (5.65) by ®/, j =0,...,n, and adds them up,
then (5.60) follows, which proves Theorem 5.5. O

If the system (5.56) is in Ist standard form (reachable canonical form) {®g, g, cg,
dgr}, then one immediately obtains a rule how to determine k™ in the state feedback

control law (5.57) so that the eigenvalues of the system matrix ®, = (@R + I‘RkT) of
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(5.58) are located at arbitrarily specified desired locations. In this case, we have for ®,

0 1 0 - o | [o
0 0 1 - 0 0
e ol (R R R (5.66)
0o 0 ... 0 1 0 T
—ap —a1 -+ —ap-2 —ap—1| |1
oy T
or
[0 1 0 ]
0 0 1 0
P, =| : : (5.67)
0 0 ... 0 1
(ko—aop ki—a1 -+ kn-o—ap-2 kno1—an_1

with the corresponding characteristic polynomial of ®,
pg(2) = (a0 — ko) + (a1 — K1)z + -+ (@n—1 — kp_1)2" " F + 2" . (5.68)

The procedure for pole placement in state space for a system in reachable canonical
form {®r,TRr,cr,dr} is therefore as follows: One specifies the n desired eigenvalues
Aj, 7 = 1,...,n, of the closed loop and determines from this a desired characteristic
polynomial for the closed loop

(z—=Xj) =po +piz4pet 4 ppr2t 2" (5.69)

—.

pg,soll(z) =

7=1

By comparing coefficients of (5.68) and (5.69) one directly obtains the state feedback
coeflicients

k:j:aj—pj, j:0,...,n—1. (5.70)

If now the system (5.56) is not in reachable canonical form, then the pole placement in
state space can be performed using Ackermann’s formula.

Theorem 5.6 (Ackermann’s Formula). The eigenvalues of the closed-loop system
matriz ®, of (5.58) can be arbitrarily placed by a state feedback of the form (5.57)
if and only if the system (5.56) is completely reachable. The feedback vector k™ is
calculated according to the relation

00 - 1j=v{[T @ &T ... &' (5.71a)
—_—————
kT = _pov;I‘ - p1V1T¢' - pnflvrlr'i)n_l - v;[‘i)n = _VlTpg,soll((I’)
(5.71b)

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
©A. Deutschmann-Olek and L. Tarra, Automation and Control Institute, TU Wien



5.3 Linear State Space Controllers & Observers Page 120

with pg sou(2) = po + P12 + paz2 4 -+ pp_12"" L + 2" as the desired characteristic
polynomial of the closed loop system.

Proof. At the beginning of the proof it should be noted that the property of complete
reachability of the system (5.56) by a regular state transformation of the form
x, = Vzi with a regular (n x n) matrix V neither can be lost nor gained. This is
immediately obvious because the reachability matrix of the equivalent transformed
system

211 =V 1®Vz, + V Iy, 20 =V ixg (5.72a)
S F
yr = ¢l xy + duy, (5.72b)

associated with (5.56) is
R(®,1)=[F & &1 ... & 'f|=
[V—lr v-levv-ir v-levv-ler ... V—lqw—lr]:V*lR(@,r).
(5.73)

From (5.73) one can see that due to the regularity of V, the regularity of the
reachability matrix R(i), f‘) of the transformed system (5.72) follows immediately

from the regularity of the reachability matrix R(®,T') of the original system (5.56)
and vice versa. Furthermore, it can be that a system which is in reachable canonical
form is always completely reachable. Combining these two findings, it follows that a
completely reachable system can always be transformed to reachable canonical form.
The idea for determining the relationship (5.71) is now to transform the system
(5.56) into reachable canonical form in a first step and then perform the pole place-
ment in state space, as shown in (5.70). Thus, we are looking for a regular state
transformation of the form
vi
\
z=Vx=| " |x (5.74)

T
Va

so that the system (5.56) in the new state z is in reachable canonical form

Zjp1 = VOV iz, + VI . (5.75)
(§R FRzen
From the equation
®rp=VeVv! (5.76a)
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or
[ 1 0 0 |
vi| vl
0 0 1 e 0 T T
AP AP
: : . " : l=1 P (5.76D)
0 0 0 1 ' '
Vol Lva
_—CL[) —ai —Qap—2 _an—l_
one gets
Vi =v®, j=1,...,n—1 (5.77a)
—agV] —a1V) — = Gy Ve = VI D . (5.77b)
By inserting the relations for v;-F, j=2,...,n, into the last equation of (5.77)
(5.78)

vrf (ao + P+ .. 4 a, P+ <I>”) =07

and applying Theorem 5.5 one realizes that (5.78) is trivially fulfilled. The missing

equation for determining v{ is obtained from

'r=e,=VT (5.79a)
or
o
vi
0
vy
= 7|r (5.79b)
. :
_1_ VE
and with (5.77) follows
el =T [r T &2 ... &7 (5.80)
R(®,T)

Provided that the system (5.56) is completely reachable, the state transformation

reads
vi
vid
V = ) (5.81)

VrlF 1
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with
vi =elR(®,T)"". (5.82)
For the system in reachable canonical form (5.75), by choosing

up = Kz = [ao —Po @1 —Pp1 ... Gp-1— Pn—1|Zk (5.83)
one directly obtains the desired characteristic polynomial

Pasol(2) = po+p1z+pezi 4+ Fpp_12"t 42" (5.84)

and thus the eigenvalues of the closed loop can be assigned (compare also (5.66) -

(5.70)).

Since one does not always want to carry out these two steps (transformation to
reachable canonical form followed by pole placement) separately, one transforms the
closed loop (5.75) and (5.83) back to the original state x, i.e.

Xpp1 = VI®pVx, + VTR kEV Xy, . (5.85)
P T T
k

The feedback vector k' in the original system then reads as follows
vi
T
kT = k%V = [ao —Po a1 —p1 ... Qp—1 — pn—l} V1:<I) (586)
v?q;"_l

— V'll‘ (ao -+ al(I) 4+ .4 an_lq)n—l) _V’ll‘ (pO +p1‘1) T -l-pn_l(IJn_l)

=—®" according to Theorem 5.5

(5.87)
= _Vrlr (pO +p1 P+ +pn71¢)n_1 + (I’n) = _Vrlrpg,soll(q)) (588)

with the desired characteristic polynomial p, son of (5.84). It has thus been proved
that if the system (5.56) is completely reachable, then the poles of the closed loop
can be arbitrarily placed with the state feedback u, = kTx;, and k' according to
(5.71).
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Exercise 5.11. Prove the converse that the fact that (5.56) is not completely
reachable implies that not all poles of the closed loop can be arbitrarily assigned.

Hint: Use the fact that every not completely reachable system can be trans-
formed to the form

[Xl,kﬂ} lq’n ¢’121 lXLk [1_'11
X2,k+1 0  Pof [x2k 0
X
Y = [clT cﬂ [ M duy
X9k
With the solution of Exercise 5.11, however, Theorem 5.6 is proved. O

As we have seen, the input sequence (ry) of (5.58) plays no role for the pole placement.
Now, the state feedback control law

up = k'xyp, + gry, (5.89)

of (5.57) still contains the parameter g, with the help of which one can achieve, for
example, that for the closed loop

X1 = (‘P + FkT) xi + Lgry, x(0) = x¢ (5.90a)
—_———
¢9
Y = (cT + dkT>x;.C + dgry (5.90b)
holds
lim y =ro (5.91)
k—o00

with the step sequence (1) = 19 <1k) = (7o, 70,70, ...) as input. If we now calculate the
z-transform of (yx), we obtain

z

—1
y.(z) = (cT + dkT) (zE - — I‘kT) I'gro 0 +2x9 | +dgro (5.92)
Z( ) z( )

or by applying the final value theorem it follows

-1
lim gy = lim (= — 1)y.(2) = (cT 4 dkT) (E Y . rkT) Tgro + dgro = 1o , (5.93)

k——+o0

since all zeros of det (zE o FkT) lie inside the unit circle of the complex z-plane.
Thus g is calculated from (5.93) to

1
(cT 4+ dkT)(E—-® —TkT) 'T'+d

g = (5.94)
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dq
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Figure 5.7: Two-mass oscillator.

Ezample 5.7 (Simulation example). As an example, consider the two-mass oscillator
shown in Figure 5.7, consisting of two masses m; and ms, two linear springs with
spring constants c¢; and cg, and two viscous dampers with damping constants d; and
ds.

The external force F..¢, which is also the control input u = Fi,; of the system, acts
on the first mass mq, and the force F,, = v acting on the second mass mo is to be
considered as an unknown disturbance. The mathematical model can be calculated
directly by applying Newton’s second law of motion to the two masses m, and msy in
the form

mlél = —01(21 — 2’2) — dl(i’l — 22) — Fezt (5.95&)

moZo = 61(2’1 — 22) + dl(zl — 2':2) — 929 — dozy — F, , (5.95b)

where z1 and z9 describe the displacements of the masses mq and msy from the relaxed
position of the springs. With the state variables xT = [zl V1 =21 29 Uy = 732],
the control input u = F¢,;, the disturbance v = F,, and the output y = 23, the state
space representation of (5.95) is given by

d
X= Ax + bu + by, x(0) = xo (5.96a)

y=c'x (5.96b)
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with
0 1 0 0 ]
_a _d o a i
A=| ™M mm mi | (5.97a)
0 0 0 1
a  di ate  ditd
L M2 mo my may
0
1
b=| mi|, (5.97Db)
0
- O -
C ]
0
b, = 0 | (5.97¢)
1
L T2 ]
ch=10 0 1 of. (5.97d)

If one chooses the values m; = 1, mg = 10, ¢ = ¢ = 1 and d; = do = 1 for the
parameters, then the mathematical model is

% 0 1 0 0][a 0 0
d 1 -1 11 1 0
=1 = bl I I P v (5.982)
dt | 2 0 0 0 1f|l=| |o 0
vl 01 01 —02 —02||w| |0 —0.1
21
U1
y=[0 0 1 0] (5.98b)
22
V2

For the controller design, one first calculates the corresponding discrete-time system
with input v and output y for the sampling time T, = 2 (MATLAB command c2d).
Subsequently, a state feedback controller should be designed for the discrete-time
system using pole placement in such a way that the poles of the closed loop are
located at exp(\;Tg), j =1,...,4, with \j2 = —0.5+£0.5], A3 = —1 and A\y = —2
(MATLAB command place or acker). Note that in MATLAB, in contrast to the script,
see (5.89), the state feedback controller is defined with a negative sign in the form
up, = —k'x;! Furthermore, the pre-factor g in (5.89) should be determined in such a

way that for a step sequence (rg) = ro (1’“) as reference signal holds limy_, oo Y1 = 70.
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With these specifications, the state feedback controller (5.89) for this example is

u, = [0.0189 0.4627 0.5245 3.8538]xk— 1.5624ry . (5.99)

A simulation example in the form of Matlab/Simulink files for the Bl
state controller of the two-mass oscillator of Figure 5.7 is available i

B
on our homepage. E}‘%ﬁﬁé

Dead-Beat Controller

If one now wants to design a state feedback control law of the form (5.89) with g =0 in
such a way that any initial deviation xg of the system (5.56) is driven to 0 as quickly as
possible, one arrives at the so-called dead-beat controller. The following theorem holds:

Theorem 5.7 (Dead-Beat Controller). If for a completely reachable system (5.56),
according to Theorem 5.0, all eigenvalues of the closed-loop system matriz are set to
zero, i.e. the desired characteristic polynomial is pg sou(2) = 2", then every initial
state Xg is transferred to 0 in at most n steps.

Proof. The closed-loop system matrix ®, for pg sou(z) = 2™ is

01 0 -~ 0
0 0

®,=®+Tk" = |: : . . . (5.100)
0
00 -~ 0 0

This matrix is nilpotent of order n, i.e. it holds N¥ = 0 for k£ > n. With this, however,

it can be shown for any initial state xq for the closed loop X1 = ®4x;, that because
of

x), = ®hxo (5.101)

holds x;, = 0 for k > n. ]

FEzercise 5.12. Design a dead-beat controller for the linear, time-invariant, discrete-
time system

11
01

0

X, +
T

Uk

Xk+1 = [
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and determine the region D in the (z10, z2,0)-plane, where the initial states xo are
allowed to lie, so that the magnitude of the control input is always less than or equal
to 1, i.e., Jug| < 1for k=0,1,2,....

The PI State Controller

In (5.94), the pre-factor g of the state feedback controller (5.57) was calculated in such a
way that the steady-state control error

lim e = (re — yk) (5.102)

lim

k—o0 k—o0

due to the input step sequence (1) = ro (1’“) = (ro,70,70,...) becomes zero. This is

of course no longer fulfilled if the plant parameters deviate from the nominal value or
disturbances act on the plant. Consider the system

Xpt1 = Pxy + Tuy, + Tyog, x(0) = xo (5.103a)
yr = c'xp (5.103b)

with the state x € R, the input u, the output ¥, the disturbance v as well as the matrices
® ¢ R"" and I',T',,c € R™. If one inserts the state feedback controller (5.57) with

(rg) = (Ok) for ug, then one obtains

Xjoi1 = (q> n rkT) x +Tyvr,  x(0) =xq (5.104a)
—_————
(ﬁg
Yk = ¢ Xy, (5.104b)

or for a constant disturbance sequence vy = vy (1’“) the steady-state control error is
calculated to be
-1
lim (rg —yp) = — lim(z — D)y.(2) = —cT (E o FkT) I'yvg #0 . (5.105)
k——+oo z—1
For this reason, as already done with the frequency response method, an integral part
must be incorporated in the controller in order to be able to suppress at least constant

disturbances and parameter variations in steady state. For this purpose, a so-called PI
state controller of the form

Treyl = Tre+ [T — Uk (5.106a)
N
cTx,,
Xk
U = {kg k[} l +kp| e — Yk (5.106b)
Tk ~~
cTx,,

is used. The controller parameters k1, k; and kp are now designed in two steps:
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Step 1: In the first step, for the system (5.103) augmented by an integrator

® 0 r
[X’CH] — [ . HX’“ + up+ | e+ | ok (5.107a)
T k41 —c 1] [zrk 0
—_— —~ ~~ ——
P Ty .1 Ty r
Uk = clxy (5.107b)
a state feedback controller
x
wp = [k ko] l g ] (5.108)
Tk
is designed according to Theorem 5.6. A comparison of (5.106b) with (5.108) shows that
kI — kpcl = ki (5.109a)
and
ky = ks . (5.109D)

Note that this is always possible under certain conditions, because the following theorem
holds:

Theorem 5.8. If the system matriz ® of the system (5.107) has no eigenvalue at 1
and the transfer function from ug to yr has no zero at 1, then the complete reachability
of (®,T) implies the complete reachability of (®7,Ty).

Proof: The proof is based on the PBH eigenvector test and will be omitted here. See,
e.g., the lecture notes of Automatisierung for details [5.2].

Step 2: In the second step, according to (5.109), the parameters k! and kp must
be determined. Since this problem is underdetermined, kp is usually fixed and k. is
calculated from (5.109). Assuming that xg = 0 and 279 = 0 at time ¢t = 0, then it follows
from (5.106b)

ug = k?p?“[) . (5110)

If the system matrix ® is stable, i.e., all eigenvalues are inside the unit circle, then the
output in steady state is

lim 4 = Yoo = ¢T (B — &) 'Tuq, . (5.111)
k—o0

In this case, it is now appropriate to choose the proportional gain kp in such a way that
at time zero the control input ug assumes the same value that is also required for £ — oo
to satisfy the condition yo, = 7yg, i.e.

7o

cT(E—&)'r ( )

ug = kp?“() =

or
1

CTE-@) T
Figure 5.8 shows the block diagram of a discrete-time, linear, time-invariant system with
PI state controller.

kp (5.113)
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Ezample 5.8 (Simulation Example). For the two-mass oscillator in Figure 5.7 with the
corresponding state space model (5.98), a discrete-time PI state controller according
to (5.106) for a sampling time T, = 2 should be designed in such a way that the poles
of the closed-loop system are at exp(\;15), j = 1,...,5, with Ao = —0.5 £ 0.51,
Az = —1, Ay = =2 and A5 = —3 (MATLAB command place or acker).

With these specifications, the PI state controller (5.106) for this example is given

by
g1 = Trg + (T — Yk) (5.114a)

X
uk:[0.2163 0.7201 2.4323 6.7892 —1.5585“ b

] + (=) (re — y) -
(5.114b)

Tk

on our homepage.

A 4

kp

1 l(vk)

X1 = Pxp + Tup + Tyog

(7%) 1 (zrk)

1 Xk)‘ T yk);
z—1
Tﬂfl,o

i
v
e
I;E

kr

A
¢}
A

Figure 5.8: Block diagram of the PI state controller for the discrete-time case.

5.3.2 State Observers

The disadvantage of the state feedback controller is obviously that its implementation
requires the measurement of the entire state x. In many cases, of course, this is not
possible, which is why one asks the question whether it is possible to reconstruct the
state x solely from the knowledge of the output y and the control input . To answer this
question, consider the linear, time-invariant, discrete-time single-input system

Xp+1 = Pxy + Tug, x(0) = xo (5.115a)
yr = ¢ xy, + duy, (5.115b)
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with the state x € R™, the input u, the output y as well as the matrices ® € R™**",
I',c e R" and d € R. A device that estimates the state x at time k from the knowledge
of the inputs (ug,u1,...,ux) and the outputs (yo,yi,--.,yx) is also called an observer. It
will be shown in the following that such an observer for (5.115) can be constructed if and
only if the system (5.115) is completely observable. All considerations can be directly
transferred to the continuous-time case without additional effort.

Trivial Observer (Simulator)

The simplest way to estimate the state x is to simulate the mathematical model of the
plant according to (5.115)

Xitr1 = PR + Ty, )A((O) = Xy (5.116&)
Ok = ¢ & + duy (5.116b)

in the computer with the estimated state X. The deviation of the estimated state X from
the actual state x, the so-called estimation error e = X — x, then satisfies the following
difference equation

€r+1 = @ek y e(O) =€y = )A(O — X0 - (5.117)

An observer of the form (5.116), which simply represents a copy of the plant model
in the computer, is also called a trivial observer or simulator and it has the following
disadvantages:

(1) The error dynamics (5.117) are obviously only stable if the plant is stable, i.e., all
eigenvalues of ® lie inside the unit circle and

(2) the decay of estimation errors ey for stable plants cannot be influenced but is
determined by the plant dynamics.

The trivial observer (5.116) does not yet make use of the fact that a measurement, namely
the measurement of y, is available for the system (5.115). This consideration leads finally
to the so-called full-order Luenberger observer, which is discussed in the following.

Ezample 5.9 (Simulation Example). For the two-mass oscillator in Figure 5.7 with
the corresponding mathematical model in state space representation (5.98), the
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discrete-time trivial observer according to (5.116) for a sampling time T, = 2 is

81kt 0.2036  0.5061  0.6941 1.3366| |2 —0.8987
Duppr| | 03724 —0.1688  0.2387 0.9328| |14 ~0.5061 |
89kt 0.0694  0.1337  0.7589 1.5754| | %5 —0.1023] "
Dokl 0.0239  0.0933 —0.1814 0.5774| | oy —0.1337
(5.118a)
21,k
)
gk:[o 0 1 0} R (5.118b)
22,k
D9k

A simulation example in the form of Matlab/Simulink files for the JE,:"‘%’IE'E:H

Ll G
trivial observer of the two-mass oscillator of Figure 5.7 is available & S
20 o e 4
ol

A
S

b

o

on our homepage.

Full-Order Luenberger Observer

If one adds an additional term k(g — yx), k € R™, to the trivial observer of (5.116), then
one obtains the so-called full-order Luenberger observer

Rpp1 = B+ Tup + k(e —w),  %(0) = %o (5.119a)
Y = CT)A(]{ + duy, . (5.119b)

The corresponding error dynamics for e = X — x with x from (5.115) and %X from (5.119)

is given by

€1 = ((I) + lA{cT) e, e(O) =€) = )A(O — Xq - (5120)

—_——
®.

Now the question arises under which conditions k can be designed such that the eigenvalues
of the error dynamics matrix ®. of (5.120) are at prescribed desired locations. This

problem is very similar to the problem of state feedback design, discussed in detail in
Section 5.3.1. Indeed, a theorem completely analogous to Theorem 5.6 can be stated

here:
Theorem 5.9 (Ackermann’s formula for state observer design). The eigenvalues of

the error dynamics matrix ®. of (5.120) of the full-order observer (5.119) for the
system (5.115) can be arbitrarily placed by k if and only if the system (5.115) is
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completely observable. The vector k is calculated according to the relation

0 cT
Lo
| " % (5.121a)
1 CTq)n—l
S —"
en O(cT,®)
k= —pov1 —p1®V — - — P @I — By = —Pg,sou(®)V1  (5.121b)

with Py son(2) = Po + P12 + P2z + -+ + Pp—12""L + 2" as the desired characteristic
polynomial of the error dynamics matriz ®..

Proof. Due to the fact that the characteristic polynomial of a matrix is equal to the
characteristic polynomial of the transpose of this matrix, i.e.

det(zE — &) = det(2E — ® — ke”) = det (2B — @7 — k") = det(-E - @] ) ,
(5.122)

the design of k for placing the eigenvalues of ®, = ® + kcT can be performed based
on &I = T + ckT. Comparing & with @, = ® + T'k" of (5.58), one can see that
the observer design according to the so-called duality principle can be mapped to the
state feedback design by simply replacing

" by @
c by T (5.123)
k by k.

Using this duality principle, Theorem 5.9 can be directly derived from Theorem 5.6.
O

Ezample 5.10 (Simulation Example). For the two-mass oscillator in Figure 5.7 with
the corresponding mathematical model in state space representation (5.98), a discrete-
time full-order Luenberger observer according to (5.119) for a sampling time T}, = 2
should be designed in such a way that the poles of the error dynamics matrix are at
exp(A\jTy), j=1,...,4, with A\ o = =3+ 3] and A\34 = —1 £ I (MATLAB command
place or acker).

With these specifications, the discrete-time full-order Luenberger observer (5.119)
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for this example is given by

Kppi1 = (@ T ﬁcT) %5, + Tup — kyg (5.124a)
—_———
P,
=100 1 0% (5.124b)
with
[ 0.2036  0.5061 —0.6543 1.3366
—0.3724 —0.1688  0.1383 0.9328
P, — (5.125a)
0.0694  0.1337 —0.7201 1.5754
0.0239  0.0933 —0.2390 0.5774
[ 0.8987]
—0.5061
r— (5.125b)
~0.1023
—0.1337
[ 1.3483]
. |-0.1004
k= (5.125¢)
—1.4790
—0.0576

full-order Luenberger observer of the two-mass oscillator of Figure 5.7
is available on our homepage. i

FEzercise 5.13. Show that if all eigenvalues of the error dynamics matrix ®, = ® +kcT
of (5.119) are set to zero - i.e., the desired characteristic polynomial is Py son(2) = 2"
- then any initial error ey = Xg — Xq is driven to 0 in at most n steps. In analogy to
the controller of the same name, such an observer is called a dead-beat observer.

Ezercise 5.14. Design a dead-beat observer for the system
2 1 0

T1,k+1 _ T,k + g
T2 k+1 0 10 T2k 1

ye=[1 0] [x““} .

T2k
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Furthermore, determine the region D of admissible initial errors eg in the (eg 1, €0.2)-
plane such that

Hint: Use the MATLAB command place or acker.

5.3.3 Separation Principle

If one cannot measure the entire state x but still wants to use a state feedback controller,
it is natural to combine the state feedback controller with a state observer. For this
purpose, for the linear, time-invariant, discrete-time, single-input system of the form

Xpr1 = Pxy + Tug, x(0) = xg (5.126a)
yr = c'xy, (5.126b)
a state observer according to (5.119)
Rpr1 = ®%p + Tup +k(Gr — ), %(0) =% (5.127a)
T, (5.127b)

Up =c

is designed and in the state feedback control law (5.57), instead of the actual state x, the
observed state x is used in the form

up = K %y, + gry, . (5.128)
Figure 5.9 illustrates this so-called state feedback controller/state observer configuration.

e
(r1) (ug) (xk) (yx)

E— g X1 = Pxp + Tuy > cT >

kT

Kpr1 = DXy + Tugp + k(@ —wr) | (Rn)
T

Uk = c Xy,

A 4

Figure 5.9: State feedback controller/state observer configuration.
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If the state feedback controller and the state observer are designed separately according
to Theorems 5.6 and 5.9, i.e., the eigenvalues are assigned separately, the question arises
where the eigenvalues of the closed loop according to Figure 5.9 are located? The answer
to this question is given by the so-called separation principle:

Theorem 5.10 (Separation Principle). If the system (5.126) is completely reachable
and completely observable, then the characteristic polynomial of the closed loop of
Figure 5.9 according to equations (5.126)—(5.128) s

1) = G (zEan — (<I> + FkT)) det (zEan — <<I> + RCT))

(5.129)
= Dg,soll (Z)ﬁg,soll(z)

with the desired characteristic polynomials pg sou(2) for the state feedback design
according to Theorem 5.6 and Py son(2) for the state observer design according to
Theorem 5.9.

Proof. To prove this central theorem, one writes the closed loop (5.126)-(5.128) as a

difference equation system in the state X;Fes = [XT eT} with the estimation error

e = X — x in the form

® +TkT 1TKT r
Xert| _ B A I Gl I e (5.130a)
€kt1 0 P +kec' | e 0
N—_—— N N~
Xges,k+1 DPyes Xges,k Tges
X
ys = [T 07] [ ’“] (5.130D)
—_—— €L
C;;Fes N——
Xges,k

One can immediately see that due to the block diagonal structure of the closed-loop
system matrix ®g.,, the characteristic polynomial can be calculated in the form

det(2Epnxon — Byes) = det (2Epn — (@ + TkT) ) det(2Ensn — (@ +ke”)) .
(5.131)

FEzercise 5.15. Show the validity of relation (5.131).
O
Ezample 5.11 (Simulation Example). For the two-mass oscillator in Figure 5.7 with

the corresponding state space model (5.98), the PI state controller (5.114) and the
full-order Luenberger observer (5.124) and (5.125) should be combined.
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A simulation example in the form of Matlab/Simulink files for the PI EE&_:{%

state controller with full-order Luenberger observer of the two-mass EEitg:s
oscillator of Figure 5.7 is available on our homepage.

Exercise 5.16. Calculate the transfer function R(z) = y.(z)/r.(z) of the dynamic
controller resulting from the interconnection of the full-order observer with the state
feedback controller. What conclusion can you draw from the order of the transfer
function R(z)?

Exercise 5.17. In how many sampling steps can an initial deviation xg of the system
(5.126) be driven to O as fast as possible using the state feedback controller/state
observer configuration? Prove your answer.

Ezercise 5.18. Design a state feedback controller according to Theorem 5.6 for the
system

-1 0 —4 1 2
11 4 -2 4 0 5

Xht1 = g 5 0 -2 1 Xp + 1 Uk
) 0 4 3 4

yk:[l 1 —2 o}xk

such that all eigenvalues of the closed-loop system are located at A = 1/5. Furthermore,
calculate a full-order observer according to Theorem 5.9 for the desired eigenvalues
of the error dynamics matrix at A\; =1/20, j = 1,...,4. Combine the state feedback
controller and the full-order state observer according to Figure 5.9 and simulate the
closed loop in MATLAB/SIMULINK. Compare the result when replacing the full-order
observer with the trivial observer of (5.116).
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6 Optimal Parameter & State Estimation
and State Feedback

The discrete-time description of dynamical systems, as introduced in the previous chapter,
facilitates the optimization-based parameter and state estimation as well as optimal
feedback control. Optimization-based methods represent a control-theoretic design phi-
losophy which has a long tradition and continued relevance due to its importance to
state-of-the-art control concepts such as moving horizon estimation, model predictive
control, and reinforcement leaning. So far, the lectures on Quantum Technology and
Devices: Fxperimental Techniques and Platforms and previous chapters of this course,
broadly speaking, have covered control-theoretic concepts based on

e the frequency domain and loop-shaping,
e Lyapunov Theory, and
e pole placement.

Optimization-based methods pose an alternative set of concepts that revolve around the
minimization of some cost function C(x) or, in case stochastic signals are involved, the
minimization of the expected cost E(C(x)), where E is the expected value of a random
variable with respect to its underlying probability distribution. This domain is vast, thus
only selected results will be presented, focusing on

e the minimum-variance estimation of a dynamical system’s parameters based on time
series data,

e the recursive minimum-variance estimation of the state variable, leading to the
Kalman filter as an optimal state observer, and

e the design of an optimal feedback controller gain with respect to a quadratic cost
function of the state and input variables, yielding the linear-quadratic regulator

(LQR).

6.1 Minimum-variance parameter estimation

First, the estimation of system parameters based on complete batches of data will be
discussed. Afterwards, the theory is amended to make the estimator recursive, i.e.,
adapting the estimated parameters from one data sample to another.
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6.1.1 Batch-based Minimum-Variance Estimation

Similar to the parameter-based variations in continuous time introduced towards the end
of Chapter 2, the dynamics of an LTT system or variations in a linearized nonlinear system
can be written as

y=Sp+v, (6.1)

where the stochastic disturbance (or model error) is v, the known (m x n) data matrix is
S € R™*", the n-dimensional random vector to be determined is p € R", as well as the
m-~dimensional output vector is y € R, with the following holding;:

E(v) =0, cov(v) = E(VVT> =Q with Q>0
E(p) =0, cov(p) = E(ppT) =R with R >0 (6.2)
E(pVT> =N.

A structure of the form (6.1) could be used, among other use cases, to represent the
following example:

Ezample 6.1. The inputs (ug) of an autoregressive model with exogenous input (ARX
model), used, for instance, in economic research, may be related to the outputs (yx)
and the disturbances (vy) via

Yk = 01Yk—1 + a2Yr—2 + azyr—3 + boug + brug_1 + vy . (6.3)

Assuming that sequential data of (ug) and (yi) are known, one may then write
different time samples of (6.3) in individual rows and thus obtain

ai
Y3 Y2 Y1 Yo us U2 U3
a
Ya Y3 Y2 [l U4 us 2 V4
y=| . | = . . . . . a3 |+ | . | =Sp+v,
: : : : : : bo :
YN YN—-1 YN-2 YN-3 UN UN-1 by UN

where the row dimension m of S can be (much) larger than the column dimension n.
This is exactly of the structure given by (6.1).

FEzercise 6.1. Based on (6.3), derive a state-space model of the form

Xp+1 = Pxp + Ty

Y = CTXk + dvy, .
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Hint: define the state as

Yk
Yk—1
Yk—2

Uk—1

and the input variable as vg := ug_1.

In the following, it is assumed that the matrix (SRST +Q+ SN + NTST) is regular
(i.e., invertible). Now, the goal is to find a linear estimator

p=Ky (6.4)
with a constant (n x m)-matrix K € R"*™, such that the following minimization problem

minE(|lef3) = minB((p ~ Ky]"p - Ky]) (6.5)

is solved. By expanding (6.5) and using the relation trace(KSR) = trace (R(KS)T>, one
obtains

minE([p - Ky|"[p — Ky]) =

min E([p —KSp|"[p - Ksp]) —9 E([p - Ksp]TKv) + E(vTKTKv) -

(6.6)
trace(E([EfKS]ppT [EfKS]T)) trace(E([JE—KS]pvTKT)) trace(E(KvvTKT))

Hﬁn{trace([E ~KSR[E - KS]" - 2KN" - K[SN + N"ST|K" + KQK")} =
n&n{traee(K(SRST 1 Q+ SN+ NTST)KT - 2K(SR i NT))} .

The optimal estimator K can then be found by taking the derivative of (6.6) and equating
to the zero matrix, i.e.,

a%trace(K(SRST +Q+SN+ NTST)KT ~ 9K (SR T NT)) =0, (6.7

which yields the minimum-variance estimator
—1
p=Ky=(RS"+N)(SRS"+ Q+SN+N"sT) y. (6.8)

Note that we made the necessary requirement for the regularity of the matrix SRST +
Q + SN + NTST above.

Ezercise 6.2. Verify the step from (6.7) to (6.8), using index notation and Einstein’s
summation convention, for instance. Keep in mind that covariance matrices are
symmetric.
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I
At this point, (6.8) can be related to other, simpler estimation methods which are special
cases of the minimum-variance estimator:

o If there is no a priori information available on the parameter vector p, i.e. R~ = 0,
then one obtains the Gauss-Markov estimator, which is also known as the BLUE
(best linear unbiased estimate). It is given by

p=(s"Q's) sTQly. (6.9)

o If there is also no information available on the disturbance vector v, then Q! = 0,
which yields the least squares estimator

p=(s"s) 'sTy. (6.10)

The minimum-variance estimator (6.8) can be given a geometric interpretation which
will lead to recursive minimum-variance estimation in the next section. For this, we first
re-state the estimator, using the identities

E(pyT) = E(ppTST + pVT) = (RST + N) (6.11)

and
E(yy") =E([Sp+v]Sp+v]") = (SRS + Q + SN+ N'ST) . (6.12)

This allows us to formulate the following theorem:

Theorem 6.1 (Minimum-Variance Estimator). For the system of equations (6.1)
y=Sp+v (6.13)

with the stochastic quantities p, v, andy, it is assumed that E(ny> is invertible.
The optimal linear estimate p of p, which minimizes the expected value of the quadratic

error E([p - f)]T[p - f)]) , is given by

=il
p=E(py") [E(yy")] v, (6.14)
with the corresponding error covariance matriz

cov(e) = E([p —pllp - IA)]T) = E(ppT) - E(f)f)T>

_ (6.15)
= (o) - 5(es") (7)) (")
FEzercise 6.3. Show the validity of the relationship
E(lp-pllp—-p") =E(plp—]") or E(pp") =E(pp") (6.16)
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Ezercise 6.4. Assume that the expected values E(y) and E(p) are not zero as in (6.2),
but rather E(y) = yo # 0 and E(p) = po # 0. Show that the minimum-variance
estimate of the form

P=Ky-+b

with the constant vector b is then given by

b =po +E(Ip — polly — yol") [E(ly ~ yolly ~vo")] " (v~ 50) -

By the minimum-variance estimation of a linear function

z =Cp (6.17)
with the optimal estimator
z=K,y (6.18)
based on the measurements
y=Sp+v, (6.19)
one understands the solution to the minimization problem
. A1T A
HII(IZIIE([Z —z] [z — z]) . (6.20)

The following theorem now holds:

Theorem 6.2 (Minimum-Variance Estimator of a Linear Function). The linear
minimum-variance estimate (6.18) of a linear function Cp based on the measurements
(6.19) is equivalent to the linear function of the minimum-variance estimate p itself,
i.e., it holds that the best estimate of Cp is Cp.

6.1.2 Recursive Minimum-Variance Estimation

In the next step, we shall investigate how the optimal estimate p from (6.14) improves
through the addition of new measurements. This is particularly essential for on-line
applications. The method is based on the properties of the projection theorem in a Hilbert
space. If U; and Us denote two subspaces of a Hilbert space, then the projection of a vector
p onto the subspace U; + Us is identical to the projection of p onto U; plus the projection
onto Uy, where U3 is orthogonal to U; and satisfies the relationship Uy & Us = Uy + Us.
When U is spanned by a finite number of vectors, then the differences of these vectors
with their projections onto U; span the subspace U5. Figure 6.1 illustrates this situation.
Thus one can state the following theorem:

Theorem 6.3 (Recursive Minimum-Variance Estimation). Let p be a random vector
of a Hilbert space H of random variables and let p1 denote the orthogonal projection
of p onto a closed subspace Uy of H. According to the projection theorem, P1 is thus
the best estimate of p in Uy. Furthermore, let yo describe all those random vectors
that span the subspace Us of H, and let yo be the orthogonal projection of yo onto U .
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Figure 6.1: On projection onto the sum of orthogonal subspaces.

According to the projection theorem, yo is thus the best estimate of yo in Uy. With
Yo = yo — Yo, the projection p of p onto Uy + Us reads

pP=Dp1+ E(PS’QT) [E<S’25’rz~r>} 715’2 : (6.21)

Thus the best estimate P on Uy + Us is composed of the sum of the best estimate of p
on Uy (P1) and the best estimate of p on Us (that subspace generated by ¥2).

Proof of Theorem 6.3. One easily convinces oneself that U; + Uz = U; & U5 holds
and that U3 is orthogonal to U;. The relationship (6.21) then follows from the fact
that the projection onto a sum of subspaces equals the sum of the projections onto
the individual subspaces, provided these are orthogonal. ]

The result of Theorem 6.3 can now also be interpreted in the following form: If pg
gives the optimal estimate based on measurements that span the subspace U, then when
receiving new measurements that span the subspace Usa, one needs to consider only that
part that is not yet described by the measurements in U, i.e., that part of the new data
that is orthogonal to the old data and thus lies in the subspace Us.

As an application example, consider a system of equations of the form of (6.1)

y1=8Sip+vi. (6.22)

-1
Furthermore, let p; = E(py?) E(ylyrlf)} y1 denote the optimal minimum-variance
6.

estimation of p according to (6.10) or (6.14) based on dim(y;) measurements with the
error covariance matrix

cov(p —p1) =E([p ~ pallp — p1]") =P . (6.23)

The question now arises of how one can improve the estimate of p by adding new
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measurements

y2 =Sp+va. (6.24)

For the stochastic disturbance vo and the random parameter vector p, let
E(v2) =0, cov(va) = E(v2vr2f) =Q; with Q>0

(6.25)

E(p) =0, E(pvg) =Ny .

Furthermore, it is naturally sensible to assume that the disturbance vy is not correlated
with past measured quantities y; and thus

E(vleT) =0 or E(va)lT> =0. (6.26)
The best estimate yo of yo based on the past measured values y; reads
Vo = Sopq . (6.27)

Thus according to Theorem 6.3 with y2 = y2 — ¥2, one obtains the improved estimate po
as

p2 = b1 + B(py} ) [E(525%)] 52 (6.28)
ith
b E(py3 ) = E(p(p— p1)"ST +pvi) = P1S] + N; (6.20)
and
E(5253 ) = E([S2(p — P1) + val[Sa(p — p1) + val") = S2P1ST + Qa2 + SNy + NJ'S]
(6.30)

FExercise 6.5. Show that the error covariance matrix can be calculated in the form
P2 = cov(p — p2)

=P, — (PiS] + No) (S:P1ST + Qu + SaN, + NIST) ' (,P, + NJ) (631)

Therefore, repeating this procedure recursively, the recursive minimum-variance esti-
mator results as

-1
Pr = Dr—1+ (Pk»—1SE + Nk) (SkPk—ls;fF + Q. + SNy + NESE) (Yr — SkPr—1)
(6.32)
with

Py =Py 1 — (Pk—1s;£ + Nk) (SkPk—ISE + Qi + SkNy + NESB 1 (SkPk—l + Ng)
(6.33)
and the initial values P_; as well as p_.

If one now assumes that exactly one new measurement is added in each iteration step,
i.e., the quantities y; and vy are scalars, then by substituting S = s;f, Q. = E(vz) = qg
and N = E(pvr) = ng into (6.32), (6.33), the recursive minimum-variance estimator
becomes
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Pk,lsk aF ng

ky, = 6.34a

" (qk + 2sfny + s Pj_ys) ( )
P, =Pi_1 — ki (srlfpk—l + ng) (6.34b)
Pr = Pr—1 + Ky <?/k - ng)k—l) . (6.34c)

6.2 Optimal State Observers and the Kalman Filter

Building on the previous considerations, particularly the recursive minimum variance
estimation, the next step is to derive the Kalman filter, an optimal state observer in the
sense of control theory. For the fundamentals of state observer theory, please refer to the
previous chapter.

6.2.1 From parameter estimation to state estimation

Countless versions of the Kalman filter exist in the literature. In the context of this
lecture, we will initially consider a linear, time-invariant, discrete-time system of the
form

Xpt1 = Px + T'uy, + Gwy, x(0) = xo (6.35a)

yi = Cxy, + Duy, + vy, (6.35b)
with the n-dimensional state x € R", the p-dimensional deterministic input u € R?, the
g-dimensional output y € R?, the r-dimensional disturbance w € R", the measurement
noise v, and the matrices ® € R™" T € R"P, G € R, C € R?*"™ and D € R?*P,

It should be noted at this point that the Kalman filter can also be designed for linear
time-varying and continuous-time systems. The following assumptions apply:

(1) For the disturbance w and the measurement noise v, it is assumed that

E(vy) = 0 B(viv]) = Ry (6.36a)
E(wy) =0 B(wiw] ) = Qdy, (6.36b)
B(wev]) =0 (6.36¢)

with Q > 0 and R > 0 and the Kronecker symbol dy;.

(2) The expected value of the initial value and the covariance matrix of the initial error
are given by

E(xo) =my E([Xo — Xol[x0 — f(o]T) =Py >0 (6.37)
with the estimate Xq of the initial value xg.

(3) The disturbance wy, k£ > 0, and the measurement noise v;, [ > 0, are not correlated
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with the initial value xg, i.e., it holds

B(wixj ) =0 (6.38a)
B(vixj) =0 (6.38b)
However, this implies due to
j—1
xj = ®/xg+ > D' (Tuj_1 1+ Gwj_1) (6.39)
=0
and (6.36) also the relationship
B(wix]) =0 Vk>j (6.40a)
B(vix[) =0 Vi,j . (6.40b)
For further considerations, the following notation is introduced:
Definition 6.1. The optimal estimate of x; considering 0, ..., 7 measurements is

abbreviated as x(k|j).

Theorem 6.4 (Kalman Filter). The optimal estimate X(k + 1|k) of the state xj41
of system (6.35) considering | =0, ...,k measurements is calculated according to the
iteration rule

%(k + k) = ®%(k|k — 1) + Duyt

®P(k|k — 1)CT(CP(klk — 1)CT + R)il(Yk — Cx(klk — 1) — Duy) (6.41)
with the covariance matrix of the estimation error
P(k+ 1|k) = ®P(k|k — 1)®" + GQGT
— ®P(klk — 1)CT (CP(k|k — 1)CT + R)ACP(k\k ~1)®T (6.42)
and the initial values (0] — 1) = my and P(0] — 1) = Py.
Proof of Theorem 6./. Assume that the measurements yo,y1,...,yx_1 were used for
the optimal estimate X(k|k — 1) with the error covariance matrix
P(klk—1) = E([x,c — % (k|k — 1)][xp — %(k|k — 1)]T) (6.43)
At time k, the measurement
v = Cxi + Dug + vy, (6.44)

is now used to improve the estimate of x,. According to Theorem 6.3, the estimate
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x(k|k) of xi, is

(k[k) = %(klk — 1) + E(x5T ) [E(5:57)] 50 (6.450)
Vi = yr — Cx(k|k — 1) — Duy, (6.45D)

or with (6.16) in
E(xkyg) = E(xk(ka + v, — Cx(k|k — 1))T) = P(k|k — 1)CT (6.46)

and
E(yiyi) = CP(k[k - 1)CT + R (6.47)
follows
%(k|k) = %(k|k — 1)+

P(k|lk —1)CT (CP(k;|]<; —1cT R)_l(w _ Cx(klk—1) - Duy) (6.48)

Thus, the error covariance matrix can be written in the form (compare to (6.33))

P (klk) = B( i — % (k[k)][xi — % (k[})]") = 610
P(k[k — 1) = P(k|k — 1)C" (CP(k[k — 1)CT + R)ACP(klk ~1) '

According to Theorem 6.2, the optimal estimate of ®x;, equals the optimal estimate
X of x; multiplied by ®, thus

x(k + 1|k) = ®x(k|k) + Tuy, . (6.50)
For the covariance matrix of the estimation error, one obtains

P(k + 1/k) = B([xr 1 — %(k + 1k)][xx 11 — x(k + 1[%)]")
= B([®(x; — x(k[k)) + Gwi][®(x; — x(k|k)) + Gwy]") - (6:51)
= ®P(k|k)®" + GQG"
By combining (6.48)—(6.51), the result of Theorem 6.4 follows immediately. O

The composition of the covariance matrix of the estimation error (6.42) should be
interpreted at this point: The term ®P(k|k — 1)®T describes the change of the covariance
matrix due to the system dynamics, GQGT indicates the increase in error variance due
to the disturbance w and the remaining expression with negative sign describes how the
error variance decreases through the inclusion of information from new measurements.
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6.2.2 The Kalman Filter as Optimal Observer

If we introduce the abbreviations X1 = X(k + 1|k), X = x(k|k — 1), Pry1 = P(k + 1]k)
and Py = P(k|k — 1), then (6.41) and (6.42) can also be represented in the compact
form

Kpy1 = PRy + Tu + K (yp — CX; — Duy,) (6.52)

with
K, — @PkCT(CPkCT i R)_l (6.53)

and
Pi1 = 8P,3" + GQGT — ®P,CT(CP,CT + R) CP2T . (6.54)

Equation (6.54) is also called the discrete Riccati equation. Comparing (6.52) with a
complete Luenberger observer, one recognizes that the Kalman filter is a complete observer
with a time-varying observer gain matriz K. The expected value of the observation error
e, = Xj, — X, satisfies the iteration rule

E(ekJrl) = E(‘I)Xk + Gwy — P%x;, — Kk(CXk + Vi — C)A(k))
= B((® - KiC) (x — %) + Gwi — Kevy) (6.55)
= ((I’ - KkC) E(ek) .

Therefore, if X9 = E(xg) = my is set, then E(e;) = 0 for all ¥ > 0. Furthermore, one can
see from (6.53) and (6.54) that starting from the initial value Py, the error covariance
matrix Pj, and thus also K, can be pre-calculated and stored in the computer for all
k > 0 without knowledge of the measurements y;. When no previous measurements of
the process are available, one typically sets X9 = 0 and Py = oE for a > 1. When the
observer runs for a very long time, the problem can be treated mathematically as if it
were running for infinite time. It turns out that for infinite time, the covariance matrix of
the estimation error converges to a stationary value P,. In this case, the observer gain
matrix KOO is also constant and is calculated as

N -1
Koo = ®Po,CT(CP.CT + R) (6.56)
with P as the solution of the so-called discrete algebraic Riccati equation
-1
P, = P 3" + GQGT - #P,.CT (CPOOCT + R) CP..®T.  (6.57)

Equation (6.57) has a unique symmetric solution P, with the property that all eigenvalues
of (@ — KwC) lie in the open interior of the unit circle, if the following conditions are
satisfied:

(1) The pair (C, @) is detectable, i. e. all eigenvalues outside the unit circle are observable.
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(2) The pair (<I>, GQGT) is stabilizable, i.e. all eigenvalues outside the unit circle are
controllable via the input GQGT.

(3) The matrix R is positive definite.

Such a solution of the discrete algebraic Riccati equation (6.57) is also called a stabilizing
solution. Since for this stabilizing solution, all eigenvalues of (@ — KmC) lie in the open

interior of the unit circle, according to (6.55), the expected value of the observation error
decreases, and limy_, E(er) = 0 holds. The solution P, of the discrete algebraic Riccati
equation (6.57) can be simply obtained by iterating the discrete Riccati equation (6.54)
starting from the initial value Py until Py changes only sufficiently little in the sense
of a norm. Although the iteration rule generally converges very quickly to a stationary
value, in practice, including in MATLAB, the algebraic Riccati equation (6.57) is solved
numerically more efficiently via an eigenvector decomposition, see the MATLAB commands
care or dare.

FExercise 6.6. The motion of a satellite around an axis is modeled in the form

d2
I e = M. — Mg

with the moment of inertia I, the control torque M, as control variable, the torque
M, as disturbance and the angle ¢. Determine for the sampling time T, = 1s the
corresponding discrete-time system of the form (6.35) for I = 1 and the output
variable . Assume that the measurement of the angle ¢ is superimposed with
measurement noise v and that the disturbance M, corresponds to the w acting on
the process. Let

E(w)=0 E(w2> =q
E(v) =0 B(v?) = 0.1,

Present the elements of Py of the Kalman filter according to the iteration rule (6.54)
for the initial value Py = E and ¢ = {0.1,0.01,0.001}. Implement the Kalman filter
in MATLAB/SIMULINK.

Remark: The relationship (6.56) with the constant observer gain matrix Koo
provides an optimal complete observer that is usable for both single-input and multi-
input systems. In contrast to observer design using the pole placement method and
Ackermann’s formula, no poles of the error system need to be chosen for the Kalman
filter, which can be difficult especially in the multi-input case. Instead, the behavior
of the error system is influenced by specifying the covariance matrices Q of the
disturbance w and R of the measurement noise v.

For the choice of the covariance matrix R of the measurement noise v, very often
an interpretable approach based on the (noise) characteristics of the sensor can be
found. Furthermore, the weighting of the entries of the covariance matrix R allows
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discrimination between reliable and less reliable measurements. If a measurement is
less reliable, the corresponding entry in the main diagonal of the covariance matrix
is chosen wvery large. This assumed large variance of the measurement causes the
observer to weight this measurement less compared to other measurements in state
estimation. In practical application of the Kalman filter, it is even common to switch
the covariance matrix during operation when one or more sensors provide implausible
measurements or when entering an operating range where it is known a priori that
certain sensors no longer provide reliable information.

For the process disturbance w and thus the covariance matrix Q, these assumptions
generally do not apply. The assumption that w is white noise is usually not valid.
One might now think of choosing the generally unknown matrix Q very small or even
zero. However, the choice Q = 0 corresponds to the scenario of a system without
disturbance w. As can be seen from condition (2) for the solution of the discrete
algebraic Riccati equation, the choice Q = 0 (or generally also for Q < 1) does not
lead to a stabilizing solution.

The choice of Q (and also R) in practical application is often done according to the
"trial and error" method.

Beyond the linear, time-invariant systems considered so far, one can also design the
Kalman Filter for nonlinear systems by means of (local) linearization. This approach will
be presented in the following.

6.2.3 The Extended Kalman Filter

Before the Extended Kalman Filter is discussed as an observer for nonlinear systems, the
Kalman filter from Section 6.2.2 shall be written for linear time-variant sampled systems
of the form

Xpr1 = Prxp + Trug + GLwp X(O) = Xp (658&)

Vi = Ckxk =+ Dkuk + Vi (6.58b)

with the n-dimensional state x € R", the p-dimensional deterministic input u € RP?, the ¢-
dimensional output y € R, the r-dimensional disturbance w € R”, the measurement noise

v as well as the time-variant matrices ®; € R™"*", I';, € R"*P, G}, € R"™*", C;, € RT*"
and Dy € R?7*P. Analogous to Section 6.2.2, the following assumptions are made:

(1) For the disturbance w and the measurement noise v, it is assumed that

E(vy) =0 E(viv]) = Rydy (6.59a)
E(w) =0 E(wkij) = Qi (6.59D)
E(w;w?) =0 (6.59¢)

with Qi > 0 as well as Ry, > 0 and the Kronecker symbol d;; = 1 for k = j and
0x; = 0 otherwise.
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(2) The expected value of the initial value and the covariance matrix of the initial error
are given by

B(xo) =my  B([x0 — %o][xo — %] ) = Py >0 (6.60)
with the estimate X¢ of the initial value xg.

(3) The disturbance wy, k£ > 0, and the measurement noise v;, [ > 0, are not correlated
with the initial value xq, i.e., it holds that

E(WkXOT) = (6.61a)

0
B(vixj) =0 (6.61b)
The derivation of the Kalman filter for system (6.58) follows in a completely analogous
manner as in Section 6.2.2 and reads for k > 0, compare to (6.52)—(6.54),
N -1
K = ®,P,Cfl (C,P,CT + Ry, (6.62a)
Xp1 = %y + Dpuy + Ki(yr — Crky — Dyuy) (6.62b)
T T T T -1 T
Py = ®Pr®; + G QG — 2.P1Cy, (CkPka + Rk) CiPr®; . (6.62c)
If the initial value xg is known, then one sets Xy = X9 and Pg = 0, and for the case where
no information about the initial value is available, typically X9 = 0 and Pg = oE with
a > 1 is chosen.

In the literature, the Kalman filter is commonly descried in a somewhat different form.
Here, the optimal estimation of the state x; and the error covariance matrix Py taking

into account 0, ...,k — 1 measurements (compare Definition 6.1),
% = %(k|k — 1) (6.63a)

T
P, =P(klk—1) = E<[xk =% | e = %1 | ) (6.63D)

is called the a priori estimate and the optimal estimation of x; and P}, taking into account
0,...,k measurements

= x(k|k) (6.64a)
P/ = P(k|k) = E<[xk =% [ - i,ﬂT) (6.64b)

is called the a posteriori estimate. (6.62) can thus be written in the equivalent form
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-1
P, Cl(CiP;Cl +Ry)  (6.65)

Kalman gain matrix: =

State estimate update: )AckF =X, + Ly (y/rc — Cpx, — Dkuk)
(6.65b)

Error covariance update: Py = (E - I:ka>P,; (6.65¢)

State extrapolation (6.50): X1 = @kfc,j +I'puy (6.65d)

Error covariance extrapolation (6.51): P, ; = ®, P ®; + G,Q1GL (6.65€)

for k > 0 and the initial values X, = %o and P; = Pj.

FEzxercise 6.7. Show the equivalence of relationships (6.62) and (6.65). To do this,
perform the following substitutions in (6.65): %X, | = Xx11, X, = Xg, Py = Py,
P, =P, and (I'kf;k = Kk

The Extended Kalman Filter (EKF) design is generally based on a nonlinear, time-
variant, sampled-data multi-variable system of the form

X1 = Fr(xp, up, wi)  x(0) = %9 (6.66a)
Y = hy(xp, ug, vi) (6.66D)

The idea of the Fxtended Kalman Filter is based on performing a Taylor series expansion
for the right-hand side of (6.66a) around the point x; = )Ac;, u; = u; and wi = 0 and
truncating after the linear term, i.e.,

et ~ B (5] 0, 0) + 5 Fu (%] 00, 0) (e = %7 ) + 5o Fu (% e, 0)w . (6:07)

Analogously, the right side of the output equation (6.66b) is expanded in a Taylor series
around the point x;, = X, u;y = u; and v, = 0 and truncated after the linear term, i.e.,

- 0 . . 0
Vi & hk(xk,uk,O) + a—thk(xk,uk,O) (xk —xk) vy hk(xk,uk,O)vk . (6.68)
Note that throughout this, the following simplified notation

0

. (6.69)

L 0
Fk(Xk ,uk,O) aika(Xkuulmwk)

XEp= X s Up=ug , W= 0

was used. The relationships (6.67) and (6.68) can be written more compactly for further
considerations in the form

Xp+1 = Prxg + ug + Gpwy (6.70a)
Vi = Cixp + Uy + Vi (670b)
with
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‘I)k = aika ()A(]j, ug, 0) l_lk = Fk (}A{—ki_, ug, 0) — q)kf{;—
G, = a‘ika ()A(]Jcr, ug, 0) Ci = (;f(khk ()A(I;, ug, 0) (671)
ﬁ_k = hk ()A(,;, ug, 0) — Ck}A(]; \V/'k = aikhk ()A{,;, ug, O)Vk

It is now obvious that the structure of system (6.70) directly enables the application of the
Kalman filter according to (6.65). The computational steps required for implementation
are summarized again in the following.

(1) In the case of a nonlinear, time-variant, continuous-time multi-variable system, first
calculate a sampled-data system of the form (6.66).

(2) The estimated state and the covariance matrix of the estimation error must be
initialized for the initial time point with %X, and P .

(3) For the disturbance wy and the measurement noise vy, in (6.70), it is again assumed

that
E(Vi) =0 B(viv]) = Ry, (6.72a)
E(wy) = B(wiw] ) = Qi (6.72b)
B(wiv]) =0 (6.72¢)

with Qi > 0 as well as Ry, > 0 and the Kronecker symbol d;; = 1 for k = j and
0x; = 0 otherwise.

(4) The iteration equations of the Extended Kalman Filter are then for k£ > 0
0

Ci = 5 e (fc,;, uy, 0) (6.73a)
L = P, Cf (CiPLCF + Ry) (6.73b)
s =% + Li(ye — Ok, — i) = %5, + L (ye — by (%5, 1, 0)) (6.73¢)
P/ = (E - Ilkck)P,; (6.73d)
P, — aika (ﬁ;, g, 0) (6.73¢)
G, = akaFk (fc,j, uy, 0) (6.73f)
Ripy1 = Bix + By (56,1, 0) — @4%) = By (50, wy,0) (6.73g)
Uy
P, =®.P/o) + G,QiG} . (6.73h)
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Remark: In Extended Kalman Filter design, it is assumed that the linearized
transformation of mean and covariance corresponds with good accuracy to the mean
and covariance of the nonlinear transformation. This assumption generally does not
hold, which can be accounted for with the so-called Unscented Kalman Filter which
is often used to improve observer design for nonlinear systems. We will not consider
the Unscented Kalman Filter in this lecture.

FExercise 6.8. The mathematical model

—T1 = T2+ Wy

dt
d 1 T A
52 = gPoexp (—k)C’wmx% — g+ we

describes the free fall of a body with mass m and cross-sectional area A in the Earth’s
atmosphere with altitude z1 and velocity 3. The term pg exp(—xz1/k) corresponds to
the altitude-dependent density in the atmosphere (py density at sea level), whereby
the term with 22 describes the deceleration due to air resistance with the drag
coefficient Cy,. Furthermore, g represents the gravitational acceleration.

The process noise is given by the stochastic quantities w; and ws. The altitude x
can be measured via the output equation

y=x1+v

with the measurement noise v.

Design an Extended Kalman Filter for the parameters py = 1.2kg/m3, g =
9.81m/s? k = 9100m, A = 0.5m?, m = 100kg, and C,, = 0.5 that estimates not
only the height z; and velocity xo but also the constant drag coefficient C,. To do
this, extend the differential equation system by the state x3 = Cy, with

El’g =0+ w3
and the process disturbance component ws. Use the Euler method to determine the
sampled-data system. Assume that the nominal values or initial conditions of the
quantities Cy,, 1 and x5 are normally distributed. The corresponding values of the
means and variances can be taken from the following Table 6.1. For the simulation,
use the following values: Cy, = 0.6, 21(0) = 39500 m and z2(0) = —10m/s.

Variable Mean Variance
Cw 0.5 1
z1(0)  39-10°m 1-10*m?
x2(0) Om/s 1m?/s?

Table 6.1: Means and variances of the parameters or initial conditions.
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Ezxercise 6.9. For position determination of a vehicle in a two-dimensional space
(0-axis: East coordinate, n-axis: North coordinate), an Extended Kalman Filter
shall be used. Several measurement stations with coordinates (O;, N;), i =1,..., M
measure the distance to the vehicle. The acceleration of the vehicle in North and
Fast directions is modeled by white noise. The difference equation system

Ok+1 1 017, 0 o w1
ng+1 | |01 0 Tg| | ng LWk
Ou k41 00 1 Of|owk w3,k
Ny k41 00 0 1| |nuk Wy, ko
——
Xk+1 P X Wi

describes the vehicle behavior, where o;, and ny, or o, x and n, j, denote the coordinates
or velocities of the vehicle with respect to the origin of a fixed coordinate system in
East and North directions at time k7T, with sampling time 7, and wj, j =1,...,4
are the components of the process noise. Furthermore, the distance measurements of
the vehicle from the stations are given by

Z/i,k;: \/(nk‘_Ni)2+(Ok‘_Oi)2+U'L,ka ZzlaaM

with the measurement noise v; , 7 = 1,..., M. Assume that all stochastic quantities
(wjr) and (v;y) are normally distributed, uncorrelated and zero-mean. Let the
sampling time be given as T, = 0.1s. For the covariance matrix of the process noise,
let

E@wﬁ):Q%~mm Q = diag(0,0,4,4)

and let the covariance of the measurement noise be
E(Uz‘,kvi,j) = RZ(SkJ with Rz = 1, 1= 1, - .,M .

The initial state xi = [O 0 50 50} is exactly known. Simulate the system for
60 seconds and design an Extended Kalman Filter for state estimation. Vary the
number and position of the measurement stations.

6.3 Optimal State Controllers

The goal of this section is the development of an optimal state controller for linear,
time-invariant systems and the combination of this state controller with the optimal state
observer from the previous section. The starting point of the considerations is the linear,
time-invariant, discrete-time system of the form

Xpt1 = Pxy + Tuy x(0) = %o (6.74a)
vi = Cxy, + Duy (6.74b)
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with the n-dimensional state x € R", the p-dimensional deterministic input u € R?, the
g-dimensional output y € R? as well as the matrices ® € R"*", T' € R"*?, C € R?*"

and D € R?*P. We now seek a control sequence ug, uy,...,uy_; that minimizes the cost
functional
N-1
J(x0) = Z (XEQX]C + UERuk + QUENX]C) + X%SXN
k=0
- T 6.75)
N (
ep DIV N g PR 2
J

for suitable weighting matrices Q € R™*™ R € RP*P. N € RP*™ and S € R™*"™. Due
to the quadratic cost criterion (6.75), this controller design can also be found in the
literature under the name LQR (Linear Quadratic Regulator) problem. To solve this task,
the method of dynamic programming according to Bellman is employed.

6.3.1 Dynamic Programming according to Bellman

The foundation of dynamic programming is formed by the optimality principle:

Theorem 6.5 (Optimality Principle). An optimal solution has the property that
starting from any point of this solution, the remaining solution is optimal in the sense
of the problem to be solved with the chosen point as initial condition.

Optimal solution of the partial optimization problem with initial
state x; is the final segment of the original optimal trajectory.

Xi

Xo'

Optimal solution of the original optimization problem
for the initial state xg is the whole optimal trajectory.

l N k

\4

Figure 6.2: On the optimality principle.

Figure 6.2 illustrates Theorem 6.5. This idea is now used in the sense of dynamic
programming according to Bellman such that the optimization problem (6.75) is solved
backwards starting from the final time point N. Here, the value of the optimal control for
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time point N, i.e., uy_1, can be solved independently of the reached state xy_i. In the
next step, starting from the optimal solution uy_1, the optimal uy_»o is calculated. If
this procedure is repeated until £ = 0, then the optimal control strategy is found.

Since the linearity of the system is not necessary for dynamic programming, we first
examine the optimization problem

N-1
min  J(xo) with J(xo) = Y ji(xk, up) + s(xn) (6.76)
(g, un—_1) =0
subject to the constraint
Xk+1 = f(Xk, uk) . (677)

As already mentioned, the optimization problem (6.76) is solved backwards starting from
the final time point K = N. Since J(xy) is independent of the control input u, it follows
trivially that

J*(xn) = s(xn), (6.78)
where J*(x) describes the optimal value of J(xx). According to the optimality principle,
for the optimal control sequence ug, uj, ..., ux_; with

N—-1
J*(x0) = Z Jr (XK, ug) + s(xn) (6.79)
k=0

the relationship

! N-1
J*(x0) = Y gk, up) + D jk(xk, up) + s(xy) (6.80)
k=0 k=I+1
J*(x141)
holds with
J*(x141) = min J(x141) (6.81)
(lll+1a---7llN—1)
as well as
N-1
J(xp41) = Z Jr(Xk, ug) + s(xn) (6.82)
k=l+1

and subject to the constraint (6.77). Note that (6.81) with (6.82) is solved for the initial
value x;41. If one now wants to go back one step based on (6.81) and determine the
optimal value of the value function J*(x;), then the substitute problem follows from the
optimality principle, yielding

J*(x;) = min | ji(x;, w) + J*< X[ 41 ) : (6.83)
u ——
f(Xl,lll)

This equation is known as the Bellman equation and serves as the basis of many optimal
control approaches.
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Ezxample 6.2. As a non-control-theoretic application, consider a simple allocation
problem. Given an investment sum A that is to be divided among N projects. It
is further assumed that when allocating a sum wux to project k, the project yields a
profit gi(uy). The optimization problem to be solved therefore reads

N-1 N—1
max J(xg) with J(zo)= Z gr(uk) subject to Z up,=A. (6.84)
k=0 k=0

(w0 uN—1)

This problem can now be reformulated into an equivalent control problem of the
form

N-1
max J(xg) with J(zo)= Z gr(uk) (6.85)
(u0,.suN—1) =0

subject to the constraint

Tpy1 =T —up with zp=A and zny =0 (6.86)

If one chooses, for example, gi(ur) = \/ug, then using dynamic programming one
obtains

J(xn)=0
% subject to zny_1 —un_1 =0 "
J(xn_1) = %%%{\/UN—I} = TN—-1 UN_1 = TN—1
J (xn_2) = %*_’;{\/“N* +VIN—2 —un—2} = V2zN_2 Un_9 = TN—2/2

J*(xn_3) = %a_);{‘/u]v_?’ + \/2($N—3 — UN—B)} =/3xN_3 un_3 = TN-3/3

J*(xo) = v/ Nz ugy = xo/N .
(6.87)

Ezxercise 6.10. Interpret the result (6.87).

6.3.2 The LQR Problem

When applying the principle of dynamic programming to the task (6.75) with the constraint
(6.74), one obtains for k = N
J*(xy) = XnSxpy (6.88)

Lecture Control in Quantum Science: Theoretical Concepts (SS 2026)
©A. Deutschmann-Olek and L. Tarra, Automation and Control Institute, TU Wien



6.3 Optimal State Controllers Page 159

and for k=N —1

J*(XN_l) =
: T T T *
min (XN_lQXN_l +uy_Ruy_1 + 2uN_1NxN_1> +J ( XN )
uy_—1
Pxy_1+Tun—1
(6.89)
or
J (xn-1) = llglvlnl{ (X%_1QXN_1 +uy_ Ruy i+ QU%_lNXN—1)+
- (6.90)

(‘I>XN_1 + I‘uN_l)TS(@xN_l + I‘uN_l)} .
Minimizing (6.90) with respect to uy_; yields the optimal solution u},_; of uy_; as
-1

uj_; = —(R+TTST)  (N+TTS®)xy ;. (6.91)
By substituting (6.91) into (6.90) it follows that
J* (XNfl)
= xi-1(Q+ @78 vt + (whyy) " (R4 TTSTufy + 2(ufy )T (N +TTS® ey

T ~1
- x%_l{ (Q + @qu:) - (N + rqu>) (R + FTSF) (N + I‘TS<I’> }le
(6.92)

Thus, the following theorem can be stated immediately:

Theorem 6.6 (Linear Quadratic Regulator). The unique solution of the optimization
problem (6.75) for the linear, time-invariant, discrete-time system (6.74) with the
symmetric positive semi-definite matriz S = Py, the symmetric positive semi-definite

matrix
NT
J= Q (6.93)
N R
and the positive definite matrix (R + I‘TSI‘) s given by the control law
uz = Kka (6.94)
with
T = T
K, — —(R 4T Pk+11") (N 4T Pk+1<I>) (6.95)
and

P, — (Q T @TPqu,) - (N + rTPkH@)T (R + I‘TPk+1I‘) - (N 4 I‘TPkH@)
(6.96)
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The minimum value of the cost functional (6.75) is calculated as

min  J(xo) = J*(x0) = x4 Poxo (6.97)

(ug,-..,un—1)

and it holds that Py > 0 for all k=0,1,...,N.

Proof of Theorem 6.6. The control law (6.94), (6.95) as well as the iteration rule
(6.96) and also the relation (6.97) are obtained directly by repeated application of the
iteration rule of dynamic programming from equations (6.91) and (6.92). It remains
to show that P}, is positive semi-definite for all k = 0,1,..., N. For this, substitute
uy_; = Ky_1xy_ into (6.92), which gives

J*(xn_1) = X5_, ((Q + <I>TPN<I>) +KT_, (R + FTPNI‘)KN_I

(6.98)
+ 2K%,1 (N + FTPNQ:)))XN_l = X%fle_lxN_l
and thus for Py from (6.96)
Pj = (@ +TK;) Py (@ +TKy) + [E K] Q NT|IE (6.99)
k k) Pr1 k Hin r|K .
J

Since now the matrices Py = S and J are positive semi-definite, the positive semi-
definiteness of Py for all kK =0,1,..., N is directly shown. O

As already with the Kalman filter as an observer (see (6.54)), equation (6.96) is also a
discrete Riccatli equation, which is why the time-varying state controller (6.94), (6.95) is
also called a Riccati controller. Note, however, that the discrete Riccati equation (6.96),
in contrast to the Kalman filter, runs backward! For a real-time implementation of the
controller (6.94), (6.95), the end time N must therefore be known and the matrices Py,
and K must be pre-calculated.

When the end time N — oo, one can, as already with the Kalman filter (compare (6.56),
(6.57)), calculate a stationary solution P and Ky from (6.94)—(6.96). One could now
determine the stationary solution Py of the discrete Riccati equation (6.96) by starting
from the initial value Po, = aE for a > 1 and iterating until Py changes only sufficiently
little in the sense of a norm. Another solution possibility consists of solving the associated
discrete algebraic Riccati equation for Py = Pr = Py in (6.96)

T -1
P, = (Q+2"P,®) - (N+I"P®) (R+I"P,T) (N+ITP@)  (6.100)
Thus, however, the stationary Riccati controller

u; = Kgxy, (6.101a)
K,=-(R+T"P,I) - (N+17P,®) (6.101b)

has the structure of a classical state controller similar to one obtained from pole placement.
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The discrete algebraic Riccati equation (6.100) has a unique symmetric positive semi-
definite solution P with the property that all eigenvalues of (® + I'Kj) lie in the open
interior of the unit circle (asymptotic stability of the closed-loop system) if the following
conditions are satisfied:

(1) The pair (®,T) is stabilizable, i.e., all eigenvalues outside the unit circle are reachable,
and

(2) the pair (Cy, ®) with

Q NT'| _[C]
0<J= = C;y D 6.102
<o 3% |- 5k les o (6.102)
is detectable, i.e., all eigenvalues outside the unit circle are observable through the

output Cj.

If one now wants to achieve that all poles of the closed loop with the dynamics matrix
(® + T'Kj) lie not only inside the unit circle, but inside a circle with radius r» < 1 for
robustness considerations, then the controller design must be carried out for the substitute
system

X1 = ®x;, + Tuy, (6.103)
with
o= %rb and T = %1“ (6.104)

Since then the eigenvalues of the matrix (@ + f‘KS) lie inside the unit circle, it follows
from (6.103) that the eigenvalues of (® + I'K) come to lie inside a circle with radius 7.

If in the cost functional (6.75) only the p-dimensional input u and the ¢g-dimensional
output y should be weighted, i.e.,

N-1
J(x0) =Y (y;nyyk +u; Ruy, + 2uENyyk) + x5 SxN (6.105a)
k=0
N-1 T
Qy Ny ||vk

— T T Yy y T

= + XN SN, 6.105b
2 yi uf] N, R||u| TV ( )

J

then (6.105) can be transformed to the form of (6.75) via the relation y, = Cxj + Duy
as well as

N-1

3 [xg CTQ,Cxy, +uf <R +D"Q,D + N,D + DTNE) uy

R
+2uf (Ny + DTQy ) C x|

(6.106)

121

=3 [xI uf]

k=0

i®)
Zz
s
=
> T
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N-1 ~ T
J(xp) = x§ uf [~ N ] + xnSxN (6.107)
kz:% [ k k} N R ug N
—_——

and solved using Theorem 6.6.

Ezercise 6.11. Compare the MATLAB commands 1qrd, d1qr and dlqry. What do
these commands accomplish? Look at the respective help text and then establish
the connection to the theory shown so far.

6.3.3 The LQG Problem

In the context of optimal estimation and control, one often speaks about the so-called
Linear-Quadratic-Gaussian (LQG) Problem. In essence, this comprises a combination of

1. Linear state dynamics

Xp+1 = Pxp + Tup + Gwy x(0) = xg (6.108a)
¥k = Cxj + Duy, + vy | (6.108b)

2. Quadratic cost functions, leading to the value functional

N-1
J(x0) = E(Z (xEka +ul Ruy + 2ungk)> + E(x]TVSxN)
k=0
(6.109)
N-1 T
Q N Xk T
=E Loup + E(xnSxy ),
,;)[Xk uk} lN R | |u, ( N N)
J
and
3. Gaussian random variables xg, w, and v, satisfying the assumptions
E(Xo) = 1my E([XO — )A(O} [XQ — )A(()]T) = 150 Z 0 (6110)
as well as
E(vy) = B(wiw) ) = Qo (6.111a)
E(wy) =0 B(viv]) = Ray, (6.111b)
B(wiv)) =0 (6.111c)
and
B(wix ) =0 (6.112a)
E(V,XOT) -0, (6.112b)
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where only the output yj of the system (6.108) can be measured. Without proof, we will
claim here that the additional stochastic terms in (6.108) do not change the fact that the
LQR from Theorem 6.6 minimizes the value functional (6.109). Furthermore, if only the
output y, can be measured rather than the state x;, then the control law

uy = Kk)A(k s (6.113)

with X provided by the Kalman Filter from Theorem 6.4, provides the optimal solution
for the resulting control problem. Therefore, we can conclude that the LQG problem is
solved by a combination of

o a Kalman Filter (Theorem 6.4) designed with the system matrices from (6.108) and
the covariance matrices Q, R, and Py, and

o a Linear-Quadratic Regulator (LQR, Theorem 6.6) designed with the system matrices
from (6.108) and the cost matrices Q, R, N, and S.
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