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Problem 1: Floating mass

m Differential equation dx .
— =X
dt

mx = F d’x
— =X
_ dt?
® Laplace transformation
mSZX — F Force F
B Transfer function m
T Position
P(s) X 1 X
S) = —= ——
F - ms? 77 //
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Problem 2i: Damped mass-spring

m Differential equation
mx =F —cx — kx
® Laplace transformation

ms?x = F — csx — kx
or

(ms?+cs+k)x=F

B Transfer function

Force F
. :
P(s) ===
(s) F ms?+cs+k "

Spring £ < E- Damping 4\

a4
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Problem 2i: (Undamped) natural frequency

® Undamped mass spring system (i.e. ¢=0)

X 1
P(s) “F msi+k
m Laplace variable in the case of a steady state
s=0+jo =) s5=j
m At the natural frequency, the response becomes infinite,
which corresponds to that the denominator of P(s) is zero.

k—mwg? =0

m Natural frequency

k 1 |k

or  fo

Wo = m =2T[ m
\ \
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Problem 2ii: Effects of low damping (1)

® Magnitude of un-damped system at w,

|PNO_C‘ = ©

®m Magnitude of damped system at w,

1
JCwy

‘PLow_cl —

Magnitude
of spring line 111 Q

k27 K
where { = c¢/(2Vkm)
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Problem 2ii: Effects of low damping (1)

® Damped resonant frequency w,

The frequency where the gain show a peak.

w, = arg max|P(jw)|
W

= woy/1 — 202

®m Without damping,
W, = Wy.

m For a slight damping (7 < v/2),
w,. decreases.

m 10
E 4

]

S 10

Phase [deg]

|=—1/¢)=100]]
J==1/2¢)=10 |
e[ VRO

7777777777777 -
"I“..-

oW

> 107

210
£ 10

=1 O Lh

____________________________

-90

-180

1 102
Frequency [Hz]

Typical case of
practice precision actuators

® For a large damping (T > v/2), what happens to w,.?
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Problem (a)3i: Decoupling mass

m Equation of motion about m,
myx; = —cx1 +cx, —kxy +kx, + F
® Equation of motion about m,

myox, = +cx; — cxy + kx; — kx,

Xz 1

/ >

’ | "
m, m,

/ . Sl omo P

Tt >
o 0 s
Vo4 /S
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Problem (a)3ii: Transfer function (1)

B By rearrange the equations we get:

) k N k c N c N F
x1 — ——x1 _XZ ——x1 _Xz E—
mq mq mq mq mq
) k k N c c
xZ — +_X1 __XZ —x1 __XZ
m; my m; m;

m State space model: x = Ax + BF, y = Cx

(X1 ] 0 0 1 O 1r*x11 [ o

X | 0 0 0 1 X2 0

i | = |=k/my  kymy  —c/my c/my ||F ]| T l1/my [T
%1 Lk/m, —-k/m, c¢/m, —c/myllx;] | 0 |
\_'_] \ Y ) \_'_} \ Y )
X A X B
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Problem (a)3ii: Transfer function (2)

® Transfer function from F to x, is given with C=[1 0 0 0]

Pi(s) = X1(s)/F(s) = C(sI —A)™'B

m,s® +cs+k X =
- s2{mym,s2 + (m; + my)(cs + k)}

® Transfer function from F to x, is given with C=[0 1 0 0]
P,(s) = X(s)/F(s) = C(sI —A)™'B

B cs +k
- s2{mym,s2 + (my + my)(cs + k)}
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Problem (a)3iii: Bode plot

p )_Xl(s)_ m,s? +cs+k
1(8) = F  s2{mym,s?2 + (my + my)(cs + k)}
®m Assuming that damping is sufficiently low (i.e. c=0),

Anti-resonance occursat: ¢

k
= =25 H
Ja 2T | m, z

\
Resonance occurs at:

1 my, + m,)k
fr= ( ! 2) = 41 Hz

Ratio
m;

pu— 1 2
m 10 10
f a \ 1 Frequency [Hz]

Magnitude [dB]
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Problem (a)3iii: Bode plot
P, (s) =X2(S) _ cs + k
F s?{m;m,s? + (my + m,)(cs + k)}
®m Assuming that damping is sufficiently low (i.e. c=0),
Resonance occurs at: &

1 |(my+my)k

21 \ mim,

fr =

Magnitude [dB]

Straight line approximation

gives a Corner frequency — _180_ ----- Piiiih P g- ------ --—_“ -—
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Problem (a)3iv: Bode plot
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