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3.3 Model-based reinforcement learning

In model-based reinforcement learning, we assume to know the dynamic and reward
function py and py, respectively.

3.3.1 Infinite horizon Dynamic Programming

Next we discuss Value and Policy Iteration used in reinforcement learning. Therefore,
we will restrict our self to deterministic policies, the infinite horizon setting (N = 00),
and the value-discrete case. In this case, the value-discrete Bellman Expectation equation
(3.59) with (3.19) can be written as

Q(x,u) = 7(x,u) +7 Y px(x’ [ x,u)V7(x)

x'eXx
QW(Xiaul) = F(Xivul) +7 Z pX(Xj | Xi7ul)v7r(xj)
X €X (3.67)
| X
= 7(x;, W) +’yZpllV7T (x5) .
7j=1

and

VT(x) =7 (x)+7 Y. > px(x | x,u)m(u | x)V™(x')

x'eX ueld
VT(xi) =7 (%) +7 >, Y px(x5 | xi, w)m(u | x;) V7™ (x;)
x; EX uell (3.68)
|X]
=7 (xi) +7 Y P5VT(x5) -
=1

Policy lteration

When the model is fully known, following Bellman Expectation Equation, we can use
Dynamic Programming (DP) to iteratively evaluate value functions and improve the
policy.

e Policy Evaluation (value update) is to compute the state-value functions V™ (x) for
a given policy 7 according to the Bellman Expectation Equation (3.58).

« Based on the state-value functions, Policy Improvement (policy update) generates a
better policy V™ (x) > V7 (x) by acting greedily.

Once again, we show Policy Iteration for the infinite horizon (N = oco) and value-discrete
case (X and U finite) only.
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Policy Evaluation

Define the state-value vector v € RIFIT! via
T
v = [ V™(xo) ... V”(x‘/ﬂ) } , (3.69)
and the reward vector r™ € RIFHL via
T=17F o ]T 3.70
= Ty ] (3.70)

Then, the value-discrete infinite horizon Bellman Expectation equation (3.58) reads in
vector notation as

vi=r"+4P"V" . (3.71)

Policy Evaluation involves computing the state-value vector v for a given policy 7 solving
the Bellman Expectation Equation. We also refer to it as the prediction problem. In this
context, it is important to note that the induced matrix norm ||P™| s is equal to 1, and
since v < 1, the matrix I — yP™ is nonsingular. Consequently, for any reward vector r™,
there exists a unique v™ that satisfies (3.58). In principle it is possible to deduce from
(3.58)

vi=(I—~P™) 'r" . (3.72)

However, applying this formula can be challenging in practical applications of Markov
Decision Problems, mainly due to the large size of the state space X, represented by the
integer |X'|. Additionally, matrix inversion has a cubic complexity, making it impractical
to invert the matrix I — yP™. Consequently, alternative approaches need to be explored.
The Contraction Mapping Theorem provides a feasible solution in such cases.

Theorem 3.3. (Iterative policy evaluation, Theorem 2 in [3.11]) The map y
T(y) = r™ + yP7y is monotone and is a contraction with respect to the {x-norm,
with contraction constant v. Therefore, we can choose some vector y© arbitrarily,
and then define

yH) = p™ 4 4Py () (3.73)

Then y9 converges to the state value vector v™.

See [3.11] for a proof. Similar results can be obtained for the value-continuous case, see
[3.5]. Therefore, the transition tensor P™ is replaced by a transition operator.

Policy Improvement

Given a state-value function V™ (x) of a policy m, it is possible to perform a policy
improvement step, cf. [3.7, pp. 84-85]. The result is a potentially better strategy 7/, where
V™ (x) > V7™(x) holds. To obtain 7/, the previous strategy 7 is no longer followed, but
instead the greedy policy is chosen, which maximizes the expected reward:
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/ = /
' = arg max Q7 (x, u) = arg max [T” + VB o () LV (X )}] : (3.74)
This can be proven by the Policy Improvement Theorem 3.4:

Theorem 3.4. (Policy Improvement Theorem) We consider two policies 7(u | x) and
7'(u | x). Let us define

Q" (x,7") = By (up {Q" (%, 1)} - (3.75)
IfVx € X, we have that Q™ (x,7") > V™ (x), then it holds that
VT(x) < QT(x,7') < V™ (x), Va . (3.76)

This means that 7' is at least as good a policy as .

Proof. By expanding QQ™, we can get that Vx € X,

Vﬂ(x) < Qﬂ— (Xa 7T/) - EUNW’(u\x){Qﬂ(Xa I.I)}

= Byur(ux)§ e +7 VT(x)
——
<QT(x!,m’)
< By ux) {1k +7Q7 (%, 1) }

(3.77)
- Eu,u/Nw/{"k + Al + VT (X”)}
2
< Eu,u’,u”...wn’{rk + Vg1 Y g2 + }
=V (x) .
O

The Infinite Horizon Policy Iteration Algorithm 1 shows how to use policy evaluation
and policy improvement to find an optimal policy 7*.
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Algorithm 1: Infinite Horizon Policy Iteration Algorithm

Data: 0 is a small number
/* Initialization */
1 Initialize V7 (x) arbitrarily;
Randomly initialize policy pu;
/* Policy Evaluation */
A+ 0;
while A < 0 do
for each x € X do
v = V7T (x);
V(%) 7+ S pel(x! | %, w)V(x);
A + max(A, [v™ — V7 (x)]);
end

N

© 0w N AW

10 end
/* Policy Improvement */
11 policy is stable < true;
12 for each x € X do
13 old-policy < m;
14 Qﬂ(xv u) — f(X, u) + VZx’eX px(xl ’ X, u)VW(X/);
15 p(x) + argmaxyey Q™ (x,u);
16 if old-policy # 7 then
17 | policy is stable < false;
18 end

19 end

20 if policy is stable then

21 | return V™ =~ V* and 7 =~ 7%;
22 else

23 | go to Policy Evaluation;

24 end

Remark 3.9. A Jupyter Notebook of the Infinite Horizon Policy Iteration Algorithm 7
for the Frozen Lake Example can be found here.

Value lteration

Value iteration is the computation of the state-value function V™ by the Dynamic Pro-
gramming described in Theorem 3.2. The iteration is performed for the entire state space
starting from arbitrarily initialized residual reward [3.7, p. 83]. The iteration rule in
Theorem 3.2 represents a fixed point iteration for V™ and converges against V*, see [3.9].
Therefore, we introduce the state-value vector

V= Vixg) . VT (x) }T e R (3.78)
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and define the Bellman Iteration Map® B : RI¥IH1 — RIXIH1 yia

¥

y = (By))lil = max) 7(xi, w) + v vyl (3.79)
j=1

Theorem 3.5. (Theorem 3 in [3.11]) The map B is monotone and a contraction
with respect to the loo-norm. Therefore, the fized point v(®) of the map B satisfies
the relation

|x|—1
VO] = mage 7 (i, w) + 7 ;) piv | (3.80)

See [3.11] for a proof. Given an initial guess v(?) € RI*I*1 one can iteratively employ
the Bellman iteration. These iterations will converge to the unique fixed point, denoted
as v(®) | of the operator B. The importance of this iterative process is elaborated in the
subsequent theorem.

Theorem 3.6. (Theorem 4 in [3.11]) Define v{®) € RI¥H1 to be the unique fized
point of B, and define v* € RI¥ITL to equal V* (x),x € X, where V*(x) is defined in
(3.47). Then v(®®) = v*

See [3.11] for a proof. Therefore, the optimal value vector can be computed using the
Bellman iteration. However, knowing the optimal value vector does not, by itself, give us an
optimal policy. Therefore, after the convergence Bellman iteration, a policy determination
according to (3.64) is performed.

The Infinite Horizon Value Iteration Algorithm 2 show how to use Value Iteration to
find an optimal policy 7*.

5Called Backup operator in the reinforcement learning literature.
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Algorithm 2: Infinite Horizon Value Iteration Algorithm

Data: 0 is a small number

Result: Find V*(x) and p* Vx € X

/* Initialization */
1 Initialize V(x) arbitrarily;
2 VT(x) 0 Vx e X;

/* Loop until convergence */
3 A+ 0
/* Optimal Value Determination */

4 while A < 0 do

5 for each x € X do
6 v+ V7 (x);
r || @) ) 7 S b | %0V
8 V7™ (x) < maxuey[Q" (x)];
9 A — max(A, v — V7™ (x)]);
10 end
11 end
/* Optimal Policy Determination */

12 Q" (x,u) + 7(x,u) + 9 X wex Px(X [ x,u)V7(X');
13 p*(x) ¢ arg maxucy Q*(x, u);
14 return p* Vx e X

Remark 3.10. A Jupyter Notebook of the Infinite Horizon Value Iteration Algo-
rithm 2 for the Frozen Lake Example can be found here.

3.3.2 Classical Optimal Control as MDP
Classical optimal control aims to solving

N-1
min  In(xy) + Y le(xp, ug)

X0,..., XN ER™
ug,...,uny_1ER™ k=0 (381)
S.t. Xk+1 = fk(xk,uk) 5 X0 = )zo .

This Section demonstrates that (3.81) is a special case of a classical MDP.
In OCP, we typically aim for minimization rather than maximization, i.e. we introduce
the loss I, = —ry,.

Markov Decision Process

Since both, the loss and the dynamic functions are deterministic, we can express them by
a combined Dirac delta distribution

Xit1, e ~ P(Xpt1, le|Xp, ug) = 5(Xk+1 — £ (xx, uk)>5(lk — I (%, uk)) . (3.82)
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Similarly, the initial condition distribution is given by
X0 ~ Pxo(X0) = d(x0 — Xo) , (3.83)

with the deterministic initial state x5 € X. We can compute the conditional state
transition dynamics

Px(Xp41 Xk, Ug) = /ﬁ P(Xpt1, [k Xk, ug) dly = 5(X1c+1 - fk(Xk,uk)) (3.84)

and the conditional loss density
pi(lk|xp, ug) = /XP(XkH,lk!Xk,uk)kaH = 5<lk - l_k(Xmuk)) : (3.85)

Note that (3.84) and (3.85) yields p(Xk+1,lk|Xk,uk) = px(xk+1\xk,uk)p|(lk|xk,uk), i.e.
the state xx41 and the loss I are conditionally independent given x; and ug.
The expected next state is computed as

E[xpt1|xp, ug] = /XXk+1Px(Xk+1\Xk,uk)ka+1 = f(xp,up) , (3.86)

as well as the expected loss

Ellg|xk, ug] = /lepl(lk|xk7uk) = lp(xp, uy) . (3.87)

Policy and Rollout
Typically, the result of solving an OCP is a deterministic feedforward policy

m(uglxg) = 6(up —ug) , (3.88)
or pi(xg) = ug. This yields the distribution of a rollout (3.42) when applying the

deterministic policy (3.88)

N

p"(7) = (0 — %0) [T 0 (3k+1 = £, we) )3y, — ) (3.89)
k=0

Note that (3.89) is a distrubution of a deterministic trajectory, i.e. it is non-zero if and
only if xg = X, ux = ux and X411 = f(xg, ug). Thus we can rewrite (3.89) as

N
pﬂ-(T) = 5(X0 — }_(0) H 5(Xk+1 - ik+1)5(uk - l_lk) = (5(7’ - 77') s (390)
k=0
with 7 = (X0, g, ..., uy—_1,Xy) and the condition X1 = (X, ug). Due to the properties
of the dirac delta function, the expectation of any function f(7) gives
Edlf(r)] = [ $()p7(r)dr = (7). (391)
T

with X511 = f(Xg, 0y) and initial condition Xy (as we would expect for a deterministic
rollout). Thus, all concepts from the previous sections can by applied to the deterministic
case, by just replacing expectations with the corresponding function evaluated at the
deterministic values.
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Overall Expected Loss and OCP

From (3.90) the expected loss under a deterministic policy can be computed as (3.88)
Exlli] = /T Ex[l|]p"(7)dr

. /TIEW[IMX;C, ug|p™ () dr

(0 /I_Zk(xkauk)pﬁ(T)dT

3.91) - ,_ _
(20 le(Xk, ug)

(3.92)

where the second equality follows from the independence of I and x;,u;, ¢ # k. With
Lo = —Rp we get the overall expected loss by

N—-1
ExlLo) =Ex|In+ > |k]
k=0
N—-1
=E.[In] + E[l
[In] kgo [I&] (3.93)
_ N—17
=INEN)+ ) k(Xk, ) |
k=0

with X1 = £(Xg, ug) -

Hence, minimizing E [Lo| directly yields the OCP (3.81) with the corresponding dynamics
constraint. This optimal control can be considered as solving a deterministic Markov
decision process.

Value Function

The action-value function (3.44a) for the OCP (3.81) evaluates to

N-1
Qr(xkwp) = Erllilxp, we] = Ie(xpowp) +  In(xn)+ Y I(xi,w)  ,  (3.94)
PR e i=k+1
pply uy at xi
Continue with m = (ﬁk+1, ey lilel)

with the conditions xx41 = f(xx,ux) and X;4+1 = f(x;,u;) for ¢« > k. Similarly, the
state-value function (3.45a) for the OCP (3.81) yields
N-1

VI (%) = ExlLglxi] = be(xp, 0r) + In(Xn) + Y 1i(%i, 13) (3.95)
i=k+1

Apply policy m = (g, ...,un_1) at state x,

with the conditions X; 11 = f(xy, ) and X;41 = £(X;, ;) for i > k. Note that a direct
consequence of (3.95) is the boundary condition V{(xx) = In(xn).
Comparing (3.94) and (3.95) directly yields the relations
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Vi (xk) = Qf Xk, Uiy, (3.96a)
QF (ks i) = D (i, i) + Vi (£ ok, ) ) (3.96b)

which corresponds from the result of (3.46) and the Bellman Expectation equation (3.59).

LQR - the finite time horizon case

In the following we assume a special case of (3.81) with linear dynamics
f(Xk, uk) = &x; + T'ug (397)

and quadratic costs

_ 1
In (XN) = QX%LXX,NXN
(3.98)

1 1
lp(xp,ug) = §X;£Lxx,kxk + §UELuu,kzuk + X} Ly g Uy, -
Assume that the optimal value function is quadratic at time k + 1, i.e. V% (xpq1) =
%X;CF+1Vxxyk+1xk+1, which is obviously true for k + 1 = N with Vyx v = Lxx n. Using
Theorem 3.2, the optimal action-value function then evaluates to

1 1
Qr(xk,ug) = éngxx,kxk + quLuu,kuk + X} Ly gy, +

Ik (Xp,ug)

(®x + Tug) Vi i1 (x5 + Tuy)

1 (3.99)
2

Vi (f(xk’uk))

Hence, the optimal action-value function (3.99) can be rewritten as a quadratic form

Qr(xp,ug) = %Xngx,ka + %quuu,kuk + X; Quu ks (3.100a)
with
Qxxp = Luxi + @ Ve o1 ® (3.100D)
Quuk = Luuk + T Vi 1T (3.100c)
Qxuk = Lxuk + @ VeI (3.100d)

From Theorem 3.2, the optimal policy can be obtained by minimizing (3.100), which
yields

up = (%) = — Qo Qeusk X - (3.101)
N—— —
=K,

Theorem 3.2 allows to compute the optimal state-value function as
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* * * 1
Vi (xk) = Qp (X, pyp (xx)) = §XEVxx,kxk ) (3.102a)
with
Vi k = Quoce + Kip Quu e Kk + Qoo t K + K Qoo - (3.102b)

Hence, V}(x}) is again a quadratic function of x; and we can repeat until £ = 0.

LQR - the finite time horizon case with affine dynamics

Consider the LQR Problem with the affine dynamics
f(Xk, uk) =&x; + Ty, +d (3.103)

and the cost

1
IN(xN) = Iy + 1 yxy + QX%LXX,NXN
(3.104)

- 1 1
Ie(xg,ug) = I + l)T(jkxk + lzkuk + 5X}£Lxx7kxk + §ugLuu7kuk + Xnguykuk .

Assume that the optimal value function at time & + 1 has the form V7 ,(xz41) =
Vg1 + V;{"k_‘_l)(k_i_l + %xEVxx’kak, which is obviously true for £k + 1 = N with vy = I,
vy, N = Ix, v and Vi y = Lxy n. Using Theorem 3.2, the optimal action-value function
then evaluates to

% 1 1
Qi (xpug) =l + 1 x4+ 15 pup + §X;£Lxx,kxk + §UELuu,kuk + X, Licu ks, +

I (xk,ug)

1
Vi1 + Va1 (®x5 + T + d) + 5 (®x + Tuy, + d)" Vi i1 (®xp + Ty +d)

Vi (FGxeu)
(3.105)

Hence, the optimal action-value function (3.105) can be rewritten as a quadratic form

. 1 1
Qf(Xk, Ug) = Gk + Ay £ Xk + A Uk + =Xp Qux £Xk + = Ut Quu kU + Xj Quu kU
) ) 2 2
(3.106a)
with
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@ =l + Vigr +d v pq1 + %dTVxx,kHd (3.106b)
Ax e = Lo + B Vi o1 + T Vi1 (3.106c)
Qus = lup + T Vg1 + T Vi pd (3.106d)

Quxk = Lxxp + @ Vi 11 (3.106e)
Quuk = Luug + T Vi g1 T (3.106¢)
Qxui = Lxug + 2 Vi 1T (3.106g)

From Theorem 3.2, the optimal policy can be obtained by minimizing (3.106), which
yields

wp = i (%) = = Qo Qe Xk — Quu Gu i = Kixi + i - (3.107)

=Ky =k

Theorem 3.2 allow to compute the optimal state-value function as

* * * 1
Vi (xk) = Qi (Xk, i (xk)) = v + V)chkxk + §x;£Vxx7kxk , (3.108a)
with
T 1 T
e = @k + Ki Quk + 5k Quuiks (3.108b)
Vx,k = Qx,k T+ Kr]fqu,k + KgQuu,kkk + qu,kkk (3-1080)
Vi = Quex e + K Quus K + Queu K + KL Qg - (3.108d)

Hence, V' (x}) is again a quadratic function of x; and we can repeat until £ = 0.

iLQR - the finite horizon nonlinear case

The iterative linear-quadratic requlator (iLQR) is an algorithm that uses the idea of the
LQR algorithm to solve general nonlinear optimal control problems. Given a general
nonlinear dynamics f(xy,u;) with an initial rollout 7 = (x¢, ug,...,un_1,Xy We can
linearize the dynamics around small increments x; = Xj + Axg and ug = ug + Auyg, which
yields

Axpiq = f(Xg, Ug) — X1 +PrAXE + TpAuy (3.109)
dg
: _ of _ of
with @k = a—xk %4, 1, and Fk = a_llk R, iig

Similarly, we can use a quadratic expansions of the nonlinear costs Iy (xx) and I (x, uy),
yielding

_ . 1
In(x) = In (%) + L v Axy + 5 AXN Loy Axy

lk(Xk, uk) ~

=~

k(Xe, ) + L Axy + 1 Ay, (3.110)

1
-+ AXngx,kAXk =+ §AuELuu7kAuk —+ AXELqucAuk R

N =
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where 1(~),k = V(')[k|ik»ﬁk7 lx,N = VXNZN|5(N are the gradients and L(~),(~),k = V(')(')Zk|ik,ﬁk’
Lyx N = V,Q(N I, N‘S(N are the Hessians, all evaluated at the initial solution 7. Since (3.109)
and (3.110) share the same structure in Axy and Auy as (3.104), we can use the algorithm

to compute an optimal increment
Au’,; = K.Ax; + k;. (3.111)

with K}, and ki, as defined in (3.107).
Thus the algorithm contains two steps

e Backward pass: Here we use our linear system approximation and the quadratic
cost approximation to compute quadratic approximations of the state- and action-
value functions (3.108) and (3.106) This is performed in a backward recursion, i.e.
we stat at k + 1 = N and iterate backward in time, see (3.108) and (3.106). Note,
that this step can be interpreted as policy evaluation.

e Forward pass: Here we compute the new rollout 7, based on the updated controls
(3.111), as well as the new cost, gradients and Hessians (3.109) and (3.110). Thus,
this step can be interpreted as policy improvement.

Two different strategies to compute the forward pass can be found in the literature:

1. We can assume that the initial states (Xg,...,Xy) are obtained by integrating
the dynamics f along the initial control sequence (ug,...,ux_1). Beginning
at xg = Xg, we can use AXj = Xp — X; to compute up = KpAxy + kg
to further compute the new state xx41 = f(xx,ux) and then proceed with
AXp41 = Xg41 — Xg+1. This corresponds to a single shooting version, which
is what is commonly referred as the iLQR algorithm in the literature. Note
that di = 0 always holds in this case, since the dynamics x;11 = f(xg, ug) is
always satisfied.

2. Starting at Axg = 0, we can compute for a given Ax; the control increment
Au, = KpAxi + ki and then use the linearized dynamics Axy11 = di +
D Axy, + 'y Auy to compute the next state increment which is further used to
compute Aug 1. The new state sequence is then obtained by xj = xj + Axy.
This corresponds to a multiple shooting version of the iLQR. algorithm, which
is typically called Gauss-Newton multiple shooting (GNMS) in the literature.
Note, that dj # 0 in general (until convergence).

In both cases, we use the initial guess 7 and the control increments Aug, k =
0,...,N — 1 to obtain a new solution 7 = (x¢,up,...,uny_1,Xy). We then set
T < 7 and repeat until convergence. The two strategies can be combines too, which
is then referred to as iLQR-GNMS.
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Algorithm 3: Unconstrained iLQR and GNMS
1 while AJ > ¢ do
/* Terminal conditions */
Vx < 1x,N§
3 Vix Lxx,N;
/* Backward Pass */
4 fork=N—-1,...,0do
5 qx < lx,k + ¢;.3er + q)gvxxdk;
6 qu lu,k + I‘va + (I’;—Vxxdk;;
7 Qxx < Lxx + @] Vax®y;
8 Quu < Luu + I‘ngxFM
9 qu — Lyxu + (I';—Pk:—&-ler
10 kj, < —QuuQu;
11 Ky <+ *Q;&QuXQ
12 Vy & Qx + K,CTqu + K;Quukk + Qxuky;
13 Vxx A Qxx + KgQuuKk + quKk + K;FQ
14 end
/* Forward Pass (iLQR case) x/
15 xg =X for k=0,...,N —1do
16 Auy + ki + KpAxy;
17 ug < ug + Aug;
18 Xpp1  £(xg, ug);
19 AXpi1 ¢ X1 — Xgg1;
20 d. =0
21 end
/* Forward Pass (GNMS case) */
22 Axg < 0;
23 for k=0,...,N—1do
24 Au + ki, + KpAxy;
25 Axk—H — dj + ®LAxy + T Auy;
26 ug < ug + Aug;
27 Xpr1 = X1 + DXpy1;
28 dk = f(Xk, uk) — Xk+1
29 end
/* Update sequences */
30 | (Xk)izo ¢ (xk)ilo:
st | (W)l (w)iigs
32 end
33 return (uZ){CV:_Ol, (XZ),]CV:O
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3.3.3 Sampling Based Model Predictive Control

While model predictive control (MPC) methods based on gradient-based OCP solvers are
great tools for a variety of applications, they show two major drawbacks:

1. They suffer from the potential of getting stuck in local minima. In robotics this is
often the case in collision avoidance applications.

2. The system dynamics as well as the costs have to be differentiable.

Sampling based MPC methods rely on sampling instead of gradients for policy updates,
which lossens these limitations to some extend. While there is a huge amount of work on
sampling based MPC methods, the basic idea is very similar for all of them. This section
deals with the variant presented in [3.12].

In the following, we consider a deterministic dynamic function

Xp+1 = f(xk, uk) (3.112)

and the goal is to find an optimal stochastic open-loop policy of the form

w ~ g, (Wg) = N (ug; O, ) = 0~ exp (g — ) "= (e - 6)) (3.113)
1
with the normalization n = ((27)™|X|)?. Given a sequence of inputs U = (ug,...,un_1)
with the corresponding mean values @ = (6y, ..., 0y_1) we can define the joint distribution
as
N-1
le(U) = [] o, (us) - (3.114)
k=0

The goal is to solve a stochastic optimal control problem of the form

min El‘[@ { Lo}

ecur (3.115)
st Xpg1 = f(Xg,ug) ,  Xo ~ px,(X0) -
with
N—-1 A\ ~ ~
Lo = In(xn) + Y le(xe) + 50— 0,)'="10, —6y,) . (3.116)
k=0

If we define a base distribution Ilg(U) with © = (0y,...,0y_1) and the state dependend
costs S = S(U) = Iy (xn) + Xy lk(xk), we can rewrite the costs of (3.81)

Ene[Lo] = Ene[S] + ADk1(lle | g) , (3.117)

where Dxi, is the Kullback-Leibler divergence, a similarity measure for two distributions.
The result (3.117) suggests that we can interpret the costs as one part Eg [S] that reduces
the state costs and one part Dkr,(Ilg || IIg) that tries to keep the policy close to the base
policy Ilg (often © = 0).
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Free Energy Lower Bound

The free energy of a control system under the base policy Ilg is defined as

F = log (EH@ [exp(—%S)]) , (3.118)

with the inverse temperatur parameter A > 0 and some base distribution II;. With
importance sampling, we can reformulate (3.118) as

F =log <EH® [exp < - %S) Eigﬂ;]) , (3.119)

and the concavity of the logarithm allows to apply Jensen’s inequality

F > FEng llog (exp < _i >E2§3§>]

S+ Alog (Hg(w)] (3.120)

1
= _XEHG

g (V)

- _i <EH® [S] + Dk (Ile | H@)> :

Finally, this yields the free energy lower bound
“AF < Enio[S] + ADx(TTe || TTg) (3.121)

for the stochastic OCP (3.115).

Optimal Policy
Consider the policy

I1*(U) = %exp <— %S) IIg(U)

(3.122)
1 1
n= /}RmXN exp (— XS>H(:)(U) dU = Epg [exp ( — XS>1 .
The KL divergence w.r.t the base policy yields
. IT* 1
Dy (I" || Hg) = Eq- [108; (H— )] = —log(n) — B [S] . (3.123)
()

Substituting into the right hand side of (3.121) and using the definition (3.122) of 1 yields

Eqe[S] — En-[S] — Alog(n) = —Alog (EH® [exp (- %s)D —AF. (3.124)

This illustrates, that (3.122) is indeed optimal, since the overall costs are equal to the
lower limit.
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Minimization

The goal is now to align the policy Ilg with the optimal distribution IT*. This can be
achieved my minimizing the KL-Divergence

©* = arg min [Dx,(IT* || )] , 3.125
rg min [Dic,(I1' | Tlo)] (3125)

where the KL-Divergence evaluates to

Dy, (IT* || ) = Ep- _1 (H*((U) )]

U)
= Eq- log (IT*(U ] En*[log He(U))}
u) -

= En+ log (IT* (U

l\DI»—\

N—
EH* llog N Z uk — Hk)TE (uk - Ok)] .
k=0

(3.126)

Since IT* is independent of @, this results in

1N—l
oF = in [Dip(IT* || Ie)] = in B« | = —0.) 'Y (u, — 0
argeﬂelg}v[ kL (I || He)] arg min Fp [2];)(% k) (uk k)]:
(3.127)

which yields the optimal solution

5= Ems[ug] . (3.128)

Importance sampling

The problem with the solution (3.128) is that it is neither possible to analytically compute
the expectation over the optimal policy, nor can we directly sample from it. However,
importance sampling allows us to compute a set of samples. This yields

11" (U)
e (V)

Er = Eng [w(U)ug] with w(U) = (3.129)

We can expand the expression w(U) as

w(U) = IT'(U) Mg (V) _ %exp <— %s) e (U) (3.130)

and applying importance sampling to n yields

n = Emng [exp(—%S)] :Enelexp(—§5>ﬁ—2] (3.131)
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with the fraction

1]V71 - .
—= = - = d 2(0, — 0)" X~
Mo exp( 5 ;}:0 &+ 2(0k k) uk>

1ZV71 1]V71 3
= exp (— 5 Z dk> exp < — 5 Z (Ok — Ok)TZ_luk> (3.132)

k=0 k=0

Dy,

d, = 0,716, — 6's g,

occuring at both, the nominator and the denominator in (3.130). Since Dy does not

depend on U, we can factor it outside of the expectation and it cancels out.
In summary, this yields

exp ( - %J(U))
w(U) =

Errg lexp ( = %J(U))] (3.133)

N—-1
J(U) =S+ Z (Bk = ék)TE_luk .
k=0
Implementation
Algorithm 4 summarizes the main algorithm. To obtain M realizations U?, i = 0,..., M —1

of the actual policy Ilg, we sample £ = [gf, ..., el _4]T with el ~ N(0, %) and compute
U’ = © + £. Then we can compute the costs J* = J(U?) and approximate

1 1 ' 1
n=Eng|exp| —3J(U) || =7 3 ep| -/ (3.134)

i=0
_ Ll
This further allows to compute the weights w; = exmn—”]), which are then used to compute
approximate the expectation
| M-t
0; = Eng [w(U)u] ~ — w'uy, . (3.135)
M =
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Algorithm 4: Sampling Based MPC

1 while Not done do

2

10

11

12
13
14
15
16

fori=0,....M —1do
/* Sampling
Sample £ = [}, ..., e,
/* Compute realizations of control sequences
' = © + &' /x Compute costs
Compute J* = S(UH) + XX N1 (0), — 0,)T= "1y}
end
n= 1 f\/lolexp( Ji)
/* Compute weights
fori=0,...,M —1do
w' = %exp ( — %JZ)
end
/* Update control mean
MZz o w'U
/* Apply control
Apply(6y) /* Shift control
fork=1,...,N—1do
| 611 =06
end

]T

end

*/

*/
*/

*/
*/
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