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1 Identification Methods

This chapter deals with the process identification of linear dynamic systems. After a
brief introduction to the concept of identification, some essential representatives of non-
parametric and parametric identification methods will be discussed. It should be noted
at this point that the terminology used is strongly based on the book by L. Ljung [1.1],
as this book also forms the basis of the MATLAB Identification Toolbox, in which all the
algorithms discussed in this chapter and many more are implemented.

1.1 General Aspects

Figure 1.1 shows the basic task of process identification. The process is affected by the
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Figure 1.1: On the concept of process identification.

input variables u1,...,up, and it is assumed that only one output variable y is measured.
This measured output variable y is disturbed by the noise signal v. The process model
should now describe the process as accurately as possible, whereby as much a priori
knowledge about the process as possible should be taken into account. The quality of the
model is then evaluated, for example, using the error e between the disturbed measured
output y and the model output §. This error is then used to improve the model. The
various steps to be carried out within the identification task are summarized in Figure 1.2
and must be iteratively repeated several times depending on the problem:

(A) Choice of Input Variables: In this step, it must be decided which input variables
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1.1 General Aspects Page 3

are used for process identification and which signals are suitable for the individual
input variables.

Model Architecture: Here it should be determined whether it is a static or
dynamic model, for what purpose the model is needed (simulation, controller design,
error detection, etc.), the resulting dynamic range, whether the identification should
be on- or off-line, etc.

Model Dynamics and Model Order: In these steps, a description of the system
dynamics is carried out, for example, in the form of a transfer function or a state-
space model, and a system order should be determined, which, however, if not known
from a priori knowledge, can only be sensibly estimated within the framework of
targeted experiments.

Model Structure: In this step, the model structure underlying the identification
task is determined. Reference is made here to Section 1.3.1 for the different models
of parametric identification methods for linear dynamic systems (ARMA, ARX,
ARMAX, etc.).

Choice of Model Parameters: Often, the model parameters are already fixed
by the previous steps, in particular the choice of model structure and system order.
However, there is still the possibility to specifically select parameters adapted to the
identification task.

Model Verification: Depending on the purpose of the model (step (B)), it must
be checked whether the model has the corresponding quality. It is particularly
important to ensure in this step that not the same data set is used for model
verification as for solving the identification task.

In the literature, a distinction is also made between white-box, black-box, and grey-box
models:

In white-box models, all equations and parameters can be derived on the basis
of physical considerations. White-box models are also referred to as such when
the model is completely derived from physical laws and some so-called constitutive
parameters (friction parameters, leakage parameters, stray inductances, etc.) are
determined from experiments. The advantages of these models lie in the very good
extrapolatability of the model beyond the data obtained through experiments, high
reliability, good insight into the model, and the scalability of the model, which
makes it applicable even for systems that have not yet been realized (prototyping).
As a disadvantage of white-box models, it can be stated that the creation is generally
relatively time-consuming and requires precise knowledge of the system.

Black-box models are based solely on experimental results and have no (or very
little) a priori knowledge of the system. Of course, it should be borne in mind that
the model thus obtained is only valid in the data set covered by the identification.
The main advantage is that relatively little knowledge about the system is required.
All advantages of white-box models can be listed here as disadvantages.

Lecture Control Systems (2024W)
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1.2 Non-parametric Methods Page 4

e Grey-box models combine model building based on physical considerations with
principles of process identification.

1.2 Non-parametric Methods

Linear, time-invariant systems can be characterized by their transfer function (s-transfer
function in continuous time and z-transfer function in discrete time) or their impulse
response. The goal of non-parametric identification methods is now to determine the
frequency response or impulse response directly from measurements of the input and output
variables, without resorting to a specific model structure underlying the identification task.
Since these methods do not rely on a finite number of parameters to be identified, they
are called non-parametric. The following considerations are based on a system of the form
shown in Figure 1.3 with the deterministic input sequence (uy,), the stochastic disturbance
(noise) (vg), the undisturbed output sequence (yi), the output sequence (yi), and the
BIBO-stable z-transfer function G(z) with the impulse sequence (gx) = Z71{G(2)}.

(vr)

(ug)

—  G(2)

Figure 1.3: System considered for non-parametric identification.

For the output sequence, the following applies:

k
Yk = ng—ﬂu + v (1.1)
i=0
or in the z-domain
y:(2) = G(2)uy(2) + v.(2) (1.2)

with y,(z), v,(z), and u,(z) as the z-transforms of the sequences (yx), (vx), and (ug).

1.2.1 Impulse Response Analysis

If the input variable (ug) is chosen as the impulse sequence

a fork=0
up, = 0 = 1.3
fe {o for k > 0, (1)
then the output sequence is
Yk = Qg + Uk - (1.4)

Lecture Control Systems (2024W)
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1.2 Non-parametric Methods Page 5

If the noise is small compared to the impulse response, i.e., |vx| < |agg|, then the impulse
response can be determined from the measured sequence values ¥y in the form

A Yk
—_ — 1.5
9k ( )

The problem with this method is that many technical systems do not allow impulse-like
inputs.
1.2.2 Frequency Response Analysis - Excitation with a Harmonic Function

For the system in Figure 1.3, in the steady state, the response to the harmonic input
sequence
(ug) = (U sin(wokTy)) (1.6)

with the sampling time T, is the harmonic output sequence (yx)

yr = Y sin(wokT, + ¢) + vg (1.7)
with
Y = U’G(eIwOTa> and ¢ = arg(G (eIwOTa)) (1.8)
or
Y = Yecos(wokTy) + Ys sin(wokTy) + vy (1.9)
with
Y. =VYsin(p) and Y; =Y cos(y) . (1.10)

In view of (1.7)-(1.10), it is reasonable to choose an approach of the form
Uk = }A/sin(wokTa +@) = }Afccos(wokTa) +Y, sin(wokTy) (1.11)

with the parameters to be estimated Y, = ¥ sin(¢) and Y, = Y cos(p) for the estimate

N

Jr. of the measured output variable y;. Obviously, the parameters Y and ¢ can then be
easily determined using the relationships

. PSS Y,
= + an = arctan| = .
Y Y24+Y2 and ¢ ( > (1.12)

It must now be clarified by which choice of Y, and Y, the quadratic error

1 N-1

L=+ kg()(yk — gr)° (1.13)

for N measurements of y;, is minimized. By substituting (1.11) into (1.13), differentiating
with respect to Y. and setting to zero, we obtain

L 2 = . X
aA =-N Z (yk — Y, cos(wokT,) — nsin(wok‘Ta)) cos(wokT,) =0 (1.14)
e k=0

Lecture Control Systems (2024W)
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1.2 Non-parametric Methods Page 6

or with (cos(a))? = (14 cos(2a)) and cos(a) sin(ar) = 3 sin(2a)

2
A 9 N-1 VN1 Y N—
Y, — N ,;) Y cos(wokTy,) Nc 2 cos(2wokTy,) N ,;) sin(2wokTy,) (1.15)

Using the Euler formulas cos(a) = %(elo‘ + e_IO‘> and sin(a) = & (eIO‘ — e_IO‘>, the second
and third sums of (1.15) can be rewritten as follows

N-1 | -1
Z cos(2wokT,) = = (emkaTa + e_IQ“OkT“) (1.16a)
k=0 25
N-1 | N-1

Sin(2wohT,) = oo D (el2e0kTe o712k ) (1.16b)
k=0 2L

If we now only use discrete values of the form

27l
NT,

wo = with [=1,2,... (1.17)

for the angular frequency wq, then using the relationship

N-1 -N

1—-2
—k _

k=0

we obtain the following expression for the sum

(1.19)

Nz_l o 12wokTa _ Nz_:l o TaRE _ 1 — e t4mt _ N forl=3§N, r==£1,4£2,...
1—e % 0 forl==+1,42,...

The analogous result is obtained, of course, if I is replaced by —I. For wg according to
(1.17), the expressions (1.16) are therefore calculated as

N-1
N forl=1IN, r==+1,42, ...
0s(2wokTy) orTT i, TE LS (1.20a)
= 0 forl==+1,42,...
N-1
sin(2wokT,) =0 (1.20b)
k=0

If the test frequency wy is chosen according to (1.17) such that [ < N/2, then the expression
in (1.20a) is also zero, and the optimal solution Y. is calculated from (1.15) in the form

L 2" 2ml
Y, = v Z Yk cos( k) (1.21)
k=0

Lecture Control Systems (2024W)
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1.2 Non-parametric Methods Page 7

Note 1.1. Note that, for a given sampling time T,, the maximum possible frequency
of a uniquely representable harmonic function must be strictly less than the Nyquist
frequency wmax = 7/Tg. It is immediately apparent that the value [ = N/2 inserted
into wp from (1.17) corresponds to this Nyquist frequency.

FEzxercise 1.1. Show that the optimal Y, is calculated as follows:

Y, —ENZ_:I i <27le;> (1.22)
S—Nkzoyksm N .

This can now be summarized as follows: If the system from Figure 1.3 is excited with the
harmonic sequence

27l N

(ug) = (Usin(wokTy,)) with wo = NT. l=12,..., 5 1 (1.23)
then, from the IV measured values yi, £k = 0,..., N — 1, the discrete frequency response
G(el“’oT‘Z) at the frequencies wy = ]\2[—7&, [=1,2,..., % — 1 can be approximated via the
relationships (see (1.7),(1.8))

Y.=U G’(eIWOT“) sin (arg (G’ (eI‘”OTa))) (1.24a)
Y,=U G’(eI“OTa> cos (arg(@ (eIwOT“») (1.24b)
as follows

. VY2472

G(etoe)| = Y= (1.25a)
U

R Y,

TwoTy _ -c
arg(G(e )) = arctan(}z) (1.25b)

with Y, and Y, from (1.21) and (1.22), respectively.

The above relationships (1.21) and (1.22) are closely related to the discrete Fourier
transform (DFT) of the sequences (ux) and (yx). As a reminder, the discrete Fourier
transform F,(w) of a sequence (fi) is

N-1

Fo(w) =" fre ™" with w= ]2\%1 n=0,1,...,N—1 (1.26)
k=0 e
and the inverse discrete Fourier transform (IDFT) is
1 = TwkT, . 2mn

fk:N;)Fne @ with w= T =0,1,...,N—1 (1.27)

Lecture Control Systems (2024W)
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1.2 Non-parametric Methods Page 8

The DFT of the input sequence (uy) according to (1.23) and the DFT of the measured

output sequence (yi) are, considering (1.21) and (1.22) with wy = ﬁ,—}i,
N-1 g N1
U, = Z upe WhTa — o Z (eIkaTa _ efIkaTa>efIwkTa
k=0 k=0
(1.28)
U, 2 2k NU forl=n
-2 Z (eIT(l—n) _ e—IT(H-n)) _Ja
20 o otherwise
k=0
and
N-1 N-1
2mn 2mn N /4 N
— -1 kTa — 3 —

| Ezercise 1.2. Prove the relationship in (1.28).

Thus, it can be seen that the estimation of the discrete frequency response G (elon“) at the

frequencies wg = ]\2,—’%1, 1=1,2,..., % — 1 according to (1.25) can be very easily calculated

using the discrete Fourier transforms of the input and output sequences according to
(1.28) and (1.29) — namely,

N & > A & 5
Yn(wo) _ DFT((yr)) _ ?(YC _IY;) _ V¥ +Yszelarcta“§—§ : (1.30)

Un(wo)  DFT((ug)) i U

For practical application, it is of course advisable to perform the calculation of the discrete
Fourier transforms using the more efficient FFT (Fast Fourier Transform) algorithm.

1.2.3 Frequency Response Analysis - ETFE

The relationship (1.30) now suggests choosing as the input sequence (uy) not only a
harmonic signal with constant frequency wg, but a signal containing several frequencies,
thereby making use of the superposition principle of linear systems. The estimation of the
frequency response according to relationship (1.30) is then called empirical transfer function
estimate (ETFE) in the English-language literature — see also the Matlab command of
the same name. The estimation is called empirical because, apart from the assumption
of linearity and time invariance of the system, no further assumptions about the model
structure are made. If, for certain frequencies w, the Fourier transform U(w) = 0 due
to the excitation (uy), then the ETFE is not defined at these frequencies. Examples of
suitable input sequences are impulse sequences, the 3-2-1 step, chirp signals, or PRBS
signals.
A linear chirp signal with trapezoidal windowing is given by

. Wend — Wstart) (KT 2
up, = Uy + 1 sin (wsmrtkTa + ( dNTa tart) ( 5 ) ) (1.31a)
1 10(N —

Lecture Control Systems (2024W)
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1.2 Non-parametric Methods Page 9

with
1 forz>1
sat(z) =<2 for —1<z<1 (1.32)
-1 forax < -1

and £k =0,1,..., N — 1, for the sampling time T,, the number of sampling points N, the
constant Uy to compensate for an offset of the amplitude U, and the lower and upper
chirp frequencies wgtqrt and Weng.

Exercise 1.3. Plot the time response of the chirp signal (1.31) and the response of
the corresponding discrete Fourier transform for N = 256, U = 1, wstert = 0.1, and
Wend = 5/2, T, = 0.5 in Matlab.

So-called PRBS (Pseudo Random Binary Signal) sequences are frequently used in
identification tasks because they exhibit similar properties to white noise. A PRBS signal
of order O, can be determined by the difference equation

Pr = mod(alpk_l + agpg—2+ ... +ao,Prk-0,, 2) (1.33)

with the coefficients a; € {0,1}, j = 1,...,0,, which are shown for different orders in
Table 1.1. Note that the PRBS signal repeats every 207 — 1 sampling steps.

Order O, a; # 0 for the following j

2 1,2
3 2,3
4 1,4
5 2,5
6 1,6
7 3,7
8 1,2,7,8
9 4,9
10 7,10
11 9,11

Table 1.1: Coefficients of the PRBS signal.

To influence the frequency characteristics of the PRBS signal, oversampling of the signal
pr with a factor P, > 1 is often useful. Given a sampling time 7, the values of p;, are
upsampled P,-times, i.e.,

u((Pyk + j)To) =Upy, j=0,...,B—1, k=0,...,207 -2 (1.34)

with the amplitude U of the signal. It can be shown that this results in a low-pass
filtering of the PRBS signal in the frequency domain. In the literature, an oversampling

Lecture Control Systems (2024W)
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1.2 Non-parametric Methods Page 10

of P, = 4 is typically recommended. With an order O, and an oversampling F,, a number
of N = (29 — 1) P, sample values are available.

Ezercise 1.4. Plot the time response of the PRBS signal (1.34) and the response of
the corresponding discrete Fourier transform for O, = 10, U = 1, and a sampling time
T, = 0.5s in Matlab. Investigate the influence of different values for the oversampling
P, and initialize the difference equation (1.34) with py = 1.

FEzercise 1.5. Assume that the sequences (ug) and (yx) consist of N equidistant
sampling points with the sampling time 7T,. Show that the minimum resolvable
frequency is given by wpin = ]\?—” and the maximum resolvable frequency by wyax =

a

s
To*

Ezercise 1.6. Using the £ft routine from Matlab, write a program to calculate the
frequency response of a linear, time-invariant sampled-data system with the transfer
function G(z) according to (1.30). The input parameters should be the sampled
sequences of the input and output variables (uy) and (y), the sampling time Ty, and
the number of measurement points N. The result should be the discrete frequencies

w = ]\?—%ln, G(el“’Ta> , and arg(G(eI“’Ta)) forn=1,..., % — 1. Test the program
using the system
1
G = 301

using a chirp signal according to (1.31), (1.32).

The results of the ETFE are generally very good for deterministic input signals, especially
for those frequencies that are sufficiently well excited by the input signal. For stochastic
input signals, additional measures, such as smoothing the ETFE using suitable window
functions (Hamming, Bartlett, Kaiser, etc.), must usually be taken to obtain usable results.
These details will not be discussed in this lecture; interested students are referred to the
literature listed at the end, in particular the book by L. Ljung [1.1].

In practical applications, it has proven very helpful to incorporate a priori knowledge
about the process into the identification process. This can be done, for example, by
choosing the input signal in such a way that it specifically excites the system in the
frequency range of interest. Another possibility is to incorporate known parts of the
transfer function to be identified. To this end, the transfer function G(z) is factored into
a known and an unknown part in the form

Gl = 22 G (1.35)
nb(z) ——
kRHO/V;:unknown

and then the identification task for G1(z) is solved according to Figure 1.4.

This method, also known as Clary’s method, has proven to be very effective in the
identification of certain mechanical systems. In these systems, for example, it is known
that the s-transfer function G(s) has a double pole at s; = 0. This means that the z-
transfer function to be identified has a double pole at z; = 1 according to the relationship

Lecture Control Systems (2024W)
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2(2) > Gi(2) >

Vi(z) Va(z)

identification |«

Y

v Gh(2)

Figure 1.4: Identification considering known parts of the transfer function (Clary’s
method).

z = exp(sTy) with the sampling time 7,. This direct assignment of the poles of s- and
z-transfer functions is known not to be transferable to their zeros. In particular, the zeros
outside the unit circle usually have only a small influence on the frequency response in
the frequency range of interest, but are extremely difficult to identify. A non-exact but
effective procedure is to assign the value z; = —1 to these zeros z; outside the unit circle.
In order for the sequences (uy) and (yx) to be prepared for identification according to
Figure 1.4, the individual prefilters V}(z) and V2(z) must be proper, i.e., the numerator
degree must be less than or equal to the denominator degree. To ensure this, the known
part of the transfer function from (1.35) is written in the form
z2p(2)  z(z) 2"

nb(z): o (?) with 1 = max(deg(zy(2)), deg(ny(2))). (1.36)

The prefilters are then

Vi(z) = Z’)Z(f) and  Vh(z) = ”Z(f) . (1.37)
Ezxercise 1.7. Identify the system transfer function
1 1
G(s) (1.38)

T 25240255+ 1

using Clary’s method for the sampling time T, = 0.5s. Assume that you know from
the system that it possesses a double integrator. Use the chirp signal from Exercise
1.3 as the input signal.

Lecture Control Systems (2024W)
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1.3 Parametric Methods

As the name implies, these methods use models with a finite number of parameters. These
parameters are then determined within the framework of the identification task such that
the model agrees with the system to be identified as well as possible in the sense of a
quality criterion. The literature contains a vast number of different model structures,
which is why a classification of these models is carried out in the first step. The following
classification is essentially based on the Matlab System Identification Toolbox.

1.3.1 Model Structures

The starting point of the considerations is again the system from Figure 1.3. For the
further steps, it is necessary to characterize the stochastic disturbance (noise) (vy) in
a suitable form. A relatively simple approach is to model (vy) as the output sequence
of a linear time-invariant system with the transfer function H(z) and white noise (wy)
(sequence of independent random variables) with a given probability density function, i.e.,

k o0
vV = Z hp_ijw; = Zhiwk—i with (hk) = Zil{H(Z)} . (139)

1=—00 =0

This approach is sufficient for most practical applications; however, not every possible
stochastic disturbance (vy) can be characterized in this way. Note that the character of
the stochastic disturbance signal (vy) can be specifically influenced by the choice of the
probability density function of (wy). For example, it is plausible that for one and the
same system with the transfer function H(z), a white noise (ws ) with the probability
density function

wy = 0  with probability 1 — p (1.40)
wy =1 with probability u '

for a very small 4 and a uniformly distributed random variable r € (—1,1) gives a
completely different picture for (vgy) than a white noise (w;y) with the probability
density function wq = 7.

Lecture Control Systems (2024W)
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Note the time respoonse of (vq ) and (vo ) for H(z) = Z{H(s)}, with
1

2 0.2 ’
(2:10)2 + Qﬁ) +1

H(s) = (1.41)

in Figure 1.5, where T, = 10ms and p = 0.07 were used.

1.0 L e 1.2 L
0.8 | 1.0 S S T
0.6 0.8
0.6
0.4 : 04 L
0.2 Ff{l 1 —o02
= : <
s 0.0 B 0.0
T _0.2 LA . —0.2
—0.4 -04
—0.6
—0.6 08
-0.8 -1.0
1 I R S | R S 12 A SN S S 1| RN S R S
0 0102 03 04 05 0.6 0.7 08 0.9 1.0 0 01 02 03 04 05 0.6 0.7 0.8 0.9 1.0
1.0 L 1.0 L
0.8 T O S P A PR S 0.8 }o-- SRR IRTIT SEP PPIE SEPMRPITHERE
0.6 06 F - ..... ,,,,, ‘‘‘‘‘ ..... ..... ,,,,, .....
0.4 0.4 R SRR ERRREEEEEE
— 02 02
< =
§ 0.0 B 0
-0.2 -0.2
—0.6 —06 }- T RS R RER
—0.8 —08 |- TR P

0 01 02 03 04 05 06 0.7 08 09 1.0 0 01 02 03 04 05 06 0.7 08 0.9 1.0

tins tins

Figure 1.5: Responses (v ;) and (vy ) of the second-order linear time-invariant discrete-
time system (1.41) to white noise (w; ) and (wsg ) with different probability
density functions.

Combining (1.1) with (1.39), the output variable y; from Figure 1.3 is
o0 oo
Yk =D Gie—i + Y _ hitvj—; (1.42)
i=0 =0
or, introducing the shift operator § with ug,; = dug or up_q = 0~ Ly,

o0 o
ye =3 g tup + > hid " hwy, . (1.43)
1=0 =0

To save writing effort later on, we also write (1.43) as

Y = G(&)uk + H((S)wk (1.44)
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with the transfer operators

G()=> g6 and H(6)=> hid™". (1.45)
=0 =0

Note that the expressions for the transfer operators G(d) and H(J) are the same as the z-
transfer functions of linear time-invariant sampled-data systems with the impulse responses
(g9x) and (hy). However, if G(6) and H(0) were interpreted as z-transfer functions, the
notation of (1.44) would not be permissible.

By representing G(J) and H(J) in the form of rational transfer operators with their
associated numerator and denominator polynomials and combining all common poles of
G(9) and H(J) in the polynomial A(J), (1.44) becomes (see Figure 1.6)

B(9) C(9)
N D(6)

wy, . (1.46)

Based on (1.46), a classification of the various model structures can now be carried out.

l (w)

C(9)
D(5)A(3)

() 50) l (vk)

F(9)A(0) (y)

Figure 1.6: On the model structures of parametric identification.

ARMA Model

In econometrics, one often deals with models that do not have a deterministic input
variable, i.e., (u;) = (0). In these so-called time series models, a distinction is made
between the following special cases:
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The model
1
D(6)

or for D(6) =dp+d16 1t + ...+ d,d" with dg = 1

Yk = wg (1.47)

Yp = —d1Yp—1 — doyr—2 — ... — dn¥Yp—pn + Wi (1.48)

is called an autoregressive model or AR model. Equation (1.48) can also be written in the
form

Yk = Sp P (1.49)

with the parameter vector p and the data vector s in the form
pl=|-d ~d ... —dy 1] (1.50a)
sp = [yk—l Yk—2 -+ Yk-n wk] (1.50b)

In statistics, models that are linear in the parameters p, such as (1.48), are also called
linear regression models. If the data vector s contains only past values y;, j < k, of the
quantity yi to be calculated, then this model is called autoregressive.

A model of the form

ye = C(0)wy (1.51)
or for C(8) =co+c16 t+ ... +cpd ™ with ¢g = 1
Y = Wk + ClWE_1 + CoWg_9 + ... + CrWi_m (1.52)
is called a moving average model or MA model.
FEzercise 1.8. Show that the impulse response sequence (gi) of the z-transfer function
Giz)=co+ecrzt+. .. +epz™ (1.53)

is calculated as follows:

(gk) = (007617"'7cm,0,0,---) (154)

For this reason, a transfer function of the form (1.53) is also called a FIR (finite
impulse response) model. Analogously, a z-transfer function of the form

1
S dy+diz 4.+ dyzm

G(2) (1.55)

is called an IIR (infinite impulse response) model.
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Combining (1.47) and (1.51), we obtain the so-called ARMA (autoregressive moving
average) model
C()
D) *
For C(0) =co+c10 ' 4+ ... +cnd ™ and D(8) =dg +di6 "t + ... +dp,0~", do = 1, the
output variable y; is

Yk =

(1.56)

Yk = CoWg, + C1wp—1 + coWg—2 + . .. + CpWh—m — d1Yk—1 — do¥Yp—2 — - .. — dpYp—n - (1.57)

ARX Model

If the AR model (1.47) is extended to include the influence of the deterministic input
variable uy, (exogenous input), then the ARX (autoregressive with exogenous input) model
is obtained:
Y = %uk = ﬁwk . (1.58)

As can be seen from (1.58), in this case the denominator polynomials of the transfer
operators G(0) and H(J) according to (1.44) are identical. A mathematical justification
for this choice of structure will be given later in the context of least-squares identification.
As will be shown, the main advantage of this model structure lies in the fact that the
parameters are linear in the estimation error and can therefore be very easily estimated
using linear least-squares methods.

ARMAX Model

Analogously to the ARX model, the ARMAX (autoregressive moving average with exoge-
nous input) model is given by

_ B(9) C(9)
yk—A((s)Uk‘f‘A(&)wk;

where again the denominator polynomials of the transfer operators from the deterministic
and stochastic inputs u; and w; to the output y; are equal. It should be mentioned at
this point that there are a large number of other models in the literature, but they are all
composed in a similar way to those discussed so far and are special cases of (1.46). See
Table 1.2 below.

(1.59)
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Model structure Model equation
MA yr = C(6)wy,
AR Yk = Dg‘sg k
ARMA k= g(i)wk
ARX Y = igg; U, A%{S) Wi
ARMAX Yp = i(gg ug, + i(g Wi,
ARARX Y = igg) ug + D(d)lA((S) Wk
ARARMAX n igg; wet 3 g)(j)( 5y
OE (output error) yi = ?(guk + wyg

13(5§ C ()

BJ (Box-Jenkins)  yx = F((S)uk + D(é)wk

Table 1.2: Model structures and model equations.

1.3.2 Least Squares Method
Given is the overdetermined linear system of equations
y =Sp (1.60)

with the (m x n)-matrix S € R™*" the m-dimensional vector y € R™, and the n-
dimensional vector of unknowns p € R™. For m > n and rank(S) = n # rank([S,y]),
the system of equations (1.60) has no solution for p. We now seek the solution pg that
minimizes the quadratic error

mgn||e||; with e =y — Sp. (1.61)
Setting the derivative of ||e|]§ with respect to p equal to zero

0 T T TQT T
_- =~ (y—8 —Sp)=-2y'S+2pS'S=0 1.62
8ee 9 (y p) (y p) Yy | % > (6)

yTy—2yTSp+pTSTSp

the optimal solution p = pg in the sense of (1.61) is
-1
po = (87S) STy (1.63)

-1
The expression ST = (STS) ST is also called the pseudoinverse of the matrix S (see the

Matlab commands \ and pinv). It can be seen that for the regularity of STS, the matrix
S must have full column rank, i.e., rank(S) = n.
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Exercise 1.9 (Polynomial approximation in the least squares sense). Given are N
measurement points that describe the relationship y; = f(z;), 7 =1,..., N. Assume
an n-th order polynomial with n + 1 < N of the form

f(m) =po+ 1T +p2x2 + ... —I—pn_lgg”_l + ppa™

for the function f(z) and determine the polynomial coefficients po, p1, ..., p, using
the least squares method. Test your approach using the function g(x) = tanh(xz/10)
for x; = =20+ 7, 7 = 0,...,40, and different orders n of the polynomial.

Ezxercise 1.10. The mathematical model of a externaly excited DC motor is

d
L,—

dtia = Uy — Rylq — kqw

Jr%w = kqiq — dyw — design(w)

with the armature current i,, the angular velocity w, the armature voltage ug,
the armature inductance L,, the armature resistance R,, the motor constant k,,
the moment of inertia J,., and the friction parameters d, and d.. Determine the
parameters ko, R, dy, and d. from stationary measurements of u,, i,, and w using
the least squares method. Test your algorithm using the measurement data data.mat
and data_rausch.mat, in which the measured values of u,, i,, and w are stored
with and without measurement noise. Compare your identification results with
the nominal parameters R, = 1.373Q, k, = 0.0652V s/rad, d. = 0.0188 Nm, and
dy = 43.3- 1075 Nms/rad.

Data for Exercise 1.10:
https://www.acin.tuwien.ac.at/file/teaching/master/
Regelungssysteme-1/Daten_Aufgabe_1_10.zip.

The optimal solution pg according to (1.63) of the optimization problem (1.61) allows
the following geometrical interpretation: The n linearly independent column vectors of
the matrix S span an n-dimensional subspace U in R™. The solvability of the system of
equations (1.60) is equivalent to the question of whether a linear combination (described
by the entries in the vector p) of the column vectors of S exists such that the vector y
can be represented. Thus, the system of equations (1.60) is uniquely solvable if y lies in
this subspace U, i.e., rank(S) = rank([S,y]). If y does not lie in the subspace U, then

-1
the error between the quantity yg = Spg = S(STS) STy (calculated using the optimal
solution pg estimated in the least squares sense) and the actual quantity y is

-1
eQ=y—YyYo=Yy — S(STS) STy . (1.64)
It can now be seen that this error ey is orthogonal to the subspace U, since

-1
STey = STy — sTs(sTs) STy —0. (1.65)
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Figure 1.7 illustrates this geometrically for m = 3 and n = 2. The finding that the error

Figure 1.7: On the least squares method.

eq is orthogonal to the subspace U is a special case of the so-called projection theorem in
a Hilbert space.
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Projection Theorem in a Hilbert Space

To illustrate the projection theorem, the concepts of vector space, normed vector space,
and Hilbert space will be briefly reviewed below.

Definition 1.1 (Linear Vector Space). A non-empty set X is called a linear vector
space over a (scalar) field K with the binary operations + : X x X — X (addition)
and - : K x X — X (scalar multiplication), if the following vector space axioms are
satisfied:

(1) The set X with the operation + is a commutative group, i.e., for x,y,z € X
the following holds:

(1) x+y=y+x Commutativity
(2) x+(y+z)=x+y)+z Associativity
3) 0+x=x Neutral element
(4) x+(—x)=0 Inverse element

(2) Scalar multiplication - with scalars a, b € K satisfies:

(1) a(x+y)=ax+ay Distributivity
(2) (a+b)x =ax+bx Distributivity
(3) (ab)x = a(bx) Associativity
4) Ix=x , 0x=0

Definition 1.2 (Normed Linear Vector Space). A normed linear vector space is a
vector space X over a scalar field K with a real-valued function ||x|| : X — R4, which
assigns to each x € X a real-valued number ||x||, the so-called norm of x, and satisfies
the following norm axioms:

(1) |Ix||>0 forallxeX Non-negativity
(2) |x||=0&<x=0

) Ix+yll < x|l + Iyl Triangle inequality
(4) Jlax|| = |a|||x]|| for all x € X and all a« € K
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Definition 1.3 (Pre-Hilbert Space). Let X" be a linear vector space with the scalar
field K. A mapping (x,y) : X x X — K, which assigns a scalar to any two elements
x,y € X, is called an inner product if it satisfies the following conditions:

(1) (x+y,2z)=(x2)+(y,z) Bilinearity
2) &y ={x

(3) (ax,y) =a{x,y)

(4) (x,x)>0 and (x,x)=0&x=0

with a € K.

A complete pre-Hilbert space is called a Hilbert space, cf. e.g. [1.2]. Two vectors x and y
from a Hilbert space H are called orthogonal if (x,y) = 0. A non-empty set U is called
a subspace of H if for all linear combinations of vectors x and y from I/ it holds that
ax + by € U, with scalars a and b. Furthermore, the subspace U is called closed if the
limit of every convergent sequence in U is also in U.

Ezercise 1.11. Show that ||x||, = 1/(x,x) defines a norm according to Definition 1.2.

The following projection theorem now gives a necessary and sufficient condition for
solving the following problem: Given is a vector y in a Hilbert space H. The vector yq
from a subspace U of H is sought that minimizes the norm |y — yo|.

Theorem 1.1 (Projection Theorem). Let H be a Hilbert space andU a closed subspace
of H. For every vector'y € H, there exists a unique vector yo € U such that

ly — yoll < lly —x|| (1.66)

for all x € U. The vector yq is the unique minimizing vector if and only if

(y —y0,x) =0 (1.67)

for all x € U. This means that the error y —yo must be orthogonal to all vectors of
the subspace U.

The proof of this theorem can be found in the literature cited at the end of this chapter.
In the following, the projection theorem will be used to solve the optimization problem
(1.61). Given is the Hilbert space H = R™ with the inner product

(x,2) =xTz = imjzj (1.68)
j=1
with
XT:[IL'l Ty ... xm} (1.69a)
2 =ln 2 2w (1.69b)

and the closed subspace U of H, which is spanned by the column vectors sy, k=1,...,n
of the matrix S, i.e., U = span{si,sa,...,s,}. In the sense of (1.61), we are looking for
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that Spg = yo € U which, for a given y € H, minimizes the squared norm of the error
lell3 = |ly — yoll3. According to Theorem 1.1, it must therefore hold that

<y — Sp(], Sj> = <y — SlpO,l — Sgpgyg — ... SnpO,n,Sj> = 0 fOI‘ all j = 1, N N (170)

In matrix notation, using the properties of the inner product, we obtain

<Sla Sl> cee <Sna Sl> Po,1 <Y7 Sl>
S : D= (1.71)
<Sla Sn> cee <Sn7 Sn> 0,n <Ya Sn>
—_— Y
G=STS Po STy

and thus immediately the solution for pg from (1.63). The matrix G from (1.71) is also
called the Gramian matrix.

Ezxercise 1.12. Show that the Gramian matrix from (1.71) is non-singular if and only
if the vectors sg, k = 1,...,n, are linearly independent.

Ezercise 1.13. Calculate the solution of the quadratic minimization problem from
Section 1.2.2 using Theorem 1.1.

Remark: (to Exercise 1.13) The set of all N-tuples & = {&,&2,...,&n—1} with the

inner product
N-1

(x,2) = N Z TRz, with wz,z € H
k=0
is used as the Hilbert space H. The set of all N-tuples {C cos(wokT,) + S sin(wokTy,)},
k=0,...,N — 1 with arbitrary but constant coefficients C' and S and fixed angular
frequency wq forms a closed subspace U of H. The quadratic minimization problem
from Section 1.2.2 can now be formulated such that we are looking for that g € U
which minimizes the norm (compare with (1.13))

N-1
. 1 .
ly = al* = 5 > (k= %)
k=0

with
gk = YC COS(kaTa) I }/5 Sin(wokTa)

for a given y € H. According to Theorem 1.1, this is the case if and only if

(y—9,2) =0 forallz el

or, for the two special cases © = cos(wokT,) and x = sin(wokT,), we obtain the
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conditions

2

2|~
1M

e

(yk —Y. cos(wokT,) — Y, Sin(wokTa)) cos(wokT,) =0

2

(yk Y. cos(wokT,) — Y, sin(wokTa)) sin(wokT,) =0 .
0

2| =
il

1.3.3 Least-Squares ldentification

The starting point is the ARX model (1.58) without stochastic disturbance, i.e., (wg) = (0),
of the form
B(0)  _gbo+bid by

=y =6 ith d > 0. 1.72
Yk = A(5) " 1+ao'+... tapn &= ™ = (172)

For a transfer function G(z) with numerator degree m and denominator degree n, d is
calculated as d = n — m. Note that dead times of the form 277, p > 0, can also be taken
into account with the formulation (1.72). The value of the output sequence (yi) at the
k-th sampling time is calculated from (1.72) as

Yk = —Q1Yk—1 — - - — OpYk—n + DoUk—q + b1up—qg—1 + ... + byUp_g—m (1.73)
or in vector notation
aj
Qn

Y= [Tk V-2 oo “Uken Uked Uk—d-1 oo Uk—dom] |, (1.74)
0

T
Sk

with the data vector s, and the parameter vector p. In the identification task, the parameter
vector p is now estimated such that a model error, yet to be defined, is minimized. If the
model error is chosen as the so-called generalized equation error according to Figure 1.8,
we obtain the relationship

A A

er = A(6)yr — B(6)uk (1.75)

with
AG)=14a10 1 +... +a,0 " (1.76a)
B(6) = bod 1+ b1 4 b0 (1.76b)

and the estimated coefficients of the numerator and denominator polynomials Bj, j =
0,...,mand ag, k = 1,...,n. Substituting (1.76) into (1.75) and combining the coefficients
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(ex)

Figure 1.8: On the generalized equation error.

T
to be estimated in the parameter estimate vector p = [&1 coo Gn by ... bm} , We
obtain
ek =Yk — Sp P (1.77)
with the data vector sj according to (1.74). From (1.77), it can be immediately seen that

the estimate ¢, of yy is calculated as g = sgf). By combining j = 0,..., N measurements,
(1.77) can be extended as follows:

€0 Yo S0
=|:|—1]:|bN (1.78)
EN YN S%
N~ Y~
en YN SN

where the index N of the parameter estimate vector p indicates that N 4+ 1 measurements
are used to estimate p. For N > n+m with m and n according to (1.72) and rank(Sy) #
rank([Sy, yn]), the system of equations (1.78) has no solution for ey = 0. Following the
considerations of Section 1.3.2; the solution of (1.78) in the least squares sense (see (1.63))
is

-1
by = (SKSn) Sk . (1.79)

Remark: Regarding the choice of notation, it should be noted that j = 0 does not
necessarily refer to the starting time of the measurement k = 0, but to the time £ at
which the entry ug_4 in the data vector SE is first non-zero.

It should be emphasized again that only the specific choice of the generalized equation
error according to Figure 1.8 leads to a parametrically linear estimation problem. If, for
example, the so-called output error shown in Figure 1.9

o

o p o s—1 pos—m
(5)uk:yk—5‘db°+b15 + ...+ bpd

1.
6) 1+a0-1+.. . +a,6n * (1.80)

ek =Yk — Yk = Yr —

>
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Figure 1.9: On the output error.

were used, then from
Gk = —a10k—1 — -+ — Ank—n + boU—a + b1uk—g—1 + - .. + bntUp_a—m (1.81)
it can already be seen for k =0,...,d + 1 that
g =0 fork=0,1,...,d—1
Ja = bouo (1.82)
Yd+1 = —019q + Boul + BIUO = (Bl — @130)110 + i)oul,
that in this case it is a parametrically nonlinear estimation problem, which is orders of
magnitude more difficult to solve.
Before specifying how a stochastic disturbance (vy) affects the result of the parameter

estimation p from (1.79), two fundamental properties of parameter estimation methods
are defined.

Definition 1.4 (Unbiased Estimate). If an estimate for an arbitrary number N of
measurements yields a systematic error

E(py —p) =E(PNy) —P=Db #0 (1.83)
then this error is called bias. For an unbiased estimate, therefore,

E(pn)=p . (1.84)

Definition 1.5 (Consistent Estimate). An estimate is called consistent if the estimate
becomes more accurate the larger the number N of measurements, i.e., if

lim E(py)=0p . (1.85)

N—o0
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An estimate is called consistent in the mean square if, in addition to (1.85), the
condition

lim cov(py) = lim E([py —pl[py —p]") =0 (1.86)

N—o0 N—oo

is satisfied.

Remark: Note that a consistent estimate says nothing about the quality of the

estimate for finite V. It is therefore possible that a consistent estimate is biased for
finite IV.

To analyze the influence of a stochastic disturbance, it is assumed that the measured
output variable g is composed of the undisturbed output g and a stochastic disturbance

vk in the form yr = yi +vg, see Figure 1.3. The undisturbed output is calculated according
to (1.74) as

o]
~ - - - a
Uk = [_yk;—l ~Yk—2 - —Yk-m Uk-d Uk—d—1 --- Uk—d—m} bn (1.87)
0
st :
_bm_
——
P
Replacing the entries y; in (1.87) by y; = y; — v, we obtain
Jk =S¢ P +1;p (1.88)
with
T _
Sk = [—ykq ~Yk—2 - ~Yk-n Uk-d Uk—d-1 --- kadfm} (1.89)
nf=[oot w2 v 000 L 0] (1.89b)
By combining £ = 0, ..., N measurements and using y; = yx+vg, the following formulation
can be found:
Yo S0 ng Yo
=|:|p+|:|pt]: . (1.90)
YN SN ny UN
—— —— —— ——
YN Sy Ny VN

If we now perform a least-squares identification based on the known part yy = Syp, we
obtain

~1 1
p= (S%SN> SNy = (S%SN) SN(Snp +Nyp +vy) (1.91)
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or, after a short calculation,

p=p+ (S%SN)_IS%(NNP +VN) - (1.92)
The expected value of the estimation error is thus
B(®) - p = E((SESy) ST (Nup +vy)) =b. (1.93)
with the bias b. The estimate p of p is unbiased if and only if
b=0 (1.94)
Furthermore, the estimate is obviously consistent if

lim b=20 (1.95)
N—o0
is satisfied. The following theorem now provides information on the requirements that
must be placed on the stochastic disturbance v, and the model structure for these two
conditions to be satisfied.

Theorem 1.2 (Unbiased and Consistent Least-Squares Identification). The least-
squares identification of the parameter p for the identification problem according to
(1.90) or according to Figure 1.3 is unbiased and consistent if the stochastic disturbance
v satisfies the Yule-Walker equation of an autoregressive signal process of the form

Vi + Q1Vk—1 + Q2Vk—2 + ... + QpUk—p = Wk, (1.96)

with zero-mean white noise wy, and the coefficients aj, j = 1,...,n, of the denominator
of the transfer function to be identified.

That is, the disturbance signal v must have been generated by filtering white noise wy
through a filter with the transfer function 1/A(d). This structure corresponds exactly to
the model structure of an ARX model defined in Section 1.3.1, see Figure 1.10. It can also
be shown that in this case the least-squares identification is consistent in the mean square.
For a proof of Theorem 1.2, the reader is referred to the literature, in particular [1.3].
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Figure 1.10: On least-squares identification with stochastic disturbance.

1.3.4 Recursive Least-Squares (RLS) lIdentification

The parameter estimation (1.79) is not suitable for online operation due to the ever-
increasing dimensions of the measurement vector yy and the matrix Sy . In the following,
a recursive method is given based on (1.79), which improves the estimate p of the parameter
vector p with each new measurement. According to (1.79), the optimal estimate for N + 1
measurements is

-1
by = (SkSv) Sk (1.97)
and for N + 2 measurements
A T “lar
PN+1 = (SN+1SN+1) SN11YN+1L - (1.98)
Partitioning the data matrix Sy11 and the measurement vector yn41 in the form
Sn YN
SN+1 = l T ] and YN+1 = [ 5 (199)
SN+1 YN+1
then pyyq is

v = ([55 swa] | 2 ]) ([s% s

SN+1

YN ])
YN+1 (1.100)

= (S%SN + SNHS%H)_l (S%YN + SN+1?/N+1) .

FEzercise 1.14. Show the validity of (1.100).

For further calculation, the following auxiliary theorem on matriz inversion is required:
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Theorem 1.3 (On Matrix Inversion). If A, C, and (A + BCD) are non-singular
square matrices, then

—1
(A+BCD)'=A"'-A"'B(C"'+DA'B) DA™'. (1.101)

Applying Theorem 1.3 to F = (S%SN +sN+1s%+1) with A = S%SN, B = sy,

C=1,and D = S%H, we obtain

-1 1

F!= (S%SN)_1 — (S%SN)_lsNH (1 - S%H(S%SN) SN+1>_1S%+1(S%SN)_

(1.102)
With the abbreviations
—1
Py = (SkSx) (1.103a)
—1
Pyii = (S%—HSN—H) (1.103b)
P
kyi1 = NEN+L (1.103c)
(1 + S]r[\‘,_,'_lPNSNJrl)
according to (1.102) we have
Pyi1 =Py —kyiisy Py (1.104)
and
Pysn41 (1 + S%+1PNSN+1> — PNSN+1S]T\]+1PNSN+1
Pyiisny1 = =kny1 - (1.105)

(1 -+ S%JAPNSN_H)

Substituting the relationships (1.103)—(1.105) into (1.100), we obtain

Py =Py (S%YN + SN+1yN+1) = PnSRyn — knisy PNSRyn + kv iyn s

(1.106)
or with (1.97)

PN+1 =DPN + ki1 (yN+1 - S%Hﬁz\/) : (1.107)

The recursive least-squares identification can thus be summarized as follows:

(1) Suitable initial values p_; and P_; are chosen (see discussion below).
(2) For the sampling times j = 0,1, ..., y; is measured and the data vector is set up

according to (1.74):

S;r = [_yj—l —Yj—2 ... —Yj-n Ujqd Uj-d-1 --- ujfdfm} (1.108)

The parameter vector p can then be estimated online using j + 1 measurements
with the iteration rule
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P - .
k; = J-15 (1.109a)
(1 aF s;.er_lsj)
Pj = Pj_l — kjSJTPj_l (1.109b)
By = D1 +k;(y; —sTPj1) (1.109¢)

In the last step, the question of suitable initial values p_1 and P_; must still be clarified.
To this end, the iteration rule for P; ! (see (1.100) and (1.103)) is first considered:

Pl =P +spsiy (1.110)
and this is iterated for k = —1,0,1,..., N,...
P,! =P ] +sosp (1.111a)
P! =P7] +sos) + s8] (1.111b)
N
P'=PI1+) sjs; =P_{+SySy . (1.111c)
j=0

It can be seen that with the choice
P_{=0oE (1.112)

for large values of «, lim,_ oo Pj = 0 holds, and thus (1.111) agrees with the correspond-
ing expression for the non-recursive estimate from (1.79). For large values of o in (1.112),
Pj therefore has a negligible influence on the recursively calculated P . The iteration
rule for Py is, using (1.105) and (1.107),

Pit1 = Pr + Priisi (yk+1 - S;cr+1f’k) : (1.113)

If this iteration is now carried out for k = —1,0,1,..., N, ..., then using (1.111) we obtain

Po = P-1 +Posp (yo - SonLl) =Po| soyo + (P61 - SOS()T) P-1 (1.114a)
—_—
P”]

N 14\ _ —1x

p1 =P, (Slyl +P po) =Py (Slyl + soyo + P71p—1) (1.114b)
N

by =P (Y s+ Pipo1 | =Py (Shyn +Plpa) . (1.114c)
=0

As can be seen from (1.114), the choice of P~1 from (1.112) for large o implies that the
initial value p_; can be chosen freely and yet py from (1.114) coincides with the result of
the non-recursive estimate from (1.79). For simplicity, p_1 = 0 is therefore often chosen.
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1.3.5 Weighted Least Squares Method

In the weighted least squares method, we seek a solution to the overdetermined linear
system of equations (see (1.60))
YN =SnP (1.115)

such that the weighted quadratic error
N
Zaje? , e =Y — s]T (1.116)
§=0

with the sequence of positive weighting coefficients a; (a; > 0 for all j) is minimized with
respect to p. It can be seen that by choosing

¥j = \/ajy; and é;r: Ozjs;r (1.117)

the optimization problem (1.116) can be transformed into the classical least-squares
problem according to (1.61)

N
min » & = mgnHéNHg with &y =¥y — Syp (1.118)

P =0

The corresponding recursive estimator according to (1.109) is therefore

o Pj_1Sj

k; = ! (1.119a)
(1+87P; 15))
P, =P, 1 —k;5P;_, (1.119b)
f)j = f)j,1 + f{j (g] — §ij)j,1> . (1119C)
Substituting the relationship (1.117) and the transformation
. k; _
kj = —— and Pj = Pj (1120)
VG
into (1.119), we obtain
P . .
kj = JTlsJ (1.121a)
(Erom, )
Pj = Pj,1 — kjS]TPj,1 (1121b)
pj = Pj-1t+k; (Z/j - S}f’j—l) - (1.121c)
A special choice for «; is given by
aj=¢"7 with 0<¢g<1 (1.122)
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Substituting (1.122) into the cost function of (1.116)

I ]
N—-1
N | 0 gq 00
Y dV e = |lenlly =enQuen with Qv =|: i i (1.123)
=0
qg O
0 0 - 0 1]

it is evident that with this special choice of o, the equation errors are weighted less the
further back they lie. This is also referred to as an exponentially decaying memory with
the memory factor ¢q. For this memory factor ¢, values in the range of 0.9 < ¢ < 0.995
have proven useful in practical application. Note that this method is also suitable for the
identification of slowly time-varying systems, where the speed of the parameter changes
of the system naturally determines the choice of ¢, i.e., the speed of forgetting old
measurement values.

Ezxercise 1.15. In your opinion, where does the name exponentially decaying memory
come from?

The recursive least-squares estimator with exponentially decaying memory follows
directly from (1.121) with a; = ¢’V =7 and the transformation P; — P;/¢"~ 7 to

Pj_lsj

kj = (1.124a)
(q —+ s;er_lsj)
1
Pf{ﬂA—@§W4h (1.124b)
pj =Dj-1t+k; <yj - S?ﬁj—l) - (1.124c)

Ezercise 1.16. Verify the correctness of (1.124).

Instead of the diagonal matrix Qp in (1.123), any arbitrary positive definite weighting
matriz Qn > 0 could be chosen. In this case, not the Euclidean norm of the error ||eNH§7
but a weighted Euclidean norm of the form

lenlp = evQuen (1.125)
is minimized. It is now easy to see that this problem
mI;nHe]\/HZ-2 with ey =yn — Snyp (1.126)
by applying the projection theorem of Theorem 1.1 with the inner product
(x,z) =x'Qz (1.127)

leads to the solution .
PN = (S%QNSN) SNQNYN (1.128)
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Ezercise 1.17. Show the validity of (1.128). Furthermore, check whether the error
ey = ynN — SyDn is orthogonal to the optimal solution (1.128) in the sense of the
inner product (1.127).

Ezercise 1.18. Show that every positive definite matrix Q has exactly one positive
definite square root W, i.e., Q = WITW,

Remark: (to Exercise 1.18) Use the fact that every symmetric matrix Q can be
brought to diagonal form D by a similarity transformation, so

D =TQT" with TTT'=E.
Ezercise 1.19. Prove that (1.125) is a norm in the sense of Definition 1.2.

FEzercise 1.20. Given is the continuous transfer function

K

) = T Deh T D

with the parameters K, Ty, T, > 0. Determine a state-space representation for G(s)
and implement it in Matlab/Simulink for a time-varying parameter 75 and constant
parameters K and T7. Subsequently, determine the corresponding z-transfer function
for G(s) for a sampling time of T, = 0.25s. Identify the coefficients a; and b; of
the denominator and numerator polynomials of the discrete-time transfer function
using the recursive least-squares algorithm. Choose a multiple 3-2-1 step as the input
signal and for the parameters K =1, 71 = 7.5s, and a step change of T5 from 5s to
2.5s. Investigate the influence of the forgetting factor ¢ and compare the result for
q = 1 with the result of the off-line least-squares procedure.
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1.3.6 Least-Mean Squares (LMS) Identification

Another way to solve the system of equations (1.71)

N N
X:S]'Sr]r f)N = S;J{[SN[A)N = S}I\}y]\[ = Z sjyj (1.129)
7=0 7=0

online, is given by the so-called Least-Mean Squares (LMS) algorithm, also known as
the stochastic gradient method. The parameter vector p is recursively estimated in the
form

Pj = Pj—1 + u;8; (yj - S;'FIA)J'—I) (1.130)
—_—
€j

with a suitably chosen initial value p_; and the estimation error at the j-th time instant e;.
Using the (time-varying) parameter p; (p; > 0 for all j > 0), it is possible to adjust the
convergence speed and the sensitivity to noise to a certain extent. Typically, a constant
value p; = pu is chosen for i, whereby the parameter estimator (1.130) is able to react
faster to changes in the parameter vector p (time-varying system) for larger values of
and is less sensitive to measurement noise for smaller values of i. To make the convergence
speed independent of the signal level of the entries in s;, it is common to choose the
(time-varying) parameter 4; in the LMS algorithm (1.130) in the form

fi
1 = — (1.131)
Sj Sj

or

==

pwp= 1 with Ly =1+ (s]s; — 1) (1.132)

~
<

with the initial value [_; = sT;s_; > 0. Without proof, it should be noted that the
convergence of (1.130) can be guaranteed for sufficiently small f.

Note 1.2. The LMS algorithm is very frequently used in applications for the adap-
tive filtering of signals (adaptive noise cancellation), such as echo compensation of
transmitted signals. Consider the arrangement in Figure 1.11, where the measured
signal sequence (dj) consists of a useful signal component (r) to be identified and a
non-measurable noise component G1(J)my, in the form

dp = G1(5)mk + 7k (1.133)

with the noise signal (mj) and the unknown transfer operator G(§). Furthermore,
it is assumed that the noise signal (my) and the useful signal (r;) are uncorrelated.
The noise signal (my) is not directly measured but can be indirectly captured via the
signal (ny) with

ng = GQ((s)mk (1.134)

and the unknown transfer operator Ga(6). If the two transfer operators G;(J) and
G2(0) were known, then the useful signal could be reconstructed from knowledge of
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(d) and (ng) in the form

e = dy — G1(8)G5 1 (8) ny, (1.135)
—
G(s)

Note that G(8) = G1(6)G5 *(J) is generally a non-causal transfer operator.

transmission path signal reconstruction

(dk—p) (fk—p)

(m) (d) 5P >

G1(9)

Y
Y

/

Go(0) |—) > ()
/

Figure 1.11: On adaptive signal filtering with the LMS algorithm.

Y

Ezercise 1.21. Under what conditions on G1(6) and Go(d) is G(d) a causal

transfer operator?

For this reason, a positive integer number p > 0 is chosen such that the transfer
operator

G(6) =G(9)o7? (1.136)
is always causal. Replacing G(6) in (1.135) by G(6) according to (1.136), we obtain

rr = dp — G(0)0Pny (1.137a)
0 Pr = 6"Pd — G(0)ng (1.137b)
Tk—p = dk—p - G’(5)nk . (1.1370)

Since the transfer operator G(d) in (1.137) is unknown, a transfer operator G(J) to
be identified is substituted for G(§). In most applications, an MA model (FIR filter)
according to (1.47), (1.48) of the form

GO)=C() =g+ 107 4. 4,077 (1.138)

is used in combination with the LMS algorithm. Of course, the transfer operator
G(0) is only describable by an MA model in exceptional cases, which is why a very
high model order g of the MA model is required for good reconstruction of the useful
signal (rg). Substituting the expression G(8) from (1.138) for G(8) in (1.137), the
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estimate of the useful signal #_,, is calculated as

A

Tk—p = dk—p - [nk Ng—1 Nk—2 ... nk,q} . (1139)

T
Sk

with the estimate p of the parameter vector and the data vector sg. Applying the
LMS algorithm (1.130), the parameter estimator becomes

f)j = f)j—l —+ :LLJSJ (dj_p - S}f)j—l) (1140)

Ti—p

with the parameter p; according to (1.131) or (1.132) and a suitably chosen initial
value p_1. Figure 1.11 provides a graphical illustration of the algorithm.

FEzercise 1.22. Given is a system according to Figure 1.11 with the measured signal
sequence (di), in which a periodic useful signal (s;) = (20sin(3t — 7/4)) is hidden.
The noise signal (my) is white noise, the sampling time is 0.1 s, and the two transfer
operators are

0+2 1-29

_ 972 and Ga(d) = .
s ™ 0= G o)

G1(6) = 10

Design an online algorithm according to the LMS method for extracting the useful
signal using an MA model. Perform these calculations in Matlab and also check the
results in the frequency domain using the FFT. Specify different orders of the MA
models and change the signal delay p according to (1.136). How do these specifications
and changes affect the result?

Lecture Control Systems (2024W)
©W. Kemmetmiiller, A. Kugi, Automation and Control Institute, TU Wien



1.4 References Page 37

1.4 References

[1.10]

L. Ljung, System Identification. New Jersey, USA: Prentice Hall, 19909.

A. Kugi, “Regelungssysteme,” in Skriptum zur Vorlesung, Institut fiir Automa-

tisierungstechnik, TU Wien, vol. 1, Vienna, Austria, Sep. 2011.

R. Isermann, Identifikation dynamischer Systeme 1 und 2, 2nd ed. Berlin, Deutsch-
land: Springer, 1992.

G. Franklin, J. Powell, and M. Workman, Digital Control of Dynamic Systems,
3rd ed. Menlo Park, USA: Addison—Weseley, 1998.

M. Gevers and G. Li, Parametrization in Control, Estimation and Filtering Prob-
lems. London, UK: Springer, 1993.

E. Kreyszig, Statistische Methoden und ihre Anwendungen, Tth ed. Goéttingen,
Deutschland: Vandenhoeck & Ruprecht, 1998.

L. Ljung and T. Soderstréom, Theory and Practice of Recursive Identification.
Cambridge, USA: MIT Press, 1987.

D. Luenberger, Optimization by Vector Space Methods. New York, USA: John
Wiley & Sons, 1969.

O. Nelles, Nonlinear System Identification. Berlin, Deutschland: Springer, 2001.

A. Papoulis and S. Pillai, Probability, Random Variables and Stochastic Processes,
4th ed. New York, USA: McGraw-Hill, 2002.

Lecture Control Systems (2024W)
©W. Kemmetmiiller, A. Kugi, Automation and Control Institute, TU Wien



2 Optimal Estimators

This chapter addresses the question of how the state xj,, of a dynamic system can be
estimated from an input sequence (uy) and a measured output sequence (yi). Depending
on the value of m, the estimation process is referred to as

(1) Smoothing for m < 0
(2) Filtering for m = 0, or
(3) Prediction for m > 0

Figure 2.1 provides a graphical illustration of these three cases.

A smoothing A filtering A prediction

signal

estimation

I .
T — >

1 k+ 1

Figure 2.1: Concerning the terms smoothing, filtering, and prediction.

Further considerations will be limited to the last case (3), as this is the most interesting
for control engineering applications. As a result of the following considerations, an optimal
state observer, the so-called Kalman filter, will be determined, which minimizes a quadratic
performance criterion. However, this requires an intermediate step of extending the results
of the least-squares estimation from the previous chapter. Since the expected value
and the covariance of random numbers are used repeatedly in this chapter, these two
concepts will be explained for normally distributed and uniformly distributed random
numbers.

Lecture Control Systems (2024W)
©W. Kemmetmiiller, A. Kugi, Automation and Control Institute, TU Wien



2 Optimal Estimators Page 39

Note 2.1 (Normally Distributed Random Variables). A scalar normally distributed
random variable z is defined by the probability density function (Gaussian distribu-
tion)

1 _e-m?
e 202 (21)

9

fz) =

2o

with the mean (expected value) m and the variance o2. The mean (expected value,
first moment) and the variance (second central moment) are, as explained in Appendix
A, given by

E(z) = m = /_O; +f(z) da (2.2a)
E((z — E(.T}))Q) =02 = /_O:o(x — E(:U))2f(x) dz (2.2b)

Figure 2.2 shows the probability density function for different parameterizations of a
normally distributed random number.

—m=1,0=0.5

0.8 - —m=1,0=2
L —m=0,0=0.5
0.6 - i

probability density
o
=
T

<
o
1

O,

-6 -5 -4 -3 -2 -1 O 1 2 3 4 5 6 7 8

Figure 2.2: Probability density function for different normally distributed random vari-
ables.
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The probability that a random number x lies in the interval § around the expected
value E(z) = m is calculated as

m—+0

P(m—5<x§m—|—5):/ (2.3)

m—a4

1)
f(z)dz = erf(\/i(j),
cf. Exercise A.1 in Appendix A. For example, if § = o, a random number x lies in
this interval with a probability of 0.68. Furthermore, a random number «x lies in the
interval 6 = 20 with a probability of 0.95. The variance thus represents a measure of
the scatter of the random numbers around the expected value. The joint probability
density function f(x) of an n-dimensional normally distributed random vector x is
calculated in the form

1 o H0em)TQ ! (x-m) (2.4)

1) = e Jaet @) ’

with the expected value m and the covariance matrix Q,

m = E(x) (2.5a)
Q =E((x - E(x))(x —E(x))") . (2.5b)
For the special case n = 2, the probability that a random vector x = [171] lies in an
x2

ellipse of the form

(x-—m)'Q !} (x —m) = C? (2.6)
is given by
2

P=1-e T (2.7)

The proof of this statement can be found, for example, in [2.1].
Thus, with the help of the covariance matrix Q, the region (i.e., the ellipses for
n = 2) can be determined in which a random vector x lies with a probability P

Figure 2.3 shows the distribution of 3000 random vectors x = [xl .T2:|T, with the
normally distributed, uncorrelated random variables z1 (E(z1) =mj =1, 01 = 2)
and xo (E(z2) = ma = 2, 09 = 1). Furthermore, the ellipses for P = 0.5 and P = 0.95,
and the expected value E(x) = m are shown.

This consideration for n = 2 can be generalized to n-dimensional normally distributed
random variables. In this case, the n-dimensional ellipsoid (x —m)TQ~!(x —m) = C?
describes a measure of the distribution of the random vector. The probability P that
a random vector x lies in this ellipsoid is given by

o n— 1 -&
1—P= 2n/2rg / 1o de, (2.8)
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10 —P =05

T2
)

T

Figure 2.3: Graphical representation of the expected value E(x) and the covariance matrix
Q for normally distributed random vectors x.

with the Gamma function I', see [2.1].

An exact relationship between the ellipsoids defined by the covariance matrix Q and
the probability that a random vector x lies in this region is only defined for normally
distributed random variables. For other distributions, these ellipsoids are only a more or
less accurate approximation. Nevertheless, the covariance matrix Q is also a meaningful
measure for estimating the distribution of the random vectors for these distributions, which
is why the corresponding ellipses or ellipsoids are often displayed here as well.

Note 2.2. A scalar random variable z uniformly distributed in the interval [a, b] is
defined by the probability density function

L a<a<b
f@) = {(b)_a otherw_ise (2:9)
The corresponding expected value m and variance o2 are calculated as
E(z) =m=2 ; b (2.10a)
B((z — B())?) = 0% = %(b _a)?. (2.10D)

Figure 2.4 shows the probability density functions for different uniformly distributed
random variables.
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—a=0,b=3
Lr — a=1,b=2
0 —a=-05b=
0.8}
=
R%)
g 0.6
e}
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2 i
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0.2}
0
! | ! | ! | ! | ! | ! | ! | ! 1 !
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Figure 2.4: Probability density function for different uniformly distributed random vari-
ables.

2.1 Gauss-Markov Estimation

Consider the overdetermined linear equation system of (1.60) (compare also (1.87)-(1.90))
augmented by the stochastic disturbance v

y=Sp+v (2.11)

with the known (m X n)-matrix S € R™*", the n-dimensional vector of unknowns p € R”,
and the m-dimensional measurement vector y € R". We now assume that the stochastic
disturbance v has the following stochastic properties:

E(v)=0 and cov(v)=E(vw')=Q with Q>0. (2.12)

It should be noted here that v can also be interpreted as a measurement error. We are
now looking for a linear estimator of the form

p =Ky (2.13)

with a constant (n x m)-matrix K € R"*™. Since y is the sum of a constant vector Sp
and a stochastic vector (vector with stochastic entries) v, y, the estimated parameter p
according to (2.13), and the parameter error e = p — P are stochastic quantities. Therefore,
it does not make sense to determine the matrix K such that |le|3 is minimized, but the
task

mlgnE(llellg) =minE((p - Ky)" (p — Ky)) (2.14)

must be solved.
If we now substitute the relationship (2.11) into (2.14), then we obtain, taking into

Lecture Control Systems (2024W)
O©W. Kemmetmiiller, A. Kugi, Automation and Control Institute, TU Wien



2.1 Gauss-Markov Estimation Page 43

account (2.12) and the results from Appendix A (see Exercise A.3):

mén E((p — KSp — Kv)T(p — KSp — Kv)) =

ming B((p — KSp)'(p — KSp)) — 2E((p — KSp)'Kv) + E(v'K'Kv) ; =

=0 =tr(E(KvvTKT))

min{|[p — KSp|3 + tr(KQK™) } . (2.15)

The matrix K that minimizes the expression (2.15) is obviously a function of the unknown
parameter vector p. Therefore, the solution of this minimization problem is also not
suitable for providing an estimator for p according to (2.13). To circumvent this problem,
a substitute problem is solved in the following: It can be seen that with the choice

KS=FE (2.16)

and E as the identity matrix, the solution of the minimization problem (2.15) is independent
of the parameter p. This constraint (2.16) may seem arbitrary at first glance, but if we
calculate the expected value of p of the linear estimator (2.13), then it follows that

E(p) = E(Ky) = E(KSp + Kv) = KSE(p) +KE(v) . (2.17)
%

Le., the constraint (2.16) implies that E(p) = p and thus the estimator is unbiased.
The problem

n%én{tr(KQKT)} subject to KS =E (2.18)
is now equivalent to solving n separate optimization problems of the form
nén k;Qk; subjectto k;S=e] for j=1,...,n. (2.19)

To show this, write the matrix K and the identity matrix E in the form

ki el

ky ey
K= and E= | (2.20)

ky en

and substitute this into (2.18):
n
mén{tr(KQKT)} = mlén > ijij subject to k]TS = ejT (2.21)
j=1

for j =1,...,n. Since the j-th summand in (2.21) only depends on k;, the minimization

problem of (2.21) can be replaced by n minimization problems according to (2.19).
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For the following, the solution of a problem of type (2.19) for a fixed j is therefore
of interest. If we now consider the Hilbert space H = R” with the inner product
(x,z) = xTz = >ty xjzj, then we see that the column vectors kg, k = 1,...,n, of the
matrix K, i.e., span{kj, ko, ..., k,}, which satisfy the constraints of (2.19), do not form
a subspace of the Hilbert space H and thus the projection theorem of Theorem 1.1 is not

directly applicable.

Ezercise 2.1. Show that the sum k; + kj, does not satisfy the constraint of (2.21),
even if k; and k;, individually satisfy this constraint.

2.1.1 Quadratic Minimization with Affine Constraints

To solve the above problem, an extension of the projection theorem of Theorem 1.1 is
required:

Theorem 2.1 (Extension of the Projection Theorem). Let H be a Hilbert space and
U a closed subspace of H. The translational shift of U in the form A=x-+U for a
fixed x € H is called a linear variety or affine subspace. Then there exists a unique
vector xg € A of minimal norm, and this is orthogonal to U (see Figure 2.5).

Proof of Theorem 2.1. Shift the affine subspace A by —x so that it becomes a closed
subspace and then apply the projection theorem of Theorem 1.1. Note that the

optimal solution xq is not orthogonal to the affine subspace A but orthogonal to U.
O

Before the problem of (2.19) can be solved, some theoretical foundations should be
explained:

Definition 2.1 (Orthogonal Complement). If U/ is a subspace of a Hilbert space H
with the inner product (-,-), then the set of all vectors orthogonal to U is called the
orthogonal complement of U, and we write U for it.
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Figure 2.5: On the projection theorem for affine subspaces.

For the subspaces & and V of a Hilbert space, the following properties now hold:
1) The orthogonal complement U~ is a closed subspace,
2) U CUtt,

(1)

(2)

(3) IfU C V, then V+ Cc U+,
(4) U+ =yt and

(5)

uLL

) is the smallest closed subspace containing U.

Proof of (1). Since the linear combination of orthogonal vectors is again orthogonal,
it follows immediately that U+ is a subspace. The closedness of U+ follows from
the fact that, due to the continuity of the inner product (-,-), for the limit x of a
convergent sequence (x;) in U+, we have

0= (y, x¢) = (y,%) (2:22)

for all y € I and thus also x € U . O

Ezercise 2.2. Prove the above properties (2) to (4).
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Definition 2.2 (Direct Sum). A vector space X is called the direct sum of two
subspaces U and V, and we write X =U @V, if every vector x € X can be uniquely
represented as the sum x = u+ v with u € / and v € V.

Without proof, the following theorem holds as a corollary of the projection theorem of

Theorem 1.1:

Theorem 2.2. IfU is a closed linear subspace of a Hilbert space H, then H = U UL
and U = U+,

The following theorem can now be given for the solution of the minimization problem
with affine constraints from (2.19):

Theorem 2.3 (Minimization with Affine Constraints). Let H be a Hilbert space with
the linearly independent vectors s1,Ss,...,S,. Among all possible vectors x € H that
satisfy the affine equation system

X,81) = c1
X,82) = C2
(2.23)
<X, Sn> = Cn
with the constant coefficients c1,co, ..., cn, let the vector xg have the minimal norm.
Then xg can be written in the form
n
Xy = Zp07ij = Spo (2.24)
j=1
where pg = [po’l P02 - -- p07n} is calculated from the relationship
(s1,81) -+ (sn,s1)| |Pon a
=|: (2.25)
<517 Sn> ce <Sn7 Sn> 0,n Cn
—— ——
G=STSs Po ©
with the Gramian matriz G.
Proof of Theorem 2.5. Let U = span{si,sa,...,s,} be a closed linear subspace of

the Hilbert space H. The set of all possible vectors x € H that satisfy the affine
equation system (2.23) form an affine subspace of H, namely the translational shift of
U+ by a vector 4. Since the orthogonal complement 2/ is a closed subspace, we can
apply Theorem 2.1 and thus know that the optimal solution x( exists, is unique, and
is orthogonal to . However, this implies xg € U+, and due to the closedness of U
and Theorem 2.2, we obtain U+ = U. Since x¢ € U holds, xo must be representable
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as a linear combination of the s;, j = 1,...,n, according to (2.24). Substituting
(2.24) into the affine constraint (2.23), we obtain the result (2.25). O
Applying Theorem 2.3 to the minimization problem (2.19) with S = {sl Sy ... sn}

and the inner product (x, z)Q = xTQz in the Hilbert space # = R™, i.e.,

1 forj=I

Iﬁl{ijn<kj7kj>cg subject to <kj,Q_lsl>Q =05 = { (2.26)

0 otherwise
for j = 1,...,n, then, replacing s; with Q~!s; in (2.24) and (2.25), we obtain the result
kjo=Q 'Spy and (Q'S)'QQ7'Spy = e, (2.27)

or

kjo=Q 'S(STQ7'S) le; . (2.28)
According to (2.20), the optimal solution Ky for the matrix K is calculated as

K =Q!s(s™Q's)! (2.29)
and thus the desired linear Gauss-Markov estimator according to (2.13) is

p=(STQ7's)"'sTQy . (2.30)

Comparing (2.30) with (1.128), we see that the result is identical to the result of the
least-squares identification with weighted least squares with the weighting matrix Q 1,
where Q = cov(v) holds.

For the expected value of the estimation error e = p — p, we obtain E(e) = 0 according
to (2.17), and the covariance matrix of the estimation error is given by (2.16):

E(ee”) = B((p — Ky)(p~ Ky)") =E([p—K(Sp+v)][p— K(Sp+V)|")

= B([Kv][Kv]") = KQK" (231
or, with (2.29),
E(ee™) = (87Q'8)7'STQ'QQ'S(s"Q 's) ' = (sTQ ') . (2.32)

In the literature, the linear estimator (2.30) is often also called BLUE (best linear unbiased
estimate).

If the covariance matrix cov(v) = E(vv') = Q is a diagonal matrix of the form
Q = diag(qo, q1, - . .) with ¢; > 0 for all 7 > 0, then for the Gauss-Markov estimator (2.30),
according to the recursive method of weighted least squares (1.121), with o; = 1/g;, a
recursive version can be immediately given. This also clarifies the question of what the
optimal choice of the sequence of positive weighting coefficients o; (o; > 0 for all j) looks
like in (1.121).

)
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2.2 Minimum-Variance Estimation

It has been assumed so far that no information is available about the n-dimensional vector
of unknowns p in (2.11). However, in some cases, a priori information about p in the
form of stochastic characteristics (expected value, covariance matrix) is known. Therefore,
it is assumed that for the system of equations (compare also (2.11))

y=Sp+v (2.33)

with the stochastic perturbation v, the known (m x n)-matrix S € R™*", the n-dimensional
random vector p € R", and the m-dimensional measurement vector y € R™, the following
holds:

E(v) =0, cov(v) = E(VVT> =Q with Q>0
E(p) =0, cov(p) = E(ppT) =R with R >0 (2.34)
E(va) - N.

Furthermore, it is assumed that the matrix (SRST +Q+ SN + NTST) is non-singular.
A linear estimator is sought
p=Ky (2.35)

with a constant (n x m)-matrix K € R"*™ such that the following minimization problem
. 2 . T
minE(|lell3) = min E([p — Ky|"[p - Ky]) (2.36)

is solved. By expanding (2.36) and using the relationship spur(KSR) = spur (R(KS)T)
we obtain

mlgnE([p - Kyl'lp - Ky]) =

min E(lp - KSp|"[p — KSp]) —2 E([p — KSp| "Kv) + E(v'K'Kv) ¢ =

spur(E([E—KS}ppT[E—KS]T)) spur(E([E-KS]pvTKT)) spur(E(KvvTKT))
mén{spur([E - KSR[E - KS]" - 2KN" - K[SN + N"S"|K" + KQK")} =

mlén{spur(K(SRST +Q+SN+ NTST)KT - QK(SR + NT))} .

(2.37)
Writing the matrix K and the identity matrix E as in (2.20)
ki
k3
K=| . and E = [el ey - en] (2.38)
kT

n
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then (2.37) becomes
mén{Z(k;F (SRS + Q + SN + NTST)k; — 2k] (SR + N )e;) } . (2.39)

Comparing the minimization problem (2.39) with that of (1.61), i.e.,
min(y — Sp)" (y — Sp) = min (y"y - 2p"8"y +p"S"Sp), (2.40)

it is seen that the two problems are equivalent. Thus, the solution of (2.39) can be directly
given by the solution of (2.40) (compare (1.63))

po = (S7S) STy (2.41)

by setting STS = SRST + Q + SN + NTST and STy = (SR T NT)ej in (2.41). This
yields the optimal solution Ky for the matrix K of (2.35) as

-1
Kj = (SRS"+ Q + SN + N'S™) " (SR + N7) (2.42)
and the sought linear minimum-variance estimator according to (2.35) is
-1
p= (RST + N) (SRST +Q+SN+ NTST) y . (2.43)

Note that at the beginning of this section it was assumed that (SRST +Q+ SN + NTST)
is non-singular.
The covariance matrix of the estimation error is calculated as

cov(e) = B([p ~K(Sp + v)]lp ~K(Sp +v)|") = E([E -~ KS|pp"[E - KS|) -
E(Kvp" (E - STKT) + (E - KS)pv'K") + B(Kw'K")
= (BE-KS)R(E-KS)" - KN"(E - SK") — (E - KS)NK” + KQK"
~R-— K(SR + NT) - (RST + N)KT + K(SRST +Q+ SN+ NTST)KT
=R~ (RS" + N)(SRS" + Q + SN + NTST)_l (SR+NT)-
(RS” + N)(SRS™ + Q + SN + NTST)_1 (SR +NT) + (RST +N)
(SRST +Q+SN+ NTST)A (SRST +Q+SN+ NTST)
(SRST +Q+SN+ NTST)_l (SR + NT)

—R - (RS" + N)(SRS" + Q + SN + NTST)A (SR+NT).
(2.44)
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Ezercise 2.3. If you have the time, verify (2.44).

In contrast to the Gauss-Markov estimator (2.30), the minimum-variance estimator
(2.43) yields meaningful results even if fewer measurements m than unknowns n are
available, provided that the matrix SRST 4+ Q + SN 4+ NTST is non-singular. The
reason for this property is obviously that, in the minimum-variance estimator, stochastic
information about the parameter vector p is available, and thus a meaningful estimation
is possible with fewer measurements, or even with no measurements for Q > 0.

Applying now the matrix inversion lemma, Theorem 1.3,

-1
(A+BCD) ' =A"'—A7'B(C™'+DA'B) DA™ (2.45)

to the covariance matrix of the estimation error cov(e) from (2.44) with A = R™!,
-1
B=ST+RIN,C= (Q - NTR—lN) and D =S + NTR~!, we obtain

cov(e) =R — (RST n N) (SRST LQiSN+ NTST)_l (SR . NT>
= (Rl + (ST + R—lN) (Q _ NTRle)_l (S N NTRl)) -1 (2.46)

Furthermore, it is easy to verify that the minimum-variance estimator (2.43) can be
written in the form

p = cov(e) (ST 1 R—lN) (Q - NTR_1N>_1y. (2.47)

Ezxercise 2.4. Show the validity of (2.47).

Equation (2.47) now shows that for R™! = 0, i.e., infinitely high variance of the
parameter vector p — thus no meaningful a priori information for p is available — and
Q > 0, the minimum-variance estimator (2.43) or (2.47) transitions into the Gauss-Markov
estimator (2.30).

The results (2.43) and (2.44) in combination with the relationships

E(pyT> = E(ppTST + pVT) = (RST + N) (2.48)
and
E(yy") =E([Sp+v][Sp+v]") = (SRS" + Q+ SN + N'ST) (2.49)
can be summarized in the following theorem:

Theorem 2.4 (Minimum-Variance Estimator). For the system of equations (2.33)
y=Sp+v (2.50)

with the stochastic quantities p, v and y, it is assumed that E(ny) is invertible. The
optimal linear estimate p of p, which minimizes the expected value of the quadratic
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A

error E([p - p]T[p - f)]) , is given by

p= E(pyT) [E(ny)} Ty (2.51)

with the associated error covariance matriz
cov(e) = E(fp —pllp—b]") = E(pp") — E(pp")
= B(pp") ~ B(py") [B(v")] " B(ww")

Note the similarity of (2.51) to the optimal solution in the sense of least squares from
(1.63).

(2.52)

Ezxercise 2.5. Show the validity of the relationship (2.52). Further show that
E(lp-pllp-p]") =E(plp—p]") or E(pp") =E(pp").  (253)
Remark: (to Exercise 2.5) Simply substitute the expression from (2.51) for p.

FEzercise 2.6. Show that the relationships (2.43) and (2.44) can be derived directly
using Theorem 2.4.

FEzercise 2.7. Assume that the expected values E(y) and E(p) are not zero as in
(2.34), but E(y) = yo # 0 and E(p) = po # 0. Show that the minimum-variance
estimate of the form

P=Ky-+b

with the constant vector b is given by

p =0+ E([p — polly —vol ) [E(ly ~ volly ~ vol")] (v ~ o)

By the minimum-variance estimation of a linear function

z=Cp (2.54)

with the optimal estimator
z =K,y (2.55)

based on the measurements
y=Sp+v (2.56)

we understand the solution of the minimization problem

min B ([z - 2]"[z - 7)) . (2.57)

z

The following theorem now applies:
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Theorem 2.5 (Minimum-Variance Estimator of a Linear Function). The linear
minimum-variance estimate (2.55) of a linear function Cp based on the measurements
(2.56) is equivalent to the linear function of the minimum-variance estimate p itself,
i.e., the best estimate of Cp is Cp.

| FEzercise 2.8. Prove Theorem 2.5.

2.2.1 Recursive Minimum-Variance Estimation

In the next step, we will investigate how the optimal estimate p from (2.47) can be
improved by adding new measurements. This is of particular importance for on-line
applications. The method is again based on the properties of the projection theorem
in a Hilbert space. If /4 and Uy denote two subspaces of a Hilbert space, then the
projection of a vector p onto the subspace U; + U is identical to the projection of p onto
U, plus the projection onto U3, where U5 is orthogonal to U; and satisfies the relationship
Uy @ U5 = Uy +Us. If Us is spanned by a finite number of vectors, then the differences
between these vectors and their projections onto U span the subspace U5. Figure 2.6
illustrates this situation.

Figure 2.6: On the projection onto the sum of orthogonal subspaces.

Thus, the following theorem can be stated:

Theorem 2.6 (Recursive Minimum-Variance Estimation). Let p be a random vector
of a Hilbert space H of random variables and let p1 denote the orthogonal projection
of p onto a closed subspace Uy of H. According to the projection theorem, Py is thus
the best estimate of p in Uy. Furthermore, let yo describe all those random wvectors
that span the subspace Us of H, and let 32 be the orthogonal projection of yo onto U .
According to the projection theorem, yo is thus the best estimate of yo in Uy. With
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Yo = yo — ¥o, the projection p of p onto Uy + Us is

p=p1+E(p5] ) [E(5:53)] 92 - (2.58)

Thus, the best estimate p on Uy + Us is composed of the sum of the best estimate of p
on Uy (P1) and the best estimate of p on Us (the subspace generated by y2).

Proof of Theorem 2.6. 1t is easily verified that U; + Us = Uy ® U5 and that U3 is
orthogonal to U;. Equation (2.58) then follows from the fact that the projection
onto a sum of subspaces is equal to the sum of the projections onto the individual
subspaces, provided that these are orthogonal. O

The result of Theorem 2.6 can also be interpreted as follows: If p; denotes the optimal
estimate based on measurements that span the subspace U;, then when receiving new
measurements that span the subspace Us, only that part needs to be considered that
is not yet described by the measurements in U, i.e., that part of the new data that is
orthogonal to the old data and thus lies in the subspace U .

As an application example, consider a system of equations of the form of (2.33)

y1=Sip+v1. (2.59)

-1
Furthermore, p; = E(ple) [E (ylle)] y1 denotes the optimal minimum-variance esti-

mate of p according to (2.47) or (2.51) based on dim(y;) measurements with the error
covariance matrix

cov(p —p1) = E([p — pillp —p1]") = P1 . (2.60)
The question now arises how to improve the estimate of p by adding new measurements
y2 = S2p + Vv (2.61)
For the stochastic perturbation vo and the random parameter vector p, let
E(v2) =0, cov(vy) = E(VQV;F) =Q2 with Q>0 (262)

B(p) = 0 B(pvI) =N, '

Furthermore, it is reasonable to assume that the perturbation v is not correlated with
past measurements y;, and thus

B(vayl) =0 or B(vapf) =0. (2.63)
The best estimate yo of yo based on the past measurements y; is
Y2 = S2p1 - (2.64)

Thus, according to Theorem 2.6 with yo = y2 — ¥9, the improved estimate ps is

p2 = b1 + B(py} ) [E(5257)] 52 (2.65)
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with

) 2V PisT 4N, (2.66)

E(py3) = E(p(p— 1) ST +pv3
and

E(y253 ) = E([Sa(p — b1) + va][Sa(p — P1) + Vo] ) = S5P1S] + Qs + SN, + N3 ST .
(2.67)

Ezercise 2.9. Show that the error covariance matrix, analogous to (2.44), can be
calculated in the form

Py = cov(p — p2)

=Pi- (PlS;F T NQ) (SQPlS;F + Q2 + SaNo + NES;F)_I (SgPl + NE) (2:68)

This yields the recursive minimum-variance estimator

—1
Pr = Dr—1+ (Pk—1SE + Nk) (SkPk—ls;cr + Q. + SNy + NESE) (Yr — SkPr—1)
(2.69)
with

Py = Prt — (PyiSE + Ni) (SiPectST + Qi + SNy + NTST) 7 (Piy + NT)
(2.70)
and the initial values P_; and p_;.

Assuming now that exactly one new measurement is added in each iteration step, i.e.,
the quantities y; and vy are scalars, then by substituting S; = SE, Qi = E(U,%) = qg
and N = E(puvg) = ng into (2.69), (2.70), the recursive minimum-variance estimator
becomes

Pi_i1s; +ng

= 2.71a

(Qk + QSEnk a4 SEPk—lsk) ( )

P, =P, — ks (SEPk—l 4= nE) (2.71b)
Pk = Pi—1 + Ky <yk - ng)k—l) : (2.71c)

Note also in this context the analogy to the recursive weighted least squares method
(1.121) for gy = 1/ay and n; = 0.

2.3 The Kalman Filter

Building on the previous considerations, especially the recursive minimum variance
estimation, the next step is to derive the Kalman filter, an optimal observer in the sense
of control theory. For the fundamentals of observer theory, refer to Chapter 8 of the
Automation script. Numerous versions of the Kalman filter exist in the literature. In
this lecture, we will initially consider a linear, time-invariant, discrete-time system of the
form
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X1 = Pxg + T'ug + Gwy x(0) = x¢ (2.72a)

yi = Cx; + Dug + vy (2.72b)
with the n-dimensional state x € R", the p-dimensional deterministic input u € R?, the
g-dimensional output y € R?, the r-dimensional disturbance w € R", the measurement
noise v, and the matrices ® € R"*", T € R"*P, G € R"*", C € R?*", and D € R?*P,

It should be noted here, however, that the Kalman filter can also be designed for linear,
time-variant, and continuous-time systems. The following assumptions apply:

(1) For the disturbance w and the measurement noise v, it is assumed that

E(vg) =0 E(vkv?) = Rdy; (2.73a)
E(wy) =0 B(wiw] ) = Qo (2.73b)
E(wkv;f) =0 (2.73¢)

with Q > 0, R > 0, and the Kronecker delta é;; = 1 for £ = j and d;; = 0 otherwise.

(2) The expected value of the initial value and the covariance matrix of the initial error
are given by

E(xo) =mg  B([xo — %o][xo — %0]") =Py >0 (2.74)
with the estimate X of the initial value xq.

(3) The disturbance wy, k > 0, and the measurement noise v;, [ > 0, are uncorrelated
with the initial value xq, i.e.,

B(wixj ) =0 (2.75a)
B(vixj ) =0 (2.75b)
However, due to
. j_l
X; = DIxg + Z ‘I’l(I‘uj_l_l + ij—l—l) (276)
1=0
and (2.73), the relationship
E(kajT) =0 fork>j (2.77a)
E(lejT) =0 foralll,j. (2.77Db)

also holds.

For further considerations, the following notation is introduced:
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Definition 2.3. The optimal estimate of x; considering 0, ..., 7 measurements is
abbreviated as X(k|j).

Theorem 2.7 (Kalman Filter). The optimal estimate X(k + 1|k) of the state xx41 of
the system (2.72) considering l = 0,..., k measurements is calculated according to the
iteration rule

%(k + 1)k) = ®%(k|k — 1) + Tuy+

®P(k|k — 1)CT(CP(klk — 1)CT + R)il()’k — Cx(k|k — 1) — Duy) (2.78)
with the covariance matriz of the estimation error
P(k+1|k) = ®P(k|k —1)®" + GQGT
— ®P(k|k — 1)CT(CP(klk - 1)CT + R)*lcp(k\k —1)®T (2.79)
and the initial values X(0] — 1) = mg and P(0] — 1) = Py.
Proof of Theorem 2.7. Assume that the measurements yg,y1,...,yr_1 have been
used for the optimal estimate %(k|k — 1) with the error covariance matrix
P (klk — 1) = B( [, — (k| — 1))k — %(klk — 1)]") (2.80)
At time k, the measurement yj
vi = Cx; + Duy, + vy, (2.81)

is now used to improve the estimate of x;. According to Theorem 2.6, the estimate
x(k|k) of xi, is

-1
%(klk) = x(k|k — 1) + B(xx3% ) [B(3:37)| 9 (2.82a)
Vi =yr — Cx(k|k — 1) — Duy (2.82b)
or with (2.53) in
B(xiy7 ) = B(xk(Cx + vi — Cx(klk — 1))") = P(k[k — 1)C” (2.83)
and
E(yiyi) = CP(k[k - 1)CT + R (2.84)
it follows

x(k|k) = %(k|k — 1)+

P (klk — 1)CT (CP(k[k — 1)CT + R)_l(}’k _ OR(k{f— 1) — Duy) (2.85)
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Thus, the error covariance matrix can be written in the form (compare (2.44), (2.70))

P (klk) = B( [xp — % (k[k)][xi — % (k[k)]") = -
P(kyk—1)—P(k\k—1)CT(CPCT+R)*ICP(W—1) '

According to Theorem 2.5, the optimal estimate of ®x; is equal to the optimal
estimate X of x; multiplied by ®, so it holds that

x(k + 1|k) = &x(k|k) + Tuy, . (2.87)
For the covariance matrix of the estimation error, we obtain

P(k + 1]k) = B([xx 1 — %(k + 1k)][xx11 — %(k + 1[%)]")
= B([®(x; — x(k[k)) + Gwi][®(x; — x(k|k)) + Gwi]")  (2:88)
= ®P(k[k)®" + GQG"

Combining (2.85)—(2.88) directly yields the result of Theorem 2.7. O

The composition of the error covariance matrix (2.79) should be interpreted at this
point: The term ®P(k|k — 1)@ describes the change in the covariance matrix due to the
system dynamics, GQGT indicates the increase in error variance due to the disturbance
w, and the remaining expression with a negative sign describes how the error variance is
reduced by adding the information of new measurements.

2.3.1 The Kalman Filter as an Optimal Observer

Introducing the abbreviations X1 = x(k + 1|k), % = %X(k|k — 1), Pry1 = P(k + 1|k),
and P = P(k|k — 1), (2.78) and (2.79) can also be represented in the compact form

K1 = B%), 4+ Tuy, + Ky (yr — Cx;, — Duy,) (2.89)

with
K, — @PkCT(CPkCT i R)_l (2.90)

and
Pj1 = #P,3" + GQGT — #P,CT(CP,C" + R)  CP&" (2.91)

Equation (2.91) is also called the discrete Riccati equation. Comparing (2.89) with a
Luenberger observer, it is seen that the Kalman filter is an observer with a time-varying
observer gain matriz K. The expected value of the observation error e = x, — X
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satisfies the iteration rule
E(eps1) = E<<I>xk + Gwy, — %), — Ky (Cxy, + vip — ka))
= E(((f' — ch> (x — Xi) + Gwy, — Kkvk) (2.92)

(<I> - ch) E(er) .

If %9 = E(x¢) = my is set, then E(eg) = 0 for all £ > 0. Furthermore, it can be seen from
(2.90) and (2.91) that, starting from the initial value Py, the error covariance matrix Py,
and thus also K}, can be pre-calculated and stored in the computer without knowledge of
the measurements yy, for all £ > 0.

If no previous measurement values about the process are available, one typically sets
X0 = 0 and Py = aE for a > 1. If the observer runs for a very long time, the problem
can be treated mathematically as if it were in operation indefinitely. It turns out that for
infinitely long time, the covariance matrix of the estimation error converges to a stationary
value P. In this case, the observer gain matrix K. is also constant and is calculated as

N —1
Koo = ®P, CT(CPL.C" + R) (2.93)
with P4, as the solution of the so-called discrete algebraic Riccati equation
—1
P, = ®P, " + GQGT — <I>POOCT<CPOOCT + R) CP..®T .  (2.94)

Equation (2.94) has a unique symmetric solution P, with the property that all eigenvalues

of (@ — KOOC) lie in the open interior of the unit circle, if the following conditions are
met:

(1) The pair (C, ®) is detectable, i.e., all eigenvalues outside the unit circle are observable.

(2) The pair (<I>, GQGT) is stabilizable, i.e., all eigenvalues outside the unit circle are
controllable via the input GQGT.

(3) The matrix R is positive definite.

Such a solution of the discrete algebraic Riccati equation (2.94) is also called a stabilizing
solution. Since for this stabilizing solution all eigenvalues of (<I> — Kooc> lie in the open
interior of the unit circle, the expected value of the observation error decreases according
to (2.92), and limg_,~ E(ex) = 0 holds. The solution P, of the discrete algebraic Riccati
equation (2.94) can be easily obtained by iterating the discrete Riccati equation (2.91)
starting from the initial value Py until Py changes only insignificantly in terms of a norm.
Although the iteration rule generally converges very quickly to a stationary value, in
practice, as is also the case in MATLAB, the algebraic Riccati equation (2.94) is solved
more efficiently numerically via an eigenvector decomposition, see the MATLAB commands
care or dare.
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Exercise 2.10. The motion of a satellite about an axis is modeled in the form

2
I—¢=M,— M,

with the moment of inertia I, the torque M, as the control variable, the torque M as
the disturbance, and the angle ¢. Determine the corresponding discrete-time system
of the form (2.72) for the sampling time T, = 1s, I = 1, and the output variable .
Assume that the measurement of the angle ¢ is superimposed with the measurement
noise v and that the disturbance torque My corresponds to the process disturbance
w. Let

E(w) =0 E<w2> =q
E(v) =0 B(v?) =0.1.

Calculate and plot the elements of P of the Kalman filter according to the iteration
rule (2.91) for the initial value Py = E and ¢ = {0.1,0.01,0.001}. Implement the
Kalman filter in MATLAB/SIMULINK.

Remark: The relationship (2.93) with the constant observer gain matrix Koo speci-
fies an optimal full observer that is usable for both single-variable and multivariable
systems. In contrast to observer design using the pole placement method (note the
Ackermann formula according to Chapter 8 of the Automation kecture notes), no
poles of the error system need to be chosen for the Kalman filter, which can be very
difficult, especially in the multivariable case. The behavior of the error system is
instead influenced by specifying the covariance matrices Q of the disturbance w and
R of the measurement noise v.

For the choice of the covariance matrix R of the measurement noise v, a very often
interpretable approach based on the (noise) characteristics of the sensor can be found.
Furthermore, a distinction can be made between reliable and less reliable measure-
ments via the weighting of the entries of the covariance matrix R. If a measurement
is less reliable, the corresponding entry on the main diagonal of the covariance matrix
s chosen to be very large. This assumed large variance of the measurement causes
the observer to weight this measurement less in the state estimation compared to
the other measurements. In the practical application of the Kalman filter, it is even
common to switch the covariance matrix during operation if one or more sensors
deliver implausible measurements or if an operating range is reached where it is
known in advance that certain sensors no longer provide reliable information.

These assumptions generally do not apply to the process disturbance w and thus
to the covariance matrix Q. The assumption that w is white noise is usually not true.
One might now get the idea to choose the generally unknown matrix Q very small
or even zero. However, the choice Q = 0 corresponds to the scenario of a system
without disturbance w. As can be seen from condition (2) for the solution of the
discrete algebraic Riccati equation, the choice Q = 0 (or generally also for Q < 1)
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application is usually done by trial and error.

system of the form

Xp+1 = Bxg + Tug + Gwy, x(0) = xo
Yi = Cxy + Dug + Hwy + vy,

instead of E(wkvg) = 0, it is allowed that

E(karlg) = Nékj 7& 0
holds. For this case, the optimal state estimation is calculated as
Rps1 = ®Ry 4+ Tuy + K (yr — CXp — Duy,)

with

and

Py = ®P8T + GQGT - Ky (CP@" + HQG™ + NTGT) .

The proof can be found in the literature, in particular [2.2].

2.3.2 Frequency-domain properties of the stationary Kalman filter

Assume that the measurement noise vy from (2.72), i.e.,

Xpt+1 = Pxp + T'u, + Gwy x(0) = xg
Yk = Cxy + Duy + vi

is generated by a dynamic system of the form

Zp1 = Pazi + 1y
vi = Cazp +my

does not lead to a stabilizing solution. The choice of Q (and also R) in practical

Remark: In the MATLAB CONTROL SYSTEMS TOOLBOX, a slightly more general

(2.95a)
(2.95b)

with the additional term Hwy in the measured output, is considered. Furthermore,

(2.96)

(2.97)

& —1
K, = (<I>PkCT + GQHT + GN) (CPkCT +HQH" + R + HN + NTHT)

(2.98)

(2.99)

(2.100a)
(2.100D)

(2.101a)
(2.101b)
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with the stochastic disturbances n; and my. Substituting v from (2.101) into (2.100)
yields the extended system in the form

X ® 0| |x r G 0| |w x(0) = x
1| _ Bl 1 a, + k (0) ==xo (2.102a)
Zi11 10 @, |z 0 0 E| |ng z(0) =z
Xk+1 P Xk r G Wk
] X
vi=[C G +Duy + my, . (2.102b)
———— Zj
c \YJ
Xk

The stationary Kalman filter according to (2.89) and (2.93) for the extended system
(2.102) is then

% & 0][x r K,
sl U U e+ | X (vk — CRp, — Cp2i — D) (2.103)
Zi+1 0 ‘I)z VA 0 Kz
——
Koo
or
% & -K,C -K,.C % K r - K,D
Xt | B X PR T T T . (2.104)
Zhi1 -K,C &, K,C,| |z K, -K,D

Since the system is linear and thus the superposition principle applies, the input u;z =0
is set in the following. The z-transfer matrix from the input y; to the output X is

A A —1 A
R E- & + KyC KyC, Ky
G(z) = =) _ E of|™ * . X1 (2.105)
KZC ZE — @z + KzCz KZ

The following theorem now applies:

Theorem 2.8 (Transmission zeros of the stationary Kalman filter). The transmission
zeros of (2.105) are given by the relationship

det(zE — ®,) =0 (2.106)

Proof. Before Theorem 2.8 is proven, the concept of a transmission zero must be
briefly discussed. The zeros of the transfer function G(z) of a single-input single-
output system are usually characterized as the roots of the numerator polynomial
of G(z). In the case of a multivariable system with a transfer matrix G(z), this is
no longer as simple. A strict definition is given as follows: The zeros of the transfer
matrix G(z) are the roots of the numerator polynomials of the Smith-McMillan form
of G(z). For the definition of the Smith-McMillan form, refer to the literature cited
at the end. A physical interpretation of a transmission zero is now given. Consider
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the linear, time-invariant, discrete-time system of the form

Xp41 = Pxy + Tuy x(0) = %o (2.107a)
Yk = Cxy, (2.107b)

with the n-dimensional state x € R", the p-dimensional input u € RP, the ¢-
dimensional output y € R?, and the matrices ® € R™"*™ T' € R"*P, and C € RI*".
A complex number z; is a transmission zero if, for an input of the form (u;) = ug (zf),
uy # 0, there exists an initial state x9 # 0 such that the output (yx) vanishes
identically for all times k > 0. This property is also known in the literature as
transmission-blocking. In the z-domain, the output y.(z) = Z{(yx)} of (2.107) in
response to the input

us(2) = Z{(w)} = Z{uo(2}) } = up— (2.108)

with the initial value x(0) = x¢ is calculated as

y:(2) = C(zE‘I>)1<sz+Fuoz_Zz') : (2.109)
J

Using the resolvent identity
CE-®) '~ (4E-®) ' =(:GE-®) '(z; — 2)(E - &) (2.110)
(2.109) can be rewritten as

T'ugz

y=(2) = C((ZjE —®) '+ (2E - ®) (2 — 2)(3E - ‘i)_l) +

Z — Zj
C(zE — ®) '2x¢
=C(zE — @)_1z(x0 — (zE - <I>)_1I‘uo) + C(%E — ®) 'Tug

z

Z—ZzZj

(2.111)

FEzercise 2.11. Prove the identity of (2.110).

From (2.111), it can be seen that y,(z) vanishes identically only if the equations

x0 — (E—®) 'Tug =0 (2.112a)
C(zE - ®) 'Tuy =0 (2.112b)
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are satisfied. In summary, it can be stated that for a transmission zero z;, non-trivial
vectors ug and xg exist that satisfy the system of equations

[(sz— P) —1“] lXO] _ H (2.113)
C 0 ugp 0

and have the property that the output (yj) of (2.107) for the input (ux) = up (z;‘:)
and the initial value xg vanishes identically for all times k& > 0. Applying this result
to the transfer matrix G(z) of (2.105) with the input y; and the output X, the
conditions (2.113) in this case are

zE — & + K, C K, C, %0 [Kx 0
: ) B i P (2.114a)
K,C ZE - @, + K, Gy |20]  |K, 0
E o [XO] =0 (2.114b)
VAy)

| Ezercise 2.12. Derive the relationships (2.114).

From (2.114b), we obtain X9 = 0, and thus

Kx(Cy20 — yo) = 0
, . (2.115)
(2E— @, +K,C, )20 — Kuyo = 0.

Assuming the full column rank of Ky, C,2o—yo = 0 follows, and thus (zE — ®,)z0 =
0. It is now seen that (2.115) has non-trivial solutions for yo and Zg if and only if
det(z;E — ®,) = 0 holds, which proves Theorem 2.8. O

Remark: This result shows that the stationary Kalman filter (2.103) has zeros
at the poles of the disturbance model (2.101). To now design a Kalman filter that
blocks certain frequencies, simply choose a disturbance model with poles at these
frequencies. In general, it can be said that the greater the energy of the disturbance
at the respective frequencies, the more the Kalman filter suppresses these frequencies.

Ezxercise 2.13. Design a Kalman filter to estimate the rotational speed w of a permanent
magnet DC motor based on a measurement of the rotation angle ¢. For a certain
choice of parameters and neglecting the dynamics of the electrical subsystem, the
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0‘|
+ U
1

model of the DC motor is obtained in the form
el |0 1
wl o =1
®
e

It is now desired that resonance frequencies with an angular frequency wg, resulting
from the mechanical load, are suppressed by the Kalman filter. The corresponding
disturbance model can be modeled in the form

P
w

y=¢=[1 0

d Z1 0 1 Z1 0
dit | z9 —wg  —2¢wo| |20 w%

v=1[1 0] [zj

with white noise n as the input signal. Design a Kalman filter for these specifications
for a sampling time T, = 0.05 s and investigate the influence of different values for &
in the range 0.01 < ¢ < 0.7. Choose wg =3, G = E, Q=E, and R = 1. Plot the
Bode diagram of the Kalman filter and test your Kalman filter via simulation.

2.4 The Extended Kalman Filter

Before discussing the Extended Kalman Filter as an observer for nonlinear systems, the
Kalman Filter from Section 2.3 for linear time-variant sampled systems of the form

Xpt1 = Prxp + Trpug + Gpwy, x(0) = xg (2.116a)
vk = Cpx + Dypug + vi (2.116b)

with the n-dimensional state x € R", the p-dimensional deterministic input u € R?, the
g-dimensional output y € R?, the r-dimensional disturbance w € R", the measurement
noise v, and the time-variant matrices ®; € R"*"™, Ty, € R"*P, G € R™*", C}, € R9*",
and Dy € R?*P will be written down. Analogous to Section 2.3, the following assumptions
are made:

(1) For the disturbance w and the measurement noise v, it is assumed that

E(vi) =0 B(viv}) = Ry (2.117a)
E(wi) =0 E(wkw?) = Q0 (2.117b)
B(wyv]) =0 (2.117c)

with Qi > 0 and Ry, > 0 and the Kronecker delta d,; = 1 for £ = j and d;; = 0
otherwise.
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(2) The expected value of the initial value and the covariance matrix of the initial error
are given by

B(xo) =my  B([x0 — %o][xo — %] ) = Py >0 (2.118)
with the estimate X¢ of the initial value xg.

(3) The disturbance wyg, k > 0, and the measurement noise v;, [ > 0, are uncorrelated
with the initial value xq, i.e., it holds that

B(wixj ) =0 (2.119a)
E(leg) -0. (2.119b)
The derivation of the Kalman filter for the system (2.116) proceeds in a completely
analogous manner as in Section 2.3 and is given for k£ > 0, compare (2.89)—(2.91),
N -1
Kj = &, P,Cl (CkP,C + Ry) (2.120a)
X1 = p%p + Dpug + Ky (yi — Crky — Dyug) (2.120Db)
Pis1 = ®,Pu®T + G,Q.GT — &,P,CT(C,P,CT + R, C.Pdf 2.120
k1 = PpPr®; + GrQirGy PrCL (CrPrCp + Ry KPr®p . (2.120c)
If the initial value xg is known, then we set Xg = xg and Py = 0, and in the case that
no information about the initial value is available, X9 = 0 and Py = aE with a > 1 is
typically chosen. It should be noted that this representation can also be generalized for
H # 0 and E(wkv?) Z# 0 analogously to the discussions in the last section.

In the literature, it is often common to represent the Kalman filter in a slightly
different form. The optimal estimation of the state x; and the error covariance matrix Py

considering 0, ...,k — 1 measurements, compare Definition 2.3,
x, =x(klk - 1) (2.121a)
T
P, =P(klk—1) :E([xk—x,;] [k — % | ) (2.121b)

is referred to as the a priori estimate, and the optimal estimation of x; and P}, considering
0, ...,k measurements

i = %(klk) (2.122a)
P} = P(k|k) = E([xk =%t | 3 - &,ﬂT) (2.122D)

is referred to as the a posteriori estimate. (2.120) can thus be written in the equivalent
form
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Kalman Gain Matrix: L), = PI;CE (CkP,;C;f + Rk> - (2.123a)
State Estimate Update: }AckF =X, + Ly (y/rc — Cpx; — Dkuk>
(2.123b)
Error Covariance Update: P; = (E - I:ka)P,; (2.123c¢)
State Extrapolation (2.87): X = Pux) 4+ Truy (2.123d)
Error Covariance Extrapolation (2.88): P, = @szi’E + GkaGE (2.123e)

for k > 0 and the initial values X, = %o and Py = Py.

FEzxercise 2.14. Show the equivalence of the relations (2.120) and (2.123). For this,
perform the following substitutions in (2.123): %, | = Xg41, X, = X, P = Py,
P, =Py, and q’kflk = Kk

The Extended Kalman Filter (EKF) design is generally based on a nonlinear, time-
variant, continuous-time multivariable system of the form

d
5= f(x,u,w,t) x(0) = %o (2.124a)

y = h(x,u,v,t) (2.124Db)

with the n-dimensional state x € R, the p-dimensional deterministic input u € RP, the ¢-
dimensional output y € RY, the r-dimensional disturbance w € R", and the measurement
noise v. Since the Kalman filter is normally implemented in a digital computer, the
control variables are applied to the process via a zero-order hold (D/A converter) with
the sampling time 7,, and the measured variables are sampled with the sampling time T
via an A/D converter, the corresponding sampled system to (2.124)

X1 = Fr(xp, up, wy) x(0) = %o (2.125a)
Yi = hg(Xk, g, vi) (2.125b)

must be calculated. From the lecture on Automation (Section 6.2.1), it is known that the
exact solution of (2.124) is necessary to determine the sampled system.

Remark: The solution of a nonlinear system of differential equations of the form
(2.124) is known to be only possible in special cases. Therefore, an approximate
solution using an integration method is sought below. It is assumed that the control
variable u(t) and the disturbance w(t) are constant for the sampling interval k7T, <
t < (k+1)Tg, e, u(t) =u(kT,) = u; and w(t) = w(kT,) = wg, and the differential
equation (2.124a) is integrated over the sampling interval

(k+1)T,
Xk+1 = Xk + f(x(t), ug, wi, t) dt (2.126)
kTq
with xx+1 = x((k+ 1)7T,) and x; = x(kT,). The approximation of the integral in
(2.126) can be done in different ways. In the following, only two possible solutions
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will be given:

(1) Euler method

(k+1)Ta
/ £(x(2), 1y, W, ) df = £ (g, up, Wi KT5) T (2.127)
kT,

(2) Fourth-order Runge-Kutta method

(k+1)T, A 2A 2A A
/ E(x(t), up, Wi, ) dt = LT 2OX2 T 2OXSH AX4 5 19g)
KT, 6
with
Axy = f(xp, ug, wi, kT,)T,
A T,
Axy = f(Xk + %, uy, wi, kT, + 2>Ta
(2.129)

2
Axy = f(Xk + Ax3, ug, W, (k‘ = 1)Ta)Ta 5

A T
Axs = f<xk n %,uk,wk,kz’a n “)Ta

Here, for Axy in (2.129), the left-hand limit lim,_,41)7, u(t) = u; and
limy_, (441)7, W(t) = Wi, was used.

The output equation (2.125b) of the sampled system is obtained very easily for both
cases by evaluating the output equation (2.124b) of the continuous-time multivariable
system for t = kT,

Y = h(Xk, ug, Vi, ]CTG) = hk(Xk, ug, Vk) . (2130)

Assuming that a discrete-time system of the form (2.125) is given by the relations
(2.126)—(2.130), the idea of the Extended Kalman Filter is based on the fact that a Taylor
series expansion is performed for the right-hand side of (2.125a) around the point xj, = %},
u;, = u; and wi = 0 and truncated after the linear term, i.e.,

0 0
_ ot 9 B (4t ot ot
Xpr1 = Fg (Xk: , Uk, 0) + 9%, F; (Xk; , U, 0) (Xk X ) + owr F; (sz , Uk, 0) Wk . (2131)

Analogously, the right-hand side of the output equation (2.125b) is developed into a Taylor
series around the point x;, = X, , u; = u; and v; = 0 and truncated after the linear term

yr = hg ()A(];, ug, O) + ihk; ()A(I;, ug, 0) (Xk — )A(];) + ihk ()A(];, ug, O)Vk . (2.132)

Oxp, ovy,
Note that the following simplified notation is used consistently here:
0 L 0
~—Fy (Xk ,uk,O) = ——Fp(xp, up, wi) (2.133)
oxy, Ixy, X=X, U=y, W;=0

The relations (2.131) and (2.132) can be written more compactly for further considerations
in the form
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X1 = Prxg + 0 + Gpwy (2.134a)
Vi = Cpxp + 0y + Vi (2.134Db)
with
0 . _ - .
@k = a—Xka (X’j, U.k70> Ug = Fk (X];-’—y uy, 0) - Qkxl—l_
9 /. 0
0
up = hy (X, 0) — Cix, Vi = —hg (X, 0
uy k(xk,uk, ) kX, Vi e k(xkauka )Vk

It is now obvious that the structure of the system (2.134) directly allows the applica-
tion of the Kalman filter according to (2.123). The necessary calculation steps for the
implementation are summarized again below.

(1) For the nonlinear, time-variant, continuous-time multivariable system (2.124), cal-
culate a discrete-time system of the form (2.125).

(2) The estimated state and the covariance matrix of the estimation error must be
initialized for the initial time point with %X, and P .

(3) It is again assumed for the disturbance wj and the measurement noise vy in (2.134)

that
E(v) =0 B(viv] ) = Ry (2.136a)
E(wy) =0 B(wiw] ) = Qi (2.136b)
B(wyv] ) = (2.136¢)

with Qi > 0 and Ry, > 0 and the Kronecker delta d;; = 1 for k = j and d3; = 0
otherwise.

(4) The iteration equations of the Extended Kalman Filter are then for k£ > 0
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o .
Ci = 5 (xk ,uk,O) (2.137a)
& —1
Ly, = P; Cf (CkP; CF + Ry) (2.137b)
s =% + L (i — Cixy — k) = %5 + L (yx — he (%5, 1, 0) ) (2.1370)
P} = (E-1,Ci)P; (2.137d)
9 ot
B = 5 Fy (xk up, 0) (2.137¢)
9 ot
G = 5. T (xk ,uk,0> (2.137f)
%py1 = Buky + Fi (%0, 0) — By = Fi (5,1, 0) (2.137g)
ug
P, = &P &} + G,Q,Gy . (2.137h)

Remark: In the Extended Kalman Filter design, it is assumed that the linearized
transformation of the mean and covariance corresponds with good accuracy to the
mean and covariance of the nonlinear transformation. This assumption is generally
not true, which is why the Unscented Kalman Filter considered in the next section is
often used to improve the observer design for nonlinear systems.

Fxercise 2.15. The mathematical model

—T1 = T2+ Wy

dt
Tl = 2poeXp<— 7 )Cwm:vz — g+ w2

describes the free fall of a body of mass m and cross-sectional area A in the Earth’s
atmosphere with altitude z1 and velocity x3. The term pg exp(—x1/k) corresponds to
the altitude-dependent density in the atmosphere (py density at sea level), whereby the
term with 23 describes the deceleration due to air resistance with the drag coefficient
Cy. Furthermore, g represents the acceleration due to gravity. The process noise is
given by the stochastic variables w; and wo. The altitude z; can be determined via
the output equation
y=x1+v

with the measurement noise v. Design an Extended Kalman Filter for the parameters
po=12kg/m3 g=19.81m/s? k=9100m, A= 0.5m? m = 100kg, and C,, = 0.5
that estimates, in addition to the altitude x; and velocity x2, the constant drag
coefficient Cy,. Extend the system of differential equations to include the state
x3 = Cy with

La=0+
FT w3
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and the process noise component ws. Use the Euler method to determine the discrete-
time system. Assume that the nominal values or initial conditions of the variables
Cy, 21, and z2 are normally distributed. The corresponding values of the means and
variances can be found in the following Table 2.1. For the simulation, assume the
following values: Cy, = 0.6, 1(0) = 39500 m, and x2(0) = —10m/s.

Variable Mean Variance
Cuw 0.5 1
r1(0)  39-10°m 1-10*m?
x2(0) Om/s 1m?/s?

Table 2.1: Means and variances of the parameters and initial conditions.

FEzercise 2.16. An Extended Kalman Filter is to be used for position determination
of a vehicle in a two-dimensional space (o-axis: East coordinate, n-axis: North
coordinate). Several measuring stations with coordinates (O;, N;), i = 1,..., M
measure the distance to the vehicle. The acceleration of the vehicle in the North and
East directions is modeled by white noise. The system of difference equations

Ok+1 107, O Ok w1k

Nk+1 B 01 0 Ta ng n W2,k
Ov k+1 00 1 Of ok w3k
Ny k+1 00 0 1] |nuk Wy k

Xk+1 P Xk Wk

describes the vehicle behavior, where o;, and n; and o, and n,j denote the co-
ordinates and velocities of the vehicle relative to the origin of a fixed coordinate
system in the East and North directions at time k7, with sampling time T,, and
Wk, j =1,...,4 are the components of the process noise. Furthermore, the distance
measurements of the vehicle from the stations are given by

yi,k:\/(nk_Ni)2+(0k_Oi)2+Ui,k7 i=1,....,M

with the measurement noise v; 1, 7 = 1,..., M. Assume that all stochastic variables
(wjx) and (v; ) are normally distributed, uncorrelated, and zero-mean. The sampling
time is given as T, = 0.1s. For the covariance matrix of the process noise, it applies
that

E(wkij> — Qdp; with Q = diag(0,0,4,4)

and the covariance of the measurement noise is

E(vi,vij) = Ridy; with R;=1, i=1,...,M .
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The initial state x§ = [O 0 50 50} is exactly known. Simulate the system for

60 seconds and design an Extended Kalman Filter to estimate the states. Vary the
number and position of the measuring stations.

2.5 The Unscented Kalman Filter

The Extended Kalman Filter (EKF), discussed in the last chapter, is the (industrial)
standard for state estimation of nonlinear dynamic systems. However, the EKF has the
disadvantage that it can provide unreliable estimations (of the expected value and the
error covariance) if the system exhibits pronounced nonlinearities. This unreliability
results from the linearization of the nonlinear system dynamics, which is used to calculate
the expected value and the covariance of the state. To illustrate this problem in more
detail, the next section shows how the expected value and the covariance of a random
variable change through a nonlinear transformation.

2.5.1 Expected Value and Covariance of Nonlinear Transformations

In the following, the example of a transformation from cylindrical coordinates to Cartesian
coordinates is considered

y = [yll — h(x) = [xl COS(”)]. (2.138)

Yo x1 sin(xz9)

It is assumed that the random vector x = [z1, .fL'Q]T is defined by the uncorrelated, uniformly
distributed random variables 1 (interval: a3 = mg1 — 0,1 =1 — 0.01, by = my + 641 =
140.01) and xo (interval: az = mg2 — 2 = § — 0.35, by = myua + 0,2 = § +0.35). Figure
2.7 shows 10000 random vectors generated according to this distribution. The expected
value (mean) m, is m, = [1,7/2]" and the covariance matrix is calculated as

110—4
110 0 1

2.139)
4910 (
0 49902

Q.- |

In Figure 2.7, the covariance matrix is represented by the ellipse (x — mgc)TQ;1 (x —m,) =
1.

The expected value E(y) = my of the quantity y = h(x) calculated using the nonlinear
transformation results from

[myll _ [E(hl(x))] B lE(a:l COS(:EQ))} .

- _ (2.140)
My2 E(hs2(x)) E(z1 sin(x2))

Considering the independence of the random variables x; and z2 and introducing the
decomposition x = X + m,, we obtain for the first row of (2.140)

E(z1 cos(x2)) = E(z1) E(cos(Za + my2)) - (2.141)
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€2

i I -
1.000 1.005 1.010

T

Figure 2.7: Distribution of the random vectors x with associated expected value m, and
covariance matrix Q.

It holds that E(x1) = mg = 1. Splitting the cos-term in (2.141) and substituting the
expected value mgo = /2, we obtain

E(cos(Za + my2)) = E(cos(Z2) cos(mya) — sin(Z2) sin(mg2)) = — E(sin(Z2)) . (2.142)

Since the expected value of a skew-symmetric function of a random variable with a
symmetric probability density function vanishes, E(sin(Z2)) = 0 and thus my; = 0. To
show this last step, consider

0z2
E(sin(#»)) = / in(Fa) — ATy — —

522 20,5 472 = 55 (7 0s(0a2) Fcos(=02)) = 0. (2.143)

In an analogous way, the second row of (2.140) can be calculated as E(zsin(z3)) =
sin(dgz2)/0z2. In summary, the exact expected value m, of the random variable y is
obtained in the form

0
my — Sil’l((sxg) . (2144)

022

The exact calculation of the expected value m, is only possible for a few special
cases. Note that in this example, a simple uniform distribution and a simple nonlinear
transformation were assumed to be able to calculate an analytical solution. An obvious
way to approximately calculate the expected value is to approximate the nonlinear
transformation h(x) by a Taylor series, which was determined around the expected value
m, of the random vector x.

1 1
h(x) = h(m,) + Dzh + 5D3~(h + gDih +..., (2.145)
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where the notation

k = 9 ’
Dih = Z;i— | h 2.14
; (g 7 8%) () (2146)
=1 x=m,
is used. Here, n denotes the dimension of the random variable x.

If a first-order Taylor series approximation of h(x) is used to calculate the expected
value, we obtain

_ Oh(x) _ Oh(x)
h(x) ~ h = h(m, 2.14

The associated expected value is then calculated as

Jh oh
E(hy(x)) = h(m,) + 22&) B(#) + 22%) E(i2) = h(m,)  (2.148)

8:L‘l X=my 8IZ X=mg
and thus
0

E(hy(x)) = my = [ 1] (2.149)

A comparison with the exact result (2.144) shows that the errors increase with increasing
0z2. Figure 2.8 shows a comparison of the exact expected value m, with the expected
value m,;, which was determined based on the linearization. Since this linearization is
also inherently included in the calculation of an EKF, a deviation from the exact result
must also be expected for an EKF. This deviation increases with increasing nonlinearity
of the system and with increasing covariance of the random variables.

One way to reduce the error due to the linearization is to use a second-order approxi-
mation h,(x) of h(x). In this case, the approximate expected value is

0

2
_ T2
1 2

E(hy(x)) = my, = , (2.150)

with the variance o9 of z2. In Figure 2.8, the expected improvement of the approxi-
mation of E(h(x)) by E(hy(x)) compared to the linear approximation E(h;(x)) can be
seen.

Ezercise 2.17. Show the result E(hy(x)) from (2.150).
Thus, an arbitrarily accurate approximation of E(h(x)) could be determined by a

sufficiently high approximation order of h(x). However, this approach has two major
disadvantages:

1. A very high approximation order may be necessary to approximate a general nonlinear
function. This leads to a significant increase in computational effort.

2. In the calculation of the expected value with an approximation of order k, the central
moments up to order k of the random vector x are necessary.
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1.02 T T ‘ ‘ ‘ - [+ m,
[ PRI i%is + myl
X My,
1 |
0.98 - |
=
0.96 |- n
0.94 - |
I | 1 | ! | I | I | I | I
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Y1

Figure 2.8: Distribution of the random vectors y = h(x) with the expected value
E(y) = my, the approximation m,; based on a 1st-order Taylor series and the
approximation my, based on a 2nd-order Taylor series.

Therefore, this approach is only conditionally useful for practical implementation.
To characterize a (normally distributed) random variable x, the covariance matrix
E((x —mg)(x — mx)T) = Q_ is also necessary. Therefore, it is interesting to investigate

how the covariance matrix changes due to the nonlinear transformation. For the example
considered, it holds that

oo sin
Qy = E([ 1 cos( 21)11(512)1 [m cos(zz) w1sin(z2) — 5(6382)})

z1 sin(z2) — =5 @2
_ 23 cos(x)? 22 cos(z2) sin(xa) — 21 cos(wa %75;2)
B 22 cos(wo) sin(xg) — 1 cos(mg)% (xl sin(zg) — %)2
(2.151)
which, after a short calculation, leads to
_[srem (- 252) 0 )15
’ 0 0 o) (14 Bzt (smsay?| )

Ezercise 2.18. Verify the solution (2.152).

To estimate the transformed covariance matrix Q, using the first-order Taylor series
approximation, the expression
oh

vi —E(y;) =Dzh =2, ——
x1

+z 87h
X=m, 2 0z

(2.153)

X=my
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is used. This yields the approximation Q,; of the covariance matrix as

Y _ 0Oh _ 0Oh _ Oh B
= Tl Tg— S T —
yl ! 8$1 x=mg 2 81’2 x=mg ! 8351 x=my 2 81‘2 Xx=myg
2 - g—h T (2.154)
_ | oh Oh 1 142 Tl lx=m, | _ T
o |:8561 X=Mg 9z2 x:mz:| E([jlfg i‘2 ]) Oh T N HQIH
2 922 |y —m,

or for the example considered

(2.155)

2
le = |j7m2 0 ]

5 |-
0 o5

Figure 2.9 shows a comparison of the covariance matrix Q, and the approximation Q,; in
the form of the ellipses defined by them for C' = 1.

1.02 T T T T T T T T T T T T T F m,
1k
0.98 |-
S
0.96 -
0.94 |-
—0.4 —-0.3 —0.2 —0.1 0.0 0.1 0.2 0.3 - 0.4

Y1

Figure 2.9: Distribution of the random vectors y = h(x) with expected value E(y) = m,
and covariance matrix Q,, and the approximations m,; and Q,; based on a
1st-order Taylor series.

Theorem 2.9 (Approximation Order). The expected value m, and the covariance
matriz Qy of a random variable y, which is calculated by a nonlinear transformation
of the form y = h(x), are given by

1

m, = h(m,) + E(D;(h + 51

1 1
DZh + §D§h+ $D§§h+ . > (2.156)
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and
1

1 T 1 T
Q, = HQHT + E('Dgh(D§h> +.DZh(DZh) " + 'Dih(Dih)T>

—E(D,%h)E(D,%h)TJr...,

with H = 8h/8x\x:mz. To calculate the expected value my with an approximation
accuracy of order m, the partial derivatives of h and the central moments of x up to
the m-th order are necessary. Furthermore, the term of the m-th order of the series
of the covariance matriz can only be determined if the derivatives of h and the central
moments of X up to the 2m-th order are known.

Since the EKF is largely based on this linearization, a better form of approximation of
the expected value and the covariance matrix is necessary for systems with pronounced
nonlinearity.

2.5.2 The Unscented Transformation

The unscented transformation is based on the fact that it is often easier to approximate
the distribution of a random variable than a general nonlinear function or transformation.
In the unscented transformation, a set & of sigma points §; is chosen such that their
expected value mg,, and the covariance matrix Q,, correspond to those of the original
random vector x. Applying a nonlinear transformation y = h(x) to each of these sigma
points &, yields the transformed sigma points 1, = h(§;). The statistical properties of the
transformed points m; are then an approximation of the exact statistical properties of the
nonlinear transformation.

The set of sigma points S is defined by the vectors §; and the associated weights W;,
ie, S={&,W;li=1,...,p}. The choice of sigma points is not unique, i.e., for a random
vector X with expected value m, and covariance matrix Q,, there are several possible
realizations of sigma points. To obtain an unbiased estimate, the weights W; must satisfy
the constraint

> wi=1 (2.158)

In the literature, for a random vector x € R”, a set S of 2n points lying on the ellipsoid
(x —m,)Q; (x —m,)" = n is often used. The sigma points for a random vector x are
therefore defined by

o [met (VAQ)]  fori=1...m
Z mx_(V”Qx);F_n fori=n+1,...,2n
with the dimension n, the expected value m,, and the covariance matrix Q, of the random

vector x. Furthermore, (\/nQI)i denotes the i-th row of the square root of the matrix
nQg. The associated weights are given by

(2.159)
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W;=— . (2.160)

Remark: The square root R of a matrix Q can be determined very efficiently using
the Cholesky decomposition (Matlab command chol). Then it holds that RTR = Q.

FExercise 2.19. Show that the mean and covariance matrix of the sigma points defined
by (2.159) and (2.160) correspond to the mean m, and the covariance matrix Q, of
the random vector x.

The procedure for determining the approximate expected value m,,, and the covariance
matrix Q,, using the unscented transformation consists of the following steps:

1. The nonlinear transformation h(x) is applied to each sigma point &;, resulting in
the transformed sigma points 7,

n; =h(§;) . (2.161)

2. The expected value m,, results from the weighted sum of the transformed sigma
points

2n
my, =y Win; . (2.162)
i=1
3. The covariance matrix Q,,, of the transformed sigma points is calculated as

2n
Quu =Y Wi(n; — my,)(n; — my,)" . (2.163)
i=1

As documented in the literature, n sigma points would already suffice to correctly
approximate the expected value and the covariance matrix. However, the symmetric
choice of the 2n sigma points according to (2.159) also ensures that the third central
moment is exactly fulfilled.

The approximation order of the unscented transformation is 2, i.e., the mean and the
covariance matrix are correctly reproduced up to the second term. Note that for the
calculation of the mean and the covariance, no higher moments of x or partial derivatives
of the nonlinear transformation are necessary. The latter property allows the unscented
transformation to be applied to non-continuously differentiable (even non-continuous)
nonlinear transformations.

In the following, the application of the unscented transformation to the nonlinear
transformation y = h(x) from (2.138) in Section 2.5.1 is considered. The 2n = 4 sigma
points &; according to (2.159) are shown in Figure 2.10 together with the exact mean
m, and the covariance matrix Q, characterized by the ellipse for C' = /2. As expected,
the sigma points &; are symmetrically distributed on this ellipse. Figure 2.11 shows
the transformed sigma points n; = h(§;). Furthermore, the mean my, approximated
according to (2.162) and the approximated covariance matrix Q, according to (2.163)
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Figure 2.10: Uniformly distributed random variable x according to (2.138) with mean m,,
covariance matrix Q, and sigma points ;.

are shown. Compared to the covariance matrix Q,; calculated using linearization from
the last section 2.5.1, a drastic improvement in the approximation results, cf. Figure 2.9.

Note 2.3. As already noted, the choice of sigma points is not unique. In addition
to the sigma points presented in this script based on the unscented transformation,
so-called simplex sigma points or spherical sigma points are also often used in the
literature, see, e.g., [2.3]. These are characterized by a somewhat simpler calculation,
but have disadvantages in terms of approximation accuracy. If the random vector x
is normally distributed, the extended choice of sigma points of the form

& =m, (2.164a)

T
ma,—i—( %Q» fori=1,...,n
£ = ; " ' (2.164b)
mm—( ﬁQx)i fori=n+1,...,2n

- -n

with the scalar parameter \ often proves useful. The associated weights are given by

Wo = A (2.165a)

1—X
i = . 2.1
w. o (2.165b)

It can be shown that the choice A = 1 — n/3 is optimal for normally distributed
random vectors x [2.4]. The rationale for choosing the extended sigma points is based
on an analysis of the influence of higher-order moments on the approximation of the
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Figure 2.11: Transformed random variable y = h(x) according to (2.138) with exact
mean m,, exact covariance matrix Q,, transformed sigma points n; = h(§;),
approximated mean m,,,, and approximated covariance matrix Q.

covariance matrix. For a detailed analysis and the determination of the optimal value
of A for normally distributed random vectors, the reader is referred to the literature,
in particular [2.4], [2.3], [2.5].

To analyze the influence of the extended sigma points (2.164) and the weights (2.165) on
the mean and the associated covariance matrix estimated using the unscented transforma-
tion, consider again the nonlinear transformation according to (2.138). It is now assumed
that the random vector x = [x7, a:g]T is defined by normally distributed random numbers
x1 (expected value m,; = 1, variance 0,1 = 0.01) and zy (expected value mgzo = /2,
variance o9 = 0.35). Figure 2.12 shows the distribution of 10,000 random vectors x,
generated in Matlab using the command randn, with their mean m, and covariance
matrix Q.. Furthermore, the 4 sigma points &, according to (2.159) and the 5 extended
sigma points &,; according to (2.164) are plotted. The optimal choice A =1—-2/3 =1/3
for normally distributed random vectors was made. It can be seen that the extended
sigma points §,; lie on an ellipse with an increased value of C'. Equivalently, the choice
A < 0 would result in the sigma points lying on an ellipse with a reduced value of C.

If the nonlinear transformation y = h(x) from (2.138) is applied to the sigma points,
the transformed sigma points n; and the transformed extended sigma points 7n,; shown
in Figure 2.13 are obtained. The advantage of the extended sigma points can be seen
in the approximation of the covariance matrix Q,. Here, the extended sigma points &,;
from (2.164) with the associated weights W; according to (2.165) provide a significant
improvement in approximation accuracy compared to the original sigma points according
to (2.159).
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Figure 2.12: Normally distributed random vector x with mean m, and covariance matrix
Q., and the sigma points &; according to (2.159) and the extended sigma
points €,; according to (2.164) for A = 1/3.
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Figure 2.13: Transformed normally distributed random variable y = h(x) with the exact
mean m, and the exact covariance matrix Q,. Furthermore, the approxima-
tion of the mean my, and the covariance matrix Q,, based on the sigma
points from (2.159) with the weights (2.160) and the approximation of the
mean my,, and the covariance matrix Q. based on the extended sigma
points from (2.164) with the weights (2.165) are shown.
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2.5.3 State Estimation of Dynamic Systems Using the Unscented
Transformation

In this section, the unscented transformation is used for state estimation of nonlinear
dynamic systems. In analogy to the extended Kalman filter from Section 2.4, a nonlinear,
discrete-time dynamic system of the form

Xpt1 = Fr(xg, ug, wi) (2.166a)
Yt = hy(Xp, wg, vi.), (2.166D)
with state xj, deterministic input ug, disturbance wj, and measurement noise vy, is

considered. It is assumed that the statistical properties of wy and vj are known and given
by

E(vy) = B(viv)) = Rdy, (2.167a)
E(wy) = B(wiw]) = Qo (2.167b)
E wkv;.f) =0, (2.167¢)

with Q > 0, R > 0.
Furthermore, an estimate X of the initial value x¢ is given in the form of the expected
value my, i.e., X9 = E(x9) = myg, and the covariance matrix of the estimation error

Py = E([xo — Xo][x0 — fco]T) > 0 is assumed to be known. As with the Kalman filter and

the extended Kalman filter, it is assumed that E(X()WE) =0 and E(xov;f) = 0 hold.
For this system, a Kalman filter based on the unscented transformation, the so-called
Unscented Kalman filter (also referred to as Sigma-Point Kalman filter in the literature),
is now presented. Note that the disturbance wj and the measurement noise v; undergo a
nonlinear transformation, so their statistical properties must also be captured using the
unscented transformation. To this end, the augmented state xj, € R™ is defined as

Xk
Xy = |wy (2.168)
Vi
and the unscented transformation is calculated for this augmented state.

The following iteration of the Unscented Kalman filter can then be formulated; see [2.4],
[2.5], [2.3] for a detailed derivation:
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1. Initialization:
)ACO = E(Xo) = 1My

PO = E([XO - )A((]HXO - )A(()]T)

X0
1?(8Jr =E(x§) =10
0
P 0 O
a+ a sa+ a sa+ B
Py"=E [XO—XO}[XO—XO} =10 Q O
0O 0 R
2. Calculation of Sigma Points:
+  _ gat
Sg,kfl =X,
T
A + a + .
ot X0+ 1”_7>\< Pz_l)i fori=1,...,n%
Ei,k—l = " T T
sa na a .
X - ﬁ( Pkfl)i,na fori=n%+1,...
with
&
a+ _ w+
i,k—1 — i,k—1
v+
ik—1

3. State and Covariance Matrix Extrapolation:

Predicted sigma points:
T— __ T+ w+
ik kal (Si,k_lv Ug—1, £i7k_1)

Predicted mean and predicted error covariance matrix:
2n
5— ET—
Xy = Z Wzgi,k
i=0

Py = 3 wi(eti - ) (i - %)

,2nY

(2.169a)
(2.169b)

(2.169¢)

(2.169d)

(2.170a)

(2.170D)

(2.171)

(2.172)

(2.173a)

(2.173b)
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Predicted output (measurement):

My = hk (E;’i;, ug, 53}’_1) (2.174a)
2n

Ir = Win;, (2.174b)
=0

4. Measurement Update:

Covariance matrix Py, y, between the predicted measurements and covariance matrix
Py,y, between predicted measurement and state:

Pyyi = 2zn: Wi(mi — 97 ) (mie — y,;)T (2.175a)
1=0

Pyyi = QZn: Wi (éi; — X ) (n{,k — &;)T (2.175b)
=0

Measurement update of the estimated state and the error covariance:

Ki = Pyy, (Pyiy.) " (2.176a)
%) =%+ Ki(ye - 97 ) (2.176D)
P/ =P, - K;Py,,, K} (2.176¢)

5. Reset / Initialization for Next Iteration:

bt

t=10 (2.177a)
0

P{ 0 o0

Pit=10 Q o (2.177Db)

0 0 R

For the calculation of the Unscented Kalman filter, according to (2.170), 1 + 2(n +
dim(w) +dim(v)) sigma points are necessary. This can lead to a very large computational
effort for a high system order. However, in many control engineering problems, it can be
assumed that both the process noise wj and the measurement noise vy act additively on
the system. Thus, the system (2.166) can be simplified to

Xp1 = Fip(xp, ug) + wy, (2.178a)
Vi = hk(Xk, uk) + v, (2.178b)
For this simplified system, the following simplified formulation of the Unscented Kalman

filter can now be found, starting from the iteration equations for the general case (2.169)-
(2.177):
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1. Initialization:

% = E(x) = mg (2.179a)
P = B([xo — %o][x0 — %o]") (2.179b)

2. Calculation of Sigma Points:

£l i1 =Xy (2.180a)

k1+\/7(\/ﬁ) fori=1,...,n

€ik1= " (2.180b)
)Aclel — %(W/szl)iin fori=n+1,...,2n
3. State and Covariance Matrix Extrapolation:
Predicted sigma points:
€ =Fr (& 1 m) (2.181)
Predicted mean and predicted error covariance matrix:
n
X, =Y Wik, (2.182a)
2n T
P =)W (ff,k - ﬁ;) (Eifk - fc,;) +Q (2.182D)
i=0
Sigma point correction:
o r =X (2.183a)
X, + 13\( P,;) fori=1,...,n
L= L (2.183b)
7 X, — "( P_> fori=n+1,...,2n
Predicted output (measurement):
ni = hi (&0 w) (2.184a)
n
Vi = Wing, (2.184D)
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4. Measurement Update:

Covariance matrix Py, y, of the predicted measurements and covariance matrix
Py,y, between predicted measurement and state:

2

Py = S W, (m— 92 ) (i —95) +R (2.1854)
=0
2

Py,y, = Zn: W; (f;k - f‘]?) (77@_,1c - }A’/;>T (2.185b)
=0

Measurement update of the estimated state and the error covariance:

-1
Ky = Pyxy, (PYkYk) (2.186a)
% =%+ Ki(ve — 97) (2.186b)
P} =P, - K,Py,, K} (2.186¢)

Note 2.4. The sigma point correction in (2.183) is necessary because the influence
of the process noise wy, is only considered in the predicted error covariance matrix
P, according to (2.182b) using the covariance matrix Q. Due to this correction, the
Cholesky decomposition of an n xn matrix must be calculated twice per iteration. This
numerically expensive operation is often circumvented in practical implementation
by using the original sigma points &, from (2.181) in (2.184), (2.185). This results
in reduced numerical effort; howeve}, it must be checked in practical application
whether the resulting errors are acceptable.

Another approach to correct the sigma points is to define an extended set of sigma
points of the form

o =&, fori=0,...2n (2.187)

and

T

E(Ik_{— %(\/Q)Z fori=1,...,n

_ T :
o — Vs (VQ),_, fori=n+1...2n

a—

i+2nk = (2.188)

These extended sigma points 5?7; and the weights W} adapted to the new dimension
4n + 1 of &, are then used in the calculation of (2.184), (2.185). Since Q is a
constant mat’rix, the calculation of the Cholesky decomposition in (2.188) is omitted,
which reduces the numerical effort. On the other hand, 4n + 1 sigma points must
now be considered in (2.184) and (2.185), which, compared to (2.183), again leads to
an increase in numerical effort.
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3 Optimal State Feedback Controller

The goal of this chapter is the development of an optimal state feedback controller for
linear, time-invariant systems and the combination of this state feedback controller with
the optimal state observer from the last chapter. The starting point of the considerations
is the linear, time-invariant, discrete-time system of the form

X1 = Pxg + Tug X(O) = Xy (31&)
vi = Cxi + Duy (3.1b)

with the n-dimensional state x € R", the p-dimensional deterministic input u € R?, the
g-dimensional output y € R?, and the matrices ® € R"*", T € R"*?, C € R?*"™ and

D € R7*P. We seek a control sequence ug, uq, ..., uy_1 that minimizes the cost functional

N-1
J(x0) = Z (XEQX]C + UERuk + QUENX]C) + X%SXN

k=0

= T 3.2

N X (3.2)

= [xg ug] Q Ml XN SxN
J

for suitable weighting matrices Q € R™*™ R € RP*P, N € RP*™ and S € R™*". Due to
the quadratic cost criterion (3.2), this controller design is also known in the literature as
the LQR (Linear Quadratic Regulator) problem. To solve this problem, the method of
Bellman’s dynamic programming is used.

3.1 Dynamic Programming after Bellman

The basis of dynamic programming is the principle of optimality:

Theorem 3.1 (Principle of Optimality). An optimal solution has the property that,
starting at any point of this solution, the remaining solution is optimal in the sense
of the problem to be solved, with the chosen point as the initial condition.

Figure 3.1 illustrates Theorem 3.1. This idea is now used in the sense of Bellman’s
dynamic programming such that the optimization problem (3.2) is solved backwards
starting from the final time point N. The value of the optimal control for time point
N, i.e., uy_1, can be solved independently of the achieved state xy_1. In the next step,
starting from the optimal solution uy_1, the optimal uy_s is calculated. Repeating this
procedure until k£ = 0, the optimal control strategy is found.
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The optimal solution of problem with initial value x(¢')
is the last segment of the initial solution.

x(t)

Xo'

The optimal solution of the initial optimization problem
for the initial value xq ist the entire trajectory.

t T t

\/

Figure 3.1: On the principle of optimality.

Since linearity of the system is not necessary for dynamic programming, the optimization
problem

N-1
min  J(x¢) with J(xg)= Z Jk(Xk, ug) + s(xn) (3.3)
(uo,...,uN,l) k}:()
subject to the constraint
Xk+1 = f(Xk, uk) (34)

is investigated. As already mentioned, the optimization problem (3.3) is solved backwards
starting from the final time point k = N. Since J(xy) is independent of the input u, it
trivially holds that

J*(xn) = s(xn), (3.5)
where J*(xy) describes the optimal value of J(xy). According to the principle of
optimality, for the optimal control sequence ug, uj, ..., u}_; with

N-1
J*(x0) = Z Jr (XK, ug) + s(xn) (3.6)
k=0

the following relationship also holds:

l N—-1
J*(x0) = > je(xe,up) + > ek, uf) + s(xn) (3.7)
k=0 k=Il+1
J*(x141)
with
J*(x141) = min J(x141) (3.8)

Ui41,--UN-1
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and
N-1

J(xi1) = D Je(xe, wp) + s(xn) (3.9)
k=I1+1
subject to constraint (3.4). Note that (3.8) is solved with (3.9) for the initial value x;41.
If one now wants to go back one step based on (3.8) and determine the optimal value of
the cost criterion J*(x;), then the principle of optimality yields the substitute problem

J* (1) = min | i (1, w) + J*( X141 ) . (3.10)
1 ~—~—
f(xl7ul)

The minimum with respect to u; in (3.10) can usually be determined from the relationship

0 . N 0 . a ., 0
a—w{jl(xl,ul) —|—J (f(xl,ul))} = aiuljl(xl,ul) + %J (Z)aiulf(xl,uﬂ =0 (311)

Ezxample 3.1. As a non-control engineering application, consider a simple assignment
problem. Let an investment sum A be given, which is to be divided among N projects.
Furthermore, it is assumed that assigning a sum wuy to project k yields a profit g (uy)
for the project. The optimization problem to be solved is therefore

N-1 N-1
max J(xzg) with J(zo) = Z gr(ug) subject to Z up,=A. (3.12)
k=0 k=0

(w05 uN—1)

The problem can now be reformulated into an equivalent control problem of the form
(’I.L(],...,’U,Nfl)

N-1
max J(xp) with J(xo):ng(uk) (3.13)
k=0

subject to the constraint

Tpa1 =Tk —up with zg=A and zy =0 (3.14)
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If, for example, gi(ur) = \/uk is chosen, then using dynamic programming we obtain

J*(xn) =0
% subject to zny_1 —un_1 =0 %
J(xn_1) = %%f{\/uzv—l} = TN-1 UN_1 = TN—1
J (xN—2) = %a_f{\/uzva +VIN—2 —un—2} = V2zN_2 Un_9 = TN—2/2

J* (xNn_3) = LILI}VE%_);{\/UNS + \/2(961\773 — UN3)} =/3xN_3 Uy_3 = TN-3/3
J*(ZL'()):\/NSL'O uf}:a:o/N.

Ezercise 3.1. Interpret the result (3.15).

3.2 The LQR Problem

Applying the principle of dynamic programming to problem (3.2) with constraint (3.1),
we obtain for k = N

J*(xy) = XN Sxpy (3.16)
and for k=N —1
J*(XNfl) =
: T T T *
min (XN_IQXN,l +uy_Ruy_1 + 2uN_1NxN,1> +J ( XN )
uy_1
Pxny_1+Tuy_1
(3.17)
or

J(xny-1) = l{I}}flnl{ (X%leXN71 + u%,lRuN,l + 211%71NXN71)+
- (3.18)
(@xy-1 +Tuy1)"S(®xy 1 +Tuy 1)} -

Minimizing (3.18) with respect to uy_; yields the optimal solution uy_; of uy_; as
ul_, = —(R + 1“Tsr)*1 (N + rqu>)xN_1 . (3.19)
Substituting (3.19) into (3.18) yields
J (xn-1)
= x3_1 (Q+ ®TS®)xn 1 + (ui_y)" (R +TTST)uy_; +2(uj_y)T (N +I78®)xy 4
_ xﬁ_l{ (Q + @TS¢> - (N n I‘TS<I>)T(R n 1‘Tsr)_1 (N + FTS@> }xN_l
(3.20)
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This directly allows the following theorem to be stated:

Theorem 3.2 (Linear Quadratic Regulator). The unique solution of the optimization
problem (3.2) for the linear, time-invariant, discrete-time system (3.1) with the
symmetric positive semi-definite matriz S = P, the symmetric positive semi-definite

matric
NT
J= Q (3.21)
N R
and the positive definite matrix (R + I‘TSI‘) s given by the control law
uz == Kka (322)
with
i -1 T
Ki = —(R+T"Ppl)  (N+T7Py;19) (3.23)
and

T ~1
P, = (Q T <I>TPk+1<I') -~ (N i I‘TPkH{J) (R i I‘TPkHI‘) <N 1 rTPkH@)
(3.24)
The minimal value of the cost functional (3.2) is calculated as

min  J(xo) = J*(x0) = x4 Poxo (3.25)

(ug,...,un—_1)

and Py > 0 holds for all k =0,1,...,N.

Proof of Theorem 3.2. The control law (3.22), (3.23), the iteration rule (3.24), and
the relationship (3.25) are obtained directly by repeated application of the dynamic
programming iteration rule from equations (3.19) and (3.20). It remains to show
that Py is positive semi-definite for all £ = 0,1,...,N. To do this, substitute
uy_; = Ky_1xy_1 into (3.20), which yields

J*(xN_1) = Xk, ((Q + <I>TPN<I>) + KT, (R + I‘TPNI‘)KN_l

(3.26)
+2K%_, (N + FTPNQ))XN,l =x% Py 1xn_1
and thus for Py, from (3.24)
Pj = (® + TK;) "Pyr (@ + TKy) + [E K]] Q NU|IE (3.27)
" FIIN R |Ki| '
J

Since the matrices Py = S and J are positive semi-definite, the positive semi-
definiteness of Py for all Kk =0,1,..., N is also directly shown. O

As with the Kalman filter as an observer (see (2.91)), equation (3.24) is also a discrete
Riccati equation, which is why the time-varying state feedback controller (3.22), (3.23) is
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also called a Riccati controller. Note, however, that the discrete Riccati equation (3.24)
runs backward in contrast to the Kalman filter! For a real-time implementation of the
controller (3.22), (3.23), the final time N must therefore be known, and the matrices Py
and K}, must be pre-calculated.

If the final time N — oo, as with the Kalman filter (compare (2.93), (2.94)), a stationary
solution P, and K, can be calculated from (3.22)—(3.24). The stationary solution P
of the discrete Riccati equation (3.24) could now be determined by iterating from the
initial value P, = aFE for a > 1 until Py changes only insignificantly in terms of a
norm. Another solution is to solve the associated discrete algebraic Riccati equation for
Pk+1 == Pk = Ps in (324)

T —1

P, = (Q+2"P®) - (N+I"P®) (R+ITP,T) (N+ITP®)  (3.28)

The stationary Riccati controller
u; = Kgxy, (3.29a)

T -1 T

K,=-(R+T"P,I) (N+I"P.®) (3.29b)
has the structure of a classical state feedback controller according to Section 8 of the
Automation script. The discrete algebraic Riccati equation (3.28) has a unique symmetric

positive semi-definite solution Ps with the property that all eigenvalues of (® + I'Kj) lie
in the open interior of the unit circle if the following conditions are met:

(1) The pair (®,T) is stabilizable, i.e., all eigenvalues outside the unit circle are reachable,
and

(2) the pair (Cyz, ®) with

Q N7 (of)
0<J= [N R] - [Dﬂ [CJ DJ} (3.30)

is detectable, i.e., all eigenvalues outside the unit circle are observable via the output
Cj.

If it is now desired that all poles of the closed-loop system with the dynamic matrix
(® 4+ I'Ky) not only lie inside the unit circle, but also inside a circle with radius r < 1
due to robustness considerations, then the controller design must be carried out for the
equivalent system

Xpt1 = i’Xk + f‘uk (331)

with . 1
®=-® and T'=-T (3.32)
r T

Since the eigenvalues of the matrix (‘i> + f‘Ks) then lie inside the unit circle, it follows
from (3.31) that the eigenvalues of (® + I'Kj) lie inside a circle with radius 7.

Lecture Control Systems (2024W)
O©W. Kemmetmiiller, A. Kugi, Automation and Control Institute, TU Wien



3.2 The LQR Problem Page 93

Ezercise 3.2. Show that the solution of the optimization problem
=1
J(xo) =" = (3t Q. + uf Ry + 2uf Nixy.) (3.33)
k=0

with 0 < r < 1 for the system (3.1) is given by
u;, = Kgxi, (3.34)

with
K, = — (r2R + I‘TPSI‘) - (r2N + I‘TP5<I>) (3.35)

and

2P, = (r2Q T <I>TPS<I>) - (rQN + FTPSQ)T(TQR 4 1“TP51“)*1 (r2N + I‘TPS<I>)
(3.36)

and that the eigenvalues of the closed-loop system’s dynamic matrix (® + T'Kjy) lie
inside a circle with radius 0 < r < 1.

If in the cost functional (3.2) only the p-dimensional input u and the g-dimensional
output y are to be weighted, i.e.,

N-1
J(x0) = Y (viQyys + uf Ruy, + 2uf Nyyy ) + xySxy (3.37a)
k=0
N—-1 T
Qy Ny||vk

— T T y y T

= + x5 Sx, 3.37h
P {Yk uk] N, R||u NOXN ( )

J

then (3.37) can be transformed via the relationship y; = Cxj + Duy and

N—-1
3 [xg CTQ,Cxy +uf (R +D"QyD + N,D + DTNE) uy
k=0 —
Q R
+2uf (Ny +DTQy)Cx (3.38)
- .
71 =~ C- T
=[x ] [‘? N ] [Xk’]
k=0 N R ug
ﬂ_/
J
into the form of (3.2)
N-1 A GT
J(x0) = xp u}l [~ - + xNSxN (3.39)
,;) < ] N R[w ¥
—_——

and solved using Theorem 3.2.
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Remark: Using the weighting matrix J of the cost functional (3.2) or (3.37), the
behavior of the closed-loop system can be specifically influenced. As a general rule of
thumb: the larger the entries of the matrix R (weighting of the control variables),
the smaller the required control variables will be. Furthermore, by heavily weighting
a specific state in Q or Q, it can be ensured that this state decays very quickly to
zero in the closed loop. Since this evaluation often proves to be very difficult in the
discrete time domain, it is sensible to specify the cost functional (3.2) in continuous
time and then translate it into discrete time. The idea is to evaluate the states and
control variables in terms of "power" in the form

T
/ 22(t)dt (3.40)
0
As a starting point, consider the linear, time-invariant, continuous-time system

%x = Ax + Bu (3.41a)

y = Cx+Du (3.41b)

with the state x € R", the input u € RP, and the output y € R?. The corresponding
discrete-time system (see Section 6 of the Automation script) is calculated for the
sampling time 7T, as

Xpr1 = Pxg + Tug (3.42a)
yi = Cx; + Duy (3.42b)
with -
® =exp(AT,) and T :/ ’ exp(AT)dTB . (3.43)
0

Now choose a cost functional of the form

J(xq) = /0 ! (x"(®)Qex(®) + u” () Reu(t) + 2u” ()Nex(t) )dt + xT(T)Sx(T)

a3 Q. NI||x(t
:/0 0w [Nc RC] Liti

~———
Je

dt + x"(T)S . x(T)

(3.44)

for the continuous-time system (3.41) with the symmetric, positive semi-definite
weighting matrices J. and S, and the final time T'= NT,. To transform (3.44) into
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the form of (3.2), first write (3.44) as follows

N-1 ( VT
J(x0) = /k ;H - (x"(®)Qex(®) + u (YReu(t) + 20 ()N x(t) ) dt
k=0 a

+xT(NT,)S.x(NT,)

(3.45)

Considering that the control variable u(t) = uy, is constant in the sampling interval
kT, <t < (k+ 1)T, and for the state x(¢) it holds that

t
x(t) = exp(A(t — kTy)) xx + / exp(A(t —7))drBuy, kT, <t < (k+1)T,,
kT,

B (t—kTy)
T(t—kT,)
(3.46)
then for (3.45) we obtain
N-1
J(x0) = > (xF Qi + ujl Ruy + 2uf Nx ) + x4, Sxy (3.47)
k=0
with
(k-+1)T, T
Q= / T (t — kT,)Q.®(t — kT,)dt = / T (1)Q.®(t)dt (3.48a)
kTq 0
(k+1)T,
R = / (CT(t = kT)QeL(t — kT,) + 2N L(t — kT,) + Ro)dt  (3.48b)
kT,
Ta
- / (PT(HQCL(H) + 2N.L(t) + R ) dt
0
(k+1)Ts
N = / (CT(t = ¥T.)Qe + N, ) (t — KT,)dt (3.48¢)
kT,
Ty
= [ (T" Q. + N.) ®(t)dt
0
S=S5, (3.48d)
and .
®(t) = exp(At) and T(t)= / exp(A7)drB . (3.49)
0

Note that here, in general, the coupling matrix N is non-zero, even if N. = 0 holds.

Exercise 3.3. Compare the MATLAB commands 1qrd, dlqr, and dlqry. What
do these commands do? Look at the respective help text and then establish the
connection to the theory presented so far.
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3.3 The LQR Problem with Stochastic Disturbance

Model (3.1) according to (2.72) is now extended by the r-dimensional stochastic disturbance
w
Xpr1 = Pxg + Tug + Gwy x(0) = xg (3.50)

with the n-dimensional state x € R", the p-dimensional deterministic input u € R?, and
the matrices ® € R™*", T' € R"*P, and G € R™*". The following assumptions now apply:

(1) For the disturbance w, it is assumed that

E(wi) =0  E(wiw)) = Qdy; (3.51)

holds with the covariance matrix Q > 0 and the Kronecker delta d; = 1 for k = j
and d; = 0 otherwise.

(2) The expected value and the covariance matrix of the initial value xq are given by

E(x0) = myg cov(xg) = E((xo —my)(xp — mO)T) =Py >0 (3.52)

(3) The disturbance wy, k > 0, is uncorrelated with the initial value xg, i.e.,
E(wixg) =0 (3.53)
Analogously to (2.76) and (2.77), because of

7—1
X; = PIxg + Z <I>l(I‘uj,1,l + Gijl,l) (3.54)
=0

and (3.52) and (3.53), the relationship
E(wix])=0 for k>j (3.55)
also follows.

Since xi, k > 0, is now a stochastic signal, in contrast to (3.1), the cost functional (3.2)
must be replaced by

N—-1
J(x0) =E ( > (xEka + u{ Ruy, + 2uEka)> + E(xySxn)
k=0
(3.56)
=E Nz_:l [XT uT} Q N x + E(x%Sxy)
k=0 k k N R ug N
J

To calculate the optimal control law, i.e., the minimization of (3.56) with respect to
up, uy,...,uy_1 subject to constraint (3.50), the method of dynamic programming is
again used. For k = N,

J*(xn) = E(xNSxn) (3.57)
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holds, and for k = N — 1 it follows that

J*(XN_l) =
min E| x&_1Qxy_1 +uy_;Ruy_ 1 +2uk_;Nxy_; + J*( XN )
unN-—1 N~~~
Pxy_1+Tuny_1+Gwy_
(3.58)
with

J*(xn) = B((®xy -1+ Tuy_1 + Gwy 1) "S(@xy 1 + Tuy_1 + Gwn 1)) . (3.59)
Minimizing (3.58) with respect to uy_; yields the optimal solution ujy_; of uy_; as
u}FV,I = KN,1XN,1 (360)

with .
Ky 1=-(R+TTPyT) (N+TTPy®), (3.61)

where S = P was set and the condition (R + I‘TPNI‘) > 0 must be satisfied. Substi-
tuting (3.60) into (3.58) yields

J*(XN_l) =

Bl xh_; ((Q+@"Py@) + K} (R+TTPyT)Ky 1 + 2K} (N +TTPy®) ) xy

Py_1

+  2B(WA G"Px(®xy 1+ Tuy 1))  +E(WA_ G"PyGwy 1) .

Qtr(PNG E(WNflxrjI‘Vil)q)T)-f—Q E(w;{ril)GTPNFuN,l tI‘(PNG E(WNflw}I‘\fil)GT)
(3.62)

This directly allows the following result to be stated: The optimal control law uj for the
system with stochastic disturbance (3.50) corresponds to that of the undisturbed system
and is (see (3.22))

uz = Kka (3.63)

with
Ki=—(R+ I‘TPk+1F)_1 (N+17Py, @) (3.64a)

Py = (Q + <I>TPk+1'I>) - (N + FTPk+1<I>)T(R + I‘TPkHI‘)_l (N + FTPk+1q>) .
(3.64b)

The minimal value of the cost functional (3.56) is calculated according to (3.62) as

N-1
( min )J(xo) = J*(x0) = E(x) Poxo) + > tr(P;11GQGT”) . (3.65)
ug,...,UnN_1 k=0
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Exercise 3.4. Prove the validity of relationship (3.65). Furthermore, show that the
expression E(xtPoxg) can be simplified as follows:

E(x{Pox¢) = m{ Pomg + tr(PoPy) (3.66)

with
Py = cov(xp) and my = E(xq) (3.67)

From (3.65), (3.66), and (3.67), it follows that the minimal value of the cost functional
for the system with stochastic disturbance is greater than that of the undisturbed system
(see (3.25)). Two additional terms are added: a term with Q due to the stochastic
disturbance w and a term with f’o due to the stochastic nature of the initial value xg.
In Theorem 3.2, it was shown that P, > 0 for all £ > 0, provided that S and J from
(3.56) are positive semi-definite. However, as can be seen from (3.65), the minimization
problem with the cost functional (3.56) cannot be solved for N — co. In order to still
be able to calculate the stationary Riccati controller (3.29) even in the case of stochastic
disturbance, the cost functional is set in the form

o N-1
J(x0) = ]\}inoo N E(;) (XEQX;C + uiRuy, + 2uENXk)> (3.68)

FEzercise 3.5. Show that the stationary Riccati controller (3.29) minimizes the cost
functional (3.68) with the constraint (3.50) and that for the minimal value of the
cost functional it holds that

J*(x0) = tr(P;GQGT)

with Py as the solution of the discrete algebraic Riccati equation (3.28).

3.4 The LQG Control Problem

In the following, it is assumed that only the output y can be measured, while the state

X is not available. To this end, consider the discrete-time, linear, time-invariant system
underlying the Kalman filter (see (2.72)) of the form

Xir1 = Px + Tug + Gwy, x(0) = xo (3.69a)

yir = Cx;, + Duy, + vy, (3.69b)

with the n-dimensional state x € R", the p-dimensional deterministic input u € R?, the

g-dimensional output y € R?, the r-dimensional disturbance w € R", the measurement

noise v, and the matrices ® € R™", T € R™"*P, G € R™*", C € R?*", and D € R?*P,
The following assumptions now apply again:

(1) For the disturbance w and the measurement noise v, it is assumed that

E(vy) =0 E(wiw)) = Qdy; (3.70a)
E(w;) =0 E(viv]) = Réy; (3.70b)
E(wv)) =0 (3.70c)
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with Q >0 and R > 0 and the Kronecker delta 0j = 1 for k= j and d;; = 0
otherwise.

(2) The expected value of the initial value and the covariance matrix of the initial error
are given by

E(x0) = my E((XO —%0)(x0 — fio)T) =Py >0 (3.71)
with the estimate Xq of the initial value xg.

(3) The disturbance wy, k > 0, and the measurement noise v;, [ > 0, are uncorrelated
with the initial value xg, i.e.,

E(wixg) =0 (3.72a)
E(vixi)=0. (3.72b)
Because of (3.54) and (3.70), we also have the relationship
E(wix;)=0 for k>j (3.73a)
E(vix;)=0 foralll,j. (3.73b)
The control task is now to minimize the cost functional
N-1
J(x0) =E < Z (xEka + ui Ruy, + QuEka)> + E(x%Sxy)
k=0
B (3.74)
=E Nz:l [xT uT} Q N, + E(xSxn)
= TN R |w
J
for the positive semi-definite weighting matrices J and S with respect to ug, uy,...,uy_1
subject to constraint (3.69) such that the control law depends only on the measurable out-
puts y. Denoting by X5 = %(k|k — 1) the estimate of xj, using 0, 1, ...,k — 1 measurements

(cf. Definition 2.3), it follows that
B Qxi) = B((%k — (%6 — %)) "Q(%k — (Re — x4)))
= B(x] Qx) — 2B(x Q(%k — x4)) + B( (%6 — x4) " Q%6 — x4) ) (3.75)
= E(%; Q&) — 2t1“(Q E (X (%5 — sz)T)) + tr(Q E((f(k = Xp) (RXp — Xk)T)) :
In the following, only estimators are considered for which the relationship
B(&e (% — %)) = 0 (3.76)

holds, i.e., the second term in expression (3.75) becomes zero. According to Theorem
2.4 or Exercise 2.5, this is satisfied by the minimum-variance estimator and thus also by
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the Gauss-Markov estimator and, of course, the Kalman filter, cf. Exercise 2.5. Using
dynamic programming, we now obtain in a first step for S = P the minimal value of the
cost functional J*(xy) of J(xy) as

J*(xn) = E(xNPyxy) = tr(Py E(xyxy)) (3.77)
or, with Xy = xy — Xy + Xn,
J* %y, Py) = EXNPyxy) = EENPNRN) + tr(PyPy) (3.78)

with the covariance matrix of the estimation error

A

PN = COV(}ACN — XN) = E((ﬁ]\[ — XN)(}A{N — XN)T) . (379)

In the next step of dynamic programming, the following minimization problem must be
solved:

J*(XNfl) =
min E x%_lQXN,1 + u%_lRuN,l + Qu%_leN,l + J*( XN )
uy_1 ~—
Pxy_1+Tuny_1+Gwy_
(3.80)
with

J*(XN) = E((@XN_l + FUN—l + GWN_l)TPN(q)XN_l + FUN_l + GWN_l)) (3.81)

Since uy_1 must not depend on xy_1, the minimization problem is solved with respect
to an estimate Xx_1 by setting in (3.80), (3.81)

XN-1=XN-1— XN-1+XN-1 (3.82)

The control law with the controller gain matrix Ky_; is identical to (3.60) with (3.61)
and is
u}‘v_l = KN_l)A(N_l (383)

and )
Ky 1=—(R+ITPNT) (N4 ITPy®) (3.84)

with the minimal value of the cost functional

J*(XNfl) =

Bl 1 ((Q+@"Py®) + Ki_; (R+TTPyT)Ky 1 + 2K5_, (N+ T Py ®) ) xn

Py

+  2B(Wh_,GTPy(®xy 1+ Tuy 1)) +E(Wh_ GTPyGwy 1) .

2tr(Py G E(WN_lxﬁil)@T)JrQ E(w%il)GTPNFuN_l tr(PyG E(WN_lwﬁil)GT)

(3.85)
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Finally, from the recursion, with E(wyw} ) = Q and (3.79), we obtain the minimal value
of the cost functional for all control sequence values (compare the result with (3.65)):

N—-1
min  J(x0) = J*(x¢) = E(ngoxo) + Z spur(PkHGQGT)

(ug,...,un—1) =0

N1 (3.86)
+ 3 spur(ﬁkK}f (R+ I‘TPkHI‘)Kk) :
k=0

It can be seen that (3.86) is independent of the type of estimator, provided that it
satisfies condition (3.76) and E(w;%¢). This property, together with the fact that the
poles in the state observer and state controller design can be specified independently of
each other, is also referred to as the separation theorem for optimal state observer and
state controller design. Since the expression KE (R + I‘TPk+1I‘> K is positive definite

for all k£ > 0, the third term in (3.86) (or the last term in (3.85)) can also be written in
the form

N-1 N-1
> tr(PyKE (R + T Pel)Ky) = 3 B((x — %) "KT Ky (x4 — %)) (3.87)
k=0 k=0

with the Cholesky decomposition
KK, = KT (R 4 I‘TPkHI‘) K, (3.88)

According to Theorem 2.5, the linear minimum-variance estimation of a linear function of
a parameter vector is equivalent to the linear function of the minimum-variance estimation
of the parameter vector itself, which is why the value of the cost functional (3.86) can be
minimized by choosing a minimum-variance estimator. Since the Kalman filter is based
on recursive minimum-variance estimation, the optimal LQG control problem is solved by
combining an LQR state controller and a Kalman filter observer.

To this end, the dynamic controller with optimal output feedback for the system (3.69)
according to (3.83)—(3.85) and Theorem 2.7 is summarized in the following form:

Rpr1 = B%), + Tuy + Ky (yr — Ck, — Dug)  %(0) = %o (3.89a)
up = Kk)A(k (389b)

with

P, = (Q + <I’TPk+1<I>) - (N + FTPk+1q’)T (R + FTPk+1F)_1 (N + I‘TPkH@)

(3.90a)
T -1 T
Ki=—(R+TTPT) (N+TTPy, @) (3.90D)
N N A N N AN —1 A
Ppi1 = ®P,3" + GQGT - #P,.CT(CPCT + R)  CP,o" 3.90¢)
)

A A~ A~ AN\ —1
K, = ®P,CT (CPkCT T R) , (3.90d
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the boundary condition Py = S > 0, and the initial condition Py > 0.
It is easy to see that for N = 0 and G = E the LQR state controller and the Kalman

filter are dual according to the definition in the Automation script. For (3.90), it then
holds that

Pp=Q+®"Py & - & P, T(R+ FTPk+1F)_lI‘TPk+1<I> (3.91a)
K = — (R + PTPMP)APTP,{H@ (3.91b)
Py =Q+®P,0" — &P,.CT(R + CﬁkCT)_lcPk@T (3.91c)
Ky = ®P,.CT (R + CPkCT>_1, (3.91d)

i.e., the discrete Riccati equation of the state controller (3.91a) becomes the discrete
Riccati equation of the Kalman filter (3.91c) for ®* = &, I' = CT, P = P,R =R,
and Q = Q The only difference is that the Riccati equation of the state controller runs
backward and that of the Kalman filter runs forward. Furthermore, for ®T = &, I = CT,
P = f’, and R = f{, the relationship K = K;f holds.

As shown in Section 3.3 for the LQR controller with stochastic disturbance, the cost
functional (3.74) is not meaningful for N — oo, which is why the stationary LQG problem
(stationary LQR controller and stationary Kalman filter) is based on the performance
criterion

A}i_r}noo % E (JZZ: (ngxk + ui Ruy, + 2ungk)> (3.92)

Note that the stationary Kalman filter and the stationary Riccati controller together
Rpy1 = PRy + Tup + K(yp — CXp —Du)  %(0) =0 (3.93a)
u, = Kxp (3.93b)

can also be written as a controller transfer matrix Rrgq(%) with the g-dimensional input
y and the p-dimensional output u in the form

Roc(z) = ;8 ~K(:E - (®+TK-K(C+ DK)))_IK (3.94)

Ezercise 3.6. Given is the simplified model of a music cassette drive according to
Figure 3.2. The two DC motors can be controlled independently of each other, so that
both the tape position x3 (position of the read head) and the tensile force f. can be
controlled separately. The moment of inertia of the motors including the discs is given
by J = 6.375 - 1073 kgm?, the radius of the discs is 7 = 0.1m, the motor constant
of the DC motors has the value k,,, = 0.544Nm/A, and the massless tape can be
approximately modeled by a linear spring with the spring constant ¢ = 2.113-103 N/m
and a linear damper with the damping constant d = 3.75 Ns/m.

Calculate the mathematical model with the inputs u® = [z‘l ig} and the outputs

yl = [:C3 fe}. Choose a suitable sampling time T, and determine the corresponding

discrete-time system. Design a Kalman filter and an LQR state controller using
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MATLAB and simulate the result in MATLAB/SIMULINK.

T 3 T2

e 2 e
o1 H / ¥ 0o
T r
kmil kmiQ
i1 12

Figure 3.2: On the music cassette drive.

the relationships

d2
J@% = ki1 + fer
d2
J@SOZ = ki — fer
fe e C(.TQ = .’1}1) + d(.’i)g = j?l)
vy — 1+ T2
2

state variables.

Remark: (for Exercise 3.6) The continuous-time mathematical model follows from

Choose the angles ¢; and @2 and the corresponding angular velocities w; and wo as
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Ezxercise 3.7. Figure 3.3 shows a simplified model of a magnetic bearing. The control
task is to keep the mass m at a constant distance s (velocity § = w) through
the magnetic force fi,q49. For the further calculation, the following parameters are
given: mass m = 500 kg, number of turns of the coil N = 500, resistance of the coil
R = 2Q, permeability constant of air pug = 4%10*7%, and the area of the air gap for
calculating the magnetic force A = 0.04m?.

Determine the nonlinear mathematical model in the form

%x = f(x,u)

y=3s

with the state xT = [s w z} , the input voltage u as input variable, and the position
s as output variable. Linearize the mathematical model around the equilibrium
point (xg,ug), which is determined by the stationary voltage ug = 60V. Design
a continuous-time LQR state controller and a continuous-time Kalman filter using
MATLAB and simulate the result in MATLAB/SIMULINK. Use the commands ss, 1qr,
lqge, reg, and lggreg as well as 1qg from the ROBUST CONTROL TOOLBOX.

P R
DTN L
//u—>oo
A s g
m

w— 00

Figure 3.3: On the magnetic bearing.

Remark: (for Exercise 3.7) The nonlinear mathematical model is

s w

d 2 ) 1

vl = g—%. with k=§Au0N2.
i %(u—Ri—l—z;UTk)

Ezercise 3.8. Consider the temperature control system shown in Figure 3.4 with a
constant mass flow rate rh,, = 1. = . The temperature in the tank T}, with
the constant water quantity my,; can be influenced via the mixing valve with the
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output temperature 7,,. For the temperature directly at the tank inlet T, due to
the neglect of heat losses in the pipeline,

Tow =T (t —Ty)

holds with the dead time T; caused by the transport process through the pipeline.
Determine the mathematical model of the temperature control system with the state
variable x = T}y, the input variable u = T, and the output variable y = Ty, = Tignk-
Furthermore, generally calculate the transport dead time 7} for a frictionless pipeline
with inner diameter D and length L for given mass flow rate rn and density p of the
liquid. The energy FEiqpr stored in the water quantity myqy,, with temperature Tignk
and the specific heat capacity of water cyy is

Etank = CWmtanthank .

Choose suitable parameters and implement the mathematical model in MATLAB/SIMULINK.
For a suitable sampling time T,, design a Kalman filter and an LQR state controller

and simulate the closed-loop control system with the continuous-time plant in MAT-
LAB/SIMULINK.

hot water —» Y

cold water —> o
mixing valve AV4

[k\‘ Tap = Thank

CTi&cmk:

Figure 3.4: For Exercise 3.8 on the temperature control system.
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3.5 Extended Concepts of State Control

3.5.1 Feedforward of the Estimated Disturbance

It was already shown in the Kalman filter (see Section 2.3.2) how deterministic disturbances
can be systematically taken into account by adding a disturbance model. In the following,
this concept is extended to the combined state controller and state observer design.
Consider the linear, time-invariant, continuous-time system

d
X" Ax + Bu+ Gw x(0) = xo (3.95a)

y =Cx (3.95b)

with the n-dimensional state x € R", the p-dimensional deterministic input u € R?, the
g-dimensional output y € RY, the r-dimensional deterministic disturbance w € R", and
the matrices A € R™*", B € R"?, G € R™*", and C € R?*". It is assumed that the
disturbance w can be described by the disturbance model
d
Frh A,z z(0) = 2o (3.96a)
w = C,z (3.96b)

In a first step, the corresponding discrete-time system for the sampling time 7}, is calculated
for the extended system

il -Lo SR o) o
y=[c o m (3.97b)
in the form
o o "
yo=[c o t:] (3.98b)

Exercise 3.9. Show that the discrete-time system of (3.97) must have the structure
of (3.98).

As can be seen, the state of the disturbance model z is not reachable via the input u.
If the system (3.98) is observable, the state x and the state of the disturbance model z
can be observed via an observer

[&k+1‘| _ [Q ‘i’xz‘|
ik-l—l 0 P,
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In the next step, a state controller
up = KXk (3100)

is designed for the system
Xpr1 = Pxg + Tuy (3.101)

and extended and implemented in the form
u = KX + K,z (3.102)
Thus, the closed-loop system (3.98), (3.99), and (3.102) is

Xk+1 = (@ + FK)Xk + ((I)xz + FKZ)Zk —T'Kx, — T'K,Z; (3103&)
Ziy1 = (I)sz (3103b)

with the dynamics of the observation errors X = x — X} and Zp = zr — Zi

X ®-KC &,,|[x
Zi+1 —KzC P, Zy

Note that the controller matrix K determines the dynamics with which an initial error x(0)
is controlled to zero with vanishing disturbance, i.e., w = 0. Furthermore, the observer
matrices K and K, determine the error dynamics, and with the help of K, the influence
of the disturbance w can be specifically suppressed. As can be seen from (3.103), the
optimal choice for K, if possible, is given by

Py, +TK, =0 (3.105)

This strategy for disturbance suppression is also called feedforward of the estimated
disturbance. Figure 3.5 shows the corresponding block diagram.

Digital Controller Continuous Plant
W
Xk
> K T,
u
L D/A L» plant S
Zk 5, K,
1,
observer | Yk
«————— A/D =

Figure 3.5: Block diagram for feedforward of the estimated disturbance.
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3.5.2 State Controller and State Observer Design with Integral Action

Now assume that the disturbance w in (3.95) is constant but unknown. Then the
corresponding disturbance model (3.96) is
oo 20 (3.1062)
—7 = Z =W . a
dt
W=z (3.106Db)

and the discrete-time system (3.98) becomes

® o,, Tr
[X’fﬂ = [ ] lx’“] + [ ]uk (3.107a)
Zj+1 0 E Z 0
ve=[C o lx’“] (3.107D)
Zk
with
® = exp(AT,) (3.108a)
Ta
<I>xz:/ exp(AT)dTG (3.108b)
0
Ta
r :/ exp(AT)dTB . (3.108c)
0

FEzercise 3.10. Show the validity of (3.108).

Now assume that ®4, = I' or G = B holds, i.e., the disturbance z; acts on the system
before the input uy in the sampled system, then (3.105) can be solved exactly. It holds
that K, = —E. Thus, the controller from (3.102) is

ur = K)A(k — ik (3.109)

and the observer from (3.99) has the form

% & I|[x r K
R = 1 e+ | | (v — Ce) (3.110)
Zp+1 0 E Z 0 Kz
Rewriting (3.109) and (3.110), we obtain
%11 = (& + TK)%;, + K(yi — Cxy) (3.111a)
Zpy1 = 25 + Ky (yr — CXp) (3.111b)
ur = K}A(k — ik, (3.111C)

showing that the controller consists of the feedback of the estimated state X; with the
controller matrix K and the integrated output error weighted by the matrix K. Figure 3.6
shows the corresponding controller structure in the form of a block diagram. In summary,
the design with integral action looks as follows:
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Zp — Wi
Xk » K U ‘l | X1 = Oxp +Tup + Tz | YR

T' yi = Cxy
1

. z—1

Uk X

Rpy1 = ®%y, + Ty, + Ky — Cxp)
K,
. C Vi ;il

Figure 3.6: State controller/state observer design with integral action.

(1) Design a state controller of the form

up = KXk . (3112)

for the system
X1 = Pxg + Tug (3.113&)
Yk = Cxy (3.113b)

(2) In the second step, extend the system (3.113) by a constant, but unknown disturbance
w acting at the system input, i.e.,

& T r
il M ey 2(0)=w (3.114a)
Zi+1 0 E Zj 0
ve=[C 0] [X’“] (3.114b)
Zj

and design the observer gain matrices K and K, of a full observer (see (3.110)).
(3) The controller then follows according to (3.109) as

3.5.3 State Controller and State Observer Design with Setpoints

This section shows how setpoints can be systematically taken into account in state
controller and state observer design. In the English-language literature, this problem is
often referred to as the servo problem. It is assumed that the variables y; € RP

yk = Crxk (3.116)
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of the system

Xpr1 = Pxg + Tuy (3117&)
vi = Cxp, (3.117b)
with the n-dimensional state x € R™, the p-dimensional input u € R?, the g-dimensional

output y € RY, and the matrices ® € R™*" T € R"P, and C € R?*™, are to be
controlled to a given stationary reference value rg € R?

ys = Cpxs =15 (3.118)
In a first step, a state controller
u, = Kxp (3.119)
is designed, for example, as a stationary Riccati controller, and in a second step it is
extended in the form
up, = —K(Lprg — xi) + Lyrg (3.120)
with L, € R™"*P and L, € RP*P. The matrices L, and Ly are to satisfy the following
conditions for the stationary state

Lyrs = x; (3.121a)
Lurs = u, (3.121b)
From (3.117), it follows in the stationary state that
(E - ®)x, — Tu, =0 (3.122)
and substituting (3.121) into (3.118) and (3.122), we obtain
((E — ®)L; — TLy)r, = 0 (3.123a)
ys = CyLyrs = g (3.123b)
or, for rg # 0,
E-® -T||L; 0
=|_I. (3.124)
C, 0 ||Ly E
(S ——
X

If the matrix X is invertible, then the matrices Ly and Ly can be calculated from (3.124).
Figure 3.7 shows the corresponding controller structure.
It can be seen that (3.120) can also be simplified in the form

u, = Kx; +Lry with L=L,— KL, (3.125)
Now assume that the state x; is not measurable. Then a state observer of the form
K11 = D%y, + Tuy, + K(yi, — Cxy) (3.126)

is additionally required. The closed-loop system (3.117), (3.125), and (3.126) is then given
with the observation error e, = x;, — X, as

Xpt1 = (‘I’ + FK)Xk —I'Kei + I'Lry, (3.127&)
€rt+1 = (i’ - KC)ek (3127b)
Y = ka . (31270)
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Ly

Y

v
=
s

|
~

plant » C, |—>

Figure 3.7: Controller structure for state control with setpoints.

Exercise 3.11. In an analogous way to that shown in Section 3.5.2, the state controller
and state observer design with setpoints can be extended by an integral action. Show
that in this case the control law is calculated as follows:

Rps1 = (® + TK)%X; + K(yr — CX) 4+ I'Lry,
Zpy1 = 2 + Ky (yr — CXy)
up = K)A(k - ik + er

3.5.4 The Feedforward Concept

If the controlled system is to behave like a reference model of the form

Xir1 = PrXp + Tipri (3.128a)
vi = CpXi (3.128b)

then the following procedure can be chosen: Simulate the reference model (3.128) on the
computer and set the control law as follows:

u, = —K(xp — xi) + ug (3.129)
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The so-called (control variable) feedforward signal uy is determined such that, with
ideal agreement between the reference model and the controlled system, i.e., X = xp,
the outputs of the reference model and the controlled system also agree, i.e., ¥ = yk.
Calculating the feedforward signal in the multivariable case is generally relatively difficult.
In the single-variable case, using the z-transfer functions of (3.117) and (3.128)

G(z) = 38 = cTE-®)7'T (3.130a)
Go(z) = 28 ot B s )T, (3.130D)

from the condition
G(2)uz(2) = y=(2) = ¥2(2) = Gm(2)r2(2) (3.131)
the z-transform u,(z) of the feedforward signal (u) can be calculated as follows:
2)

_ Gl
T G(2)

r2(2) (3.132)

uy(z)

From (3.132), it can be seen that this is only possible if the degree difference of G,,(2) is
greater than or equal to the degree difference of G(z), Gy, (z) is BIBO-stable, and all zeros
outside the closed unit circle of G(z) are also zeros of G,,,(z). If the numerator polynomials
of G(z) and G,,(z) are identical and the orders of the denominator polynomials are equal,
ie.,

bo+biz+ -+ by 12" 4 b 2"

Gy = 26B) _ (3.133)
ng(z)  ao+arz+--+ ap_12" 1+ apz”
bo + b1z + -+ 4 bp_12" L 4 byz”
Go(z) = 2Gn )y bot bzt d b2+ b2 (3.133b)

ne,, (z) Gotaizt - ta, oIy
then @,(z) simply follows as

_ ag+a1z+ -+ ap_12"" 4 ap2"
-V . 3.134
A I RN ST (3.134)

The factor V is chosen, for example, such that lim,_,; G,,(z) = 1 holds. If the reference
model (3.128) is now in the first standard form, then the state realization of (3.134) in
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the first standard form in the single-variable case is

T1,k+1 0 1 0 ... 0 T1,k 0
T2 41 0 0 1 e 0 Tk 0
o AR HE (3.1350)
Tp—1,k+1 0 0o ... 0 1 Tn—1k 0
| Tnk+1 | |—a0 —a1 ... —Gnp—2 —ap-1| | Tpk | [1]
- 5/_/ \,—/
Xk+1 P Xk |
Tk
ok
U = V[ao —agy, Qa1 — A1Gpn ... QGp_1 — &n,lan} : +Va,ry .
el Tp—1,k
L ;i'n7k -
—_——

Xk

(3.135b)

Now all the results obtained so far can be summarized in a common structure. A state
controller and state observer with integral action and feedforward via a reference model
in the case of a single-variable system consists of the reference model (see (3.128))

Xit1 = PmXp + Tiyrie (3.136&)
Uk = L Xy (3.136b)

the state and disturbance observer (see (3.110))

Xpr1| [P T [Xk n T

Ze1| |0 1] |% 0
and the control law, consisting of the feedback component —kT(ik — Xi) — 2 and the
feedforward component g = cr %X + Vaury (see (3.119), (3.129), and (3.135)),

up +

;} (yk - chck) (3.137)

up = —kT(Xp — Xp) — Zp + ChXp + Vaprg (3.138)
\—7/_/

Uk

Simplifying equations (3.136)—(3.138), we finally obtain

Xpoi1 = PXp + Dot (3.139a)
Rpoy1 = (q> +rkT - ﬁcT)fck T r(ég - kT)Sck, 1 Va,Try + kyy, (3.139D)
Erir = 2+ e (- <) (3.139¢)

we = (e, — K )%p + K5 — 2+ Vagry, . (3.139d)

Figure 3.8 shows the structure of the control concept (3.139).
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U
- reference model
——> feedforward ~
generator _X.k kT % > plant o+ >

A

Xk observer

f A

A

Figure 3.8: Control structure of the feedforward concept.

Ezxercise 3.12. Consider the transfer function of a double integrator

For the sampling time 7, = 0.1s, determine the corresponding discrete-time model.
Apply all control concepts presented in this chapter to this model, if possible. Consider
a constant but unknown disturbance at the input and a sinusoidal input disturbance
of the form

w(t) = Asin(2t + ¢)

with unknown amplitude A and unknown phase . Furthermore, jump-like and sinu-
soidal reference signals are to be specified, which the system can at least follow station-
arily without control errors. Implement all control concepts in MATLAB/SIMULINK.

Exercise 3.13. Given is the mechanical system shown in Figure 3.9, driven by a exter-
nally excited DC motor. Determine the mathematical model under the assumption
that the dynamics of the DC motor can be neglected. Use the angular velocities wy,
wo, and the angle difference Ay = 1 — @9 as state variables, the armature current i,
as input variable, and w- as output variable. The armature circuit constant has the
value k, = 1 Nm/A, the moments of inertia of the two masses are J; = 1.11 kgm? and
Jo = 10kgm?, and the spring and damping constant of the torsion shaft are given by
¢ =1Nm/rad and d = 0.1 Nms/rad. For a sampling time 7, = 0.5s, determine the
corresponding sampled model. Apply all control concepts presented in this chapter
to this sampled model, if possible, and test your results in MATLAB/SIMULINK.
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: i
motor !

Y1, w1 ¢ P2, W2

Ji Jo

Figure 3.9: Mechanical system with torsion shaft.
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A Fundamentals of Stochastics

Theorem A.1 (Axioms of Probability). The following axioms of probability can be
defined:

(1) The probability P(A) of an outcome A in an experiment is a uniquely determined
non-negative real number, which can be at most equal to 1, thus it holds that

0<P(A)<1. (A1)

(2) For a certain event A of an experiment it holds that
P(A)=1. (A.2)
For equivalent events B and C in an experiment it holds that

P(B) = P(C) . (A.3)

(3) If two events B and C' in an experiment are mutually exclusive, then it holds
that
P(B+C)=P(B)+P(C) . (A4)

Definition A.1 (Random Variable, Stochastic Variable). A function X is called a
random variable or stochastic variable if it is assigned to a random experiment and
possesses the following properties:

(1) The values of X are real numbers and

(2) for every number a and every interval I on the number line, the probability of
the event “X has the value a” or “X lies in the interval I” is in accordance with
the axioms of probability.

In this context, a random experiment is an experiment in which the result of a single
execution can be expressed by a single number.

If X is a discrete random variable, then the corresponding probabilities p; = P(X = x1),
p2 = P(X = x2),... can be assigned to all values of X, hereinafter denoted by x1,xo, .. ..
The function

Dj for z = x;
_ A5
/(@) {0 for all other x (A-5)

is then called the probability function. Since the random variable X always takes a value
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xj, it must also hold that the sum of all probabilities
> o flxy) =1 (A.6)
J

is 1. The probability that the random variable X lies in the interval a < X < b is then
easily calculated in the form

Pla<X <b)= Y f(z;). (A7)

a<z;<b

If the probability P(X < x) is plotted as a function of z, i.e., the probability of an
experiment whose results are X < z, then one obtains the probability distribution function

Flz)=P(X <z)= > f(z;). (A.8)

Tj<x

For a continuous random variable X, the probability distribution function can be repre-
sented in integral form

F(z) = /m f(v)dv with F(oo) =1 (A.9)

—00

where the integrand f(v) is a non-negative and, except for finitely many points, continuous
function, which is also called the probability density function.

Exercise A.1. Show that for the continuous random variable X the relation

b
P@<X§®:Lﬂw®:F@—H@

holds.

Figure A.1 shows the typical course of the probability distribution function of a discrete
and a continuous random variable.

F(x) A F($) A

>—/

T1 Ty Tr T T

\ 4

Figure A.1: On the probability distribution function.
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Definition A.2 (Expected Value). The ezpected value E(X) of a random variable X
(also called mean value or 1st moment) is defined in the case of a discrete distribution
as

E(X) =) z;f(z;) (A.10)
J
and in the case of a continuous distribution as
ELX):i/ i) e (A.11)

For a function g(X) of the random variable X, it generally holds that the expected
value of the function g(X) can be calculated in the form

—00

E(g(X) = Y g(wi)f (@) or EgX) = [ g@f@de  (A12)

Exercise A.2. Show the validity of the following important equation
E(ag(X) 4+ fh(X)) = aE(g(X)) + FE(h(X))
with the constants o and . Show that this also implies

E(E(X)) =E(X) and E(XE(X))=E(X)?

Definition A.3 (Variance). The variance 0% of a random variable X measures the
quadratic deviation from the expected value and is defined as

ok =EB([X - B(X)’) = B(X? - 2X B(X) + B(X)?) = B(X?) - E(X)* (A.13)

The variance is also referred to as the second central moment, and its positive square
root ox as the standard deviation.
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The previous considerations can now be easily extended to multiple random variables.
For two discrete random variables X and Y, the probability distribution function takes
the form

Fla,y) =P(X <2,V <y)= 3 3 flary)) (A.14)

<z Y; <y

with

Pkj for z = xp, y = y; .
x,y) = with 2, y) = 1 A5
f(z,y) {0 for all other (x,y) Xk:zj: f(zr,y5) ( )

and in the continuous case it holds that
x Yy
F(z,y) = / / fv,w)dvdw with F(oco,00)=1. (A.16)
—o0 J—o00

The so-called marginal distributions are given by the following expressions

Fi(z) =P(X < z,Y arbitrary) = Z Zf(a;k,yj) (A.17)

zp<x j

Ji(zk)

or

Fi(z) = P(X <2,V arbitrary) = /x /OO f(v,w)dvdw (A.18)

fi(w)

and

Fy(y) = P(X arbitrary,Y <y) = > N f(ax, ;) (A.19)
yi<y k

f2(y5)
or B
Fy(y) = P(X arbitrary,Y <y) = / / f(v,w)dwdv (A.20)

[ S —
J2(v)
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Definition A.4 (Independence of Random Variables). Two random variables X and
Y are independent if and only if for every pair of events of the form

a1 <X <by and ax <Y < by (A.21)
the relation
Plag < X <bj,a2 <Y <by) =Pla; < X <b1)P(azg <Y < b9) (A.22)
and thus also
f(xy) = filx)f2(y) and  F(z,y) = Fi(x)F(y) (A.23)

with fi(x), fa(y), Fi(z) and F»(y) according to (A.17)—(A.20) holds.

Theorem A.2 (Expected Value and Covariance of Two Random Variables). For the
expected value of a function g(X,Y) of two random variables X and Y, it holds that

E(g(X,Y)) =YY gk, y) f (@, y5) (A.24)
PR

or

B Y) = [ [ gte)iy)dedy . (4.25)
The expected value E(X +Y') of a sum of random variables X and Y is calculated as
E(X+Y)=EX)+E®Y) . (A.26)

If two random variables X and Y are independent, then the following relation holds
(shown here for the discrete case using (A.19))

E(XY) = szkyjf(xk,yj) = ZZ$kyjf1(wk)f2(yj) =E(X)E(Y) . (A27)

k J k

If a random variable Z results from the sum of two random variables X and Y, then
according to (A.13) the variance of Z is

0% =E(2%) - B(2)* = B(X?) + 2E(XY) + B(Y?)

(A.28)
—E(X)? —2E(X)E(Y) —E(Y)? = 0% 4+ 0% + 20xy
with the so-called covariance
oxy = E(XY)-EX)E(®Y) . (A.29)
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It is easily verified that (A.29) can also be written in the form
oxy = E([X - E(X)][Y - E(Y))) (A.30)

If the random variables X and Y are independent, then according to (A.27) oxy = 0.

Definition A.5 (Correlation Coefficient and Covariance Matrix). The quotient

p= 2XY (A.31)
oxXOy

is called the correlation coefficient between the random variables X and Y. If » = 0,
then X and Y are uncorrelated. It can also be seen that two independent random
variables X and Y must also be uncorrelated because of oxy = 0. The correlation
coefficient —1 < r < 1 provides a measure of the linear dependence of X and Y. For

a vector-valued random variable XT = [X 1 X9 ... Xn}, it now holds that

B(X") = [E(X1) E(X) ... E(X,)] (A.32)

and the covariance matriz of the vector-valued random variable X is understood to
be the matrix

0'3(1 O0X1X, "0 O0Xi1Xn
O' 0'2 “ e O'
cov(X) = (X -B)|X -BX)|T) = | 7 T T (A
UXnXl JXnXQ T O—gfn

It can be seen that the covariance matrix is symmetric.
Exercise A.3. Show that the relation
(X - BX)[3) = B([X - E(X)]"[X - E(X)]) = trace(cov(X))

holds with trace(S) = >, si;.

From what has been said so far, it follows that the covariance matrix of a vector-valued
random variable X, whose components X;, X; for i # j = 1,...,n are uncorrelated, is a
diagonal matrix.

For stochastic time signals originating from statistically identical signal sources, there
exists not only a single realization z(¢) but a whole family (ensemble) of random time
functions {x;(¢)}. This ensemble of random time functions or random sequences in the
time-discrete case is called a continuous-time or discrete-time stochastic process x(t). A
single realization x;(t) for a fixed j is also called a sample function. For every fixed point
in time ¢, x(¢) is a random variable with a probability distribution function (see (A.8))

F(z,t) =Px(t) <z). (A.34)
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The probability density function is then calculated according to (A.9) as

 OF(x,1)

flat) = =5 2= . (A.35)

Definition A.6 (Mean, Auto- and Cross-Correlation Function of a Stochastic Process).
The mean 7y (t) of a stochastic process x(t) is (see also (A.11))

nx(t) = E(x(t)) = / i, ) s (A.36)
The autocorrelation function ®x(t1,t2) of a stochastic process x(t) is understood to
be the expected value of the product x(t1)x(t2)

B (b, t2) = B(x(t1)x(t)) = [ - L T o (o, t)waf (w2, 1) dor dzs . (A37)

The cross-correlation function ®yy(t1,t2) of two stochastic processes x(t) and y(t) is
given by the relation

Doy(trts) =Blxlt)y() = [ [ afet)uflt)dedy.  (A33)

Definition A.7 (Auto- and Cross-Covariance Function). The autocovariance function
Cyxx(t1,t2) of a stochastic process x(t) is

Cxx(t1,t2) = E([x(t1) — nx(t1)][x(t2) — nx(t2)]) = Pxx(t1, t2) — mx(t1)mx(t2) - (A.39)

The cross-covariance function Cyy(t1,t2) of two stochastic processes x(t) and y(t) is
analogously given by

Cuy(t1,t2) = E([x(t1) — nx(t1)][y(b2) — 1y (£2)]) = Py (B2, t2) — mx(t1)ny (£2) . (A.40)
Ezercise A.4. Show the validity of the right-hand identity of (A.39).

Definition A.8 (Stationary Stochastic Process). A stochastic process x(¢) is called
strictly stationary if its statistical properties are invariant under time shifts, i.e., x(t)
and x(t + ¢) have identical statistical properties for all c¢. The stochastic process x(t) is
stationary in a wider sense if the mean 7y (t) = 7y is constant and the autocorrelation
function depends only on the time difference 7 = to —t1, i.e., Pxx(7) = E(x(t)x(t + 7)).

The functions (A.36)—(A.40) shown so far take into account all realizations, i.e., the
entire ensemble, of a stochastic process. According to the so-called ergodic hypothesis,
the functions (A.36)—(A.40) can also be written using only a single sample function if
infinitely long time intervals are considered. Ergodic processes are also stationary, but
the inverse does not generally hold. This results in the following expressions, with the
continuous-time case on the left and the discrete-time case on the right:
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(1) Mean value

T/2 1 N-1
= lim — = lim — A4l
Ne = Tgrcio T /T/2 t)dt or n, = lmoo N Z Tk ( )

(2) Autocorrelation function

T/2 1 N-1

S, (1) = 711_1)1;0 T/T/2 z(t+71)dt or Du(r)= A}l_r}n()@ N ,,32::0 TeTpar
(A.42)
(3) Cross-correlation function
T/2
Q,y(7) = Th—I};o T/T/2 y(t+71)dt or  Puy(1) = J\}gnoo — Z TkYktr
(A.43)

Ezxercise A.5. Show that ®,,(7) satisfies the following properties:
L @y (1) = o (—7)
2. @,,(0) = B(x(t)*)
3. Bup(00) = E(u(t))”

4. Oyp(7) < P, (0)

Ezercise A.6. Show that ®,,(7) satisfies the following properties:
1. @uy(7) = Pya(—7)
2. By
3. Byy(00) = E(z(1)) E(y(?))
4. @, (

FEzercise A.7. What are the expressions for the autovariance and autocovariance
functions in the ergodic case?
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Definition A.9 (White Noise). A stochastic process v(t) is called (strict) white noise
if for all time points t; # to, v(t1) and v(t2) are statistically independent, or

1 f =0
C(r) = Cod(r) with §(r)={ ' " andCo>0. (A.44)
0 otherwise

It is further assumed that the mean 7, = 0.

Remark: It can be shown that in the continuous-time case the average power of
the white noise is infinite and therefore this process cannot be ideally realized. In
contrast, in the discrete-time case, where the signal sequence values are at a finite
distance from each other, the power remains finite, so that ideal white noise is also
realizable.
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