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Abstract: A comprehensive collection of relevant formulas and correspondencies
s given for differential quotients of expressions in norm, trace, determinant and
etgenvalue with respect to vectors and matrices as often used in automatic control.

The results are provided for several indices of performance: Stability radius, en-
tirety of eigenvalues, integral criteria of squared structures as well as classical control
setups and dynamic interaction of multiple-input multiple-output systems.

The controllers are investigated in many representations: Transfer functions,
state space, polynomial matrices, three-dimensional arrays and s-power-oriented co-
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1 Introduction

Several properties of control systems are given by scalars, e.g., eigenvalues, singular

values, norms, traces, determinants, condition numbers, indices of performance etc.

The paper addresses performance criteria as used in the field of automatic con-
trol. In most cases they are utilized to determine gradients of the controller imple-

mentations if optimal design of the controller is intended.

The results are provided for several indices of performance: Stability radius,
entirety of eigenvalues, integral criteria of squared structures as well as classical

control setups and dynamic interaction of multiple-input multiple-output systems.

The controllers are investigated in many representations: Transfer functions,
state space, polynomial matrices, three-dimensional arrays and s-power-oriented co-

efficient matrices. Both continuous-time and discrete-time representations are in use.

There are several disadvantages for gradients if they are considered from a purely
mathematically abstract viewpoint, such as selection of a specific performance index,

unknown stepsize, vague stopping condition, the local minimum problem.

There is also a plenty of advantages if the problems are considered based on a
good physical, chemical or economic insight, selection of various performance indices
and a combination of their gradients, the free and process-oriented selection of step
size and accuracy-oriented stopping condition. Process uncertainties and robustness

considerations can be included without difficulty.

In a multitude of control system references, the stability border of a control
system is investigated. By way of contrast, this paper addresses the gradients start-
ing from an arbitrary nonoptimum controller assumption which might arise on the

occasion of some refurbishment of an automatic control system.

Intentionally, throughout the paper several details and some redundant remarks
are included to avoid any unclearness, e.g., as far as matrix dimensions, transpo-
sitions etc. are concerned. The index is based on the equation number Eq.(-), not
on the journal page. It was intended to present a comprehensive index with deep
itemizing. Even synonyms were included to guarantee the access to all the details

included in the collection, and to keep the orientation in rather complex subjects.

The formulas are collected from numerous publications. Several are selected from
recent publications of the author. This second edition offers a 70 percent increase
in volume versus a former version (Weinmann, A., 2008c). A few examples were

included and some derivations extended to give more illustration.

10 http://www.acin.tuwien.ac.at/fileadmin/acin/ijaa/ijaajg20h1.pdf
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1.1 Notations

Many correspondences in this paper are influenced by the intention of straightfor-
ward optimal control system design. optimization. Among these expressions are the
parameter vector p, the matrix K of the controller in state space or a general matrix
M.

The symbols p and p are used for general scalar and vector-valued parameters,
respectively. For a general matrix the term M or X is chosen; the symbol P is avoided
since it is commonly used as the Lyapunov matrix. If in practice an expression is
only used associated with controller matrix then M is replaced by K.

The following notations are adopted. The set of real and complex matrices is
R™*" and C**, respectively, where the superscript denotes the dimension. Alterna-
tively, the dimension is often denoted by el”), A*™ or A*™) or € R™™ Re and
Sm assign the real and imaginary part of a complex quantity. The identity matrix
of dimension n x n is I,,. The meaning of i = {1, 4} is all the integers between 1 and
4. The entire continuum between 1 and r is termed k& = [1,r]. Hence, an interval
polynomial is, e.g., s*+[1,2]s* +5s+3 (Barmish, B.R., 199/). A set of a polynomial
family is termed P = {p(s,q) : ¢ € Q}. The vector s? £ (s*)T is the “Hermite”
conjugate transpose.

Another notation example: For the stable open-loop system F, and unity feed-
back, the Nyquist stability criterion can be written as F,(jw) & (—oc, —1|Vw € R.

The jth column (row) of a matrix M is M.; (M,.), corresponding to MATLAB
M(:, j) and M(i,:), respectively.

The meaning of @ is that for evolving the current execution, the result of Eq.(61)
M
was utilized. For the sake of abbreviation [M; N] 2 [ is used for columnizing,.

“col” is an operator concatenating all the column partitions of a matrix; “loc” is the

opposite operation.

2 Algebraic and Combinatoric Matrix Corre-

spondences

In general, the elements of all vectors p or matrices M, K are considered as inde-
pendent variables with no interelement dependencies. Considering a derivative of a
function with respect to the vector p or the matrix M, vector or matrix interrelations

in p or M, respectively, must not exist, in general.

http://www.acin.tuwien.ac.at/publikationen/ijaa/
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Matrix element interrelations (dependencies) are addressed in a specific Section
32.

For the sake of abbreviation,
ATy 1=A"T (1)
is used. The superscript # (,Hermite*) means conjugate transpose
A = (A"T . (2)

0§
Kronecker delta ¢;; = Z # 7
' 1 1=

Unit vector e = (0,0,...1,...,0,0)" = egcm“) (1 at position &k only) (4)
Kronecker matrix E{™ = e;el € R™*™ (1 at position (i, k) only).  (5)

Selection via unit vector and Kronecker matrix: The unit vector supports a se-

lection of a row/column or element of A, respectively,
e/]A=A,., Ae,=A,, e]TAei = A . (6)
Selection of a single matrix element
tr[E;; Al = Aj; . (7)

[nxk] (

Exchange of rows 7 and k in the matrix R or in a vector) by premultiplica-

tion with V. Select

V=1, but Vp(i,i) =0; Vp(j,j) =0; 1 =Vp(i,j) =Vr(j,i); R—VyR.
(8)
Correspondingly, matrix columns can be exchanged by postmultiplication.
Kronecker matrix provides a useful selection. Premultiplication of a matrix A by
E;; yields the matrix V

null matrix O

V = E;;A = { , 9)

except the ith row V. = A;.

i.e., a matrix of zeros where the jth row of A is assigned to the ith row.

Postmultiplication of a matrix A by E;; yields the matrix W

W = AE.. — null matrix 0 (10)
- v except the jth column W,; = A,
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i.e., a matrix of zeros where the ith column of A is displaced to the jth column.
For M € R™*™:

det(—M) = (—1)" det(M) (11)
adj(—M) = (—1)""'adj(M) (12)
(-M) ' = -M"" for arbitrary n. (13)

Given a matrix A = matrix[A4;;], striking out the i-th row and the j-column and evaluating
the determinant, one gets the minors, multiplying with (—1)"*/ one gets the cofactors ¢;;, then the

adjoint of A is adj [A] = (matrix[g;;])7, and finally the inverse is A~! = adj [A]/det A. Only

_AQ] A]]
Changing the order in a product of symmetric matrices: For V.= VT and W =

W7 the product VW is not symmetric VW # (VW) = WV.

For A, B commutative, one has for the trace tr (sum of main-diagonal elements

for A € C?*? one has the simple expression adj [A] = < 22 12 ) _

of a square matrix)

trfab’] =a’b, tr[AB] = tr[BA] = tr[(AB)”] (14)
SE AT — A (15)
k=1

tr[ME;] = Mj; = (M"),; . (17)

Note that eAt+7) = eAleA™ hut eATBK £ oABK even for matrices small in
norm sense. The matrix product is not commutative, the order of matrix addtion is

arbitrary
eAeBK £ eBEeA hut A+ BK =BK + A, (18)

hence eATBK £ ¢AcBK Nevertheless, for the scalars ¢, and t,
eAllitte) — pAh+Al _ (Al oAl _ (AL AL hocause (Aty)(Aly) = (Aty)(Aty)
(19)

The product of matrices A and B is commutative if B is a function of A, e.g.,
B=(I-A)"'orB=c¢A
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Matrix exponential and matrix (natural) logarithm'

1 1
AT+ A+ A%+ LAY+ (20)
21 v!
1 2 1 3 (=1 v
logA=A-T- (A-D’+ (AT’ .+ (A-T)” for [[(A-T)|lr<1.
14
(21)

Hence, €84 = A, loge® = A .

Relation between determinant, matrix exponential and trace
det e = elTIAL (22)

The Kronecker product ® of two matrices (or direct product, tensor product) is

defined by a partitioned matrix whose (i, j)-partition is A;;B

A]]B A]QB c. A]nB
: Aecmm
A | AuB  AxB .
A®BZ _ _ = matrix[A;;B], Be(Cs
' ' ’ ’ A®BeCrrm .
AmB A,0B ... A,,B

(23)
The Kronecker sum & is defined by (Brewer, J.W., 1978)

NeM=N®IL,+I,eM; NecC™, MecC™™ NaMe ™™  (24)

The matrix U,,, is the permutation matrix in Kronecker matrix sense; it is
always square and consists of entries zero except one solitary digit one in each row
and column. E;; is the Kronecker matrix of Eq.(5) with entries zero except a solitary

digit one at position i, j

ko1 ko1
Uk,l éUl(fllxkl) é ZZEE;CX[ Q E (Ixk) ZE (kx1) ( kxl)) . (25)
i=1j=1 1=1j=1
E.g.,
(2x4) 0010
E = , 26
e ( 0000 (26)
1 0 0 0 00 1 0 0 0 00
001 000 00 0 1 00
000010 010000
Uy = C U = (27)
010000 0 00O0T10
00 0100 001 000
000 O0O01 0 00O0O0T1

"Remember MATLAB matrix notation expm and logm for matrices.
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Note U, ,, = U, ; = I,,, and the orthogonality property U,;ll = U[J =Uk ,

U}, Uy =10 (28)
and
L®Uy) '=LeUl,=LeU,. (29)
In addition, one has
661\16: =U;;, MeRM (30)
and
col M" = U colM M e RF . (31)

As a special case of the permutation matrix, the rotation or reflection matrix is

defined as the unity matrix with unity entries in the secondary diagonal, only,
0 01
2001 0| (32)
1 00

For comparison, the unity matrix reads as
I=1>=diag{1,1,...,1} . (33)

The symplectic matrix and its properties are

0o -1,
I@ é c CQmXZm I@*l — I@T — 71@ ’ (34)
I, O
and, surprisingly, (I?)? = I, i.e., the same feature as the square of the scalar

complex unit (j)? = (v/—-1)?=—1.
An unitary matrix V has the property V¥ = V1. An involutory matrix is both
Hermitian and unitary, that is, G¥ = G and G¥ = G~ !,

G=G'! and G*=1. (35)
A matrix is denoted half involutory if it is both skew-Hermitian and unitary, i.e.,
G*=-1. (36)

The Riccati coefficient matrix Mg (or associated Hamiltonian), based on the Riccati

matrix P(¢) in the Riccati differential equation

~P(t)=A"P+PA+Q-PBR 'B’P P(0)=P,. (37)
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18

A BR 'B7T
M — ( 0 ar ) M, € R (38)

see also Eq.(822). Defining a square (2n, 2n)-matrix

o -I,
1 (1 . ) . G (39)

the Riccati coefficient matrix My obeys the Hamiltonian property
I MLI? =Mpg or — (I?) M} (I?) = Mg, (40)

that is, Mg is similar to —M%. Decomposing the matrix P(f) to eigenvectors of
M, of Eq.(38) leads to the sensitivity with respect to an arbitrary matrix (Brewer,
JW., 1977a).

The self-derivative matrix (rectangular matrix 0M/0M, only square if k = [,) is

given by
oMkxh) 2502) A e e (kX D) (kxl)
=U,, =0, "~ 4 E"QE.; ", (41)
oM 7 o= Y ’
e.g.,
1 100 010001
_ 0 _ 00 00O0O0O0O0°O0
Uyt = ,UgY = (42)
0 00 00O0O0O0TO0SF 0
1 100 010001
Mixed product rule (only applicable if A, D and B, G are conformable)
(A®B) (D®G) = (AD) @ (BG) . (43)
(NeM) '=N'ogM'. (44)

The Frobenius norm of the Kronecker product is

T @ Mllp = v/m|M]|r . (46)

moreover
|(col I,) @ L, || = V/mn (47)

0% || = [lcol(xoxq )| 7 = [|o][ (48)

tr[M™™] = (col T,,)"col M (49)
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Only for M € R**%:

trfadj M] = tr[M]; [ladj M|y = [[M]|p; [[M'|[p = [M][p/| det M |. (50)

col(HFG) = (G ® H)colF (51)

e.g., col(ABCD) = [(CD)” ® AJcol B = [D” ® (AB)]col C = [(BCD)” @ I]col A
(52)

col[AM + MB] = (B” @ A) col M. (53)

Here the abbreviation “col” (or “vec”) is the column operator, concatenating all the

columns of a matrix to an entire column vector, also written as A’ = col[A].

col(xy”) =y ®@x (54)
col(x"M) = Mx , col(x') =x (55)
col(x’GTG) = (I, ® (x"G"G)eol I, Y GTG - x . (56)
col K' =U,,,col K, Ke&R™" (57)
col I, = i e; Qe (58)

i=1
col(c ¢’) =col(c-1-c") =c®@c, loc,(x)®Xg) = XeXg . (59)

Row manipulation

rowA = (colA™)T (60)

(I, ® ) Q™™ = (cI,,)Q = ¢Q = ¢Ql,,, = QL,,c = Q(I,, ® ¢) (61)
Unexpected, and surprisingly simple,

(pT ®1I,)col I, = p (62)
(I, @p")col I, = p. (63)

An algorithm for analytical columnizing as follows: Columnizing K, € R™*"

col[K,| =Y e @ [K,- (1T @el™V) &V e R, (64)

i ) )
i=1

where 12 (111 ... 1) € R, Alternatively,

col [K,] =[S (" @ 1,)K,(el" @ 1)] el . (65)

i=1
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Due to the structure of Eq.(65)
col [K,] =h{K,1; + hJ K 1, +. (66)

arithmetic calculations are feasible, “col” itself is not suitable for differentiation.

A concise formula for columnization is

col K mxr] Z Z [ m] Ky egr}} egir(}ifl)m = plmrdl (67)

i=1j5=1

Differentiation requires

deol K lK ! 0K
O @ 5 2 y‘z’ = [Z<e£” oL) -t onell.  (68)
i=1 i=1 Ip
Decolumnizing h € R™!
loc,u[h] = Yo (e )" @ {[(e]")" ® L] - b} . (69)
i=1
Alternative decolumnizing
loc,h]” = [I,, @ (h""™*N7T[(col1,,) @ T,] , (70)
loc,, W™ V] = 7 [(e])" ® L, [Eff ®L,)-h-(ef)" = > _[(e])" ®I,]-h-(ef)" € R™ .
i=1 i=1
(71)
A concise version for decolumnizing is
mr a = mnr 1 mXxr mXr
loc,, b1 = 35 (e ,) " h B = Kl (72)
j=1i=1
The dyadic product ab” is characterized both by
det(ab’) =0 and adjlab’] =0 . (73)

For the dyadic-like product

det(AB") =0, det[C®(AB")] =0, A, B € R™™, m < n, C arbitrary square.
(74)

Linear combination of p separate matrices Mngn}’ n>m
Zﬁz i = (B®IL,)" blcolM;] € R™ "™ (75)

where 3 2 col §; € RP, bleol[M;] 2 [M; ; My; | ; M,] € R™>*" (76)
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Sum of rows/columns: Given a matrix M € R"*™, defining h = e; + e, (a null

row except unitary ones at position i and k), premultiplying yields a row
h'M = M; + M, (77)

which is the sum of the ith and the kth row of M. Postmultiplying Mh yields a sum
of columns, correspondingly.

In order to delete a superfluous row g and column g in a matrix M, utilize

In,wruM IT (78)

n,WT L )

where I, ., is the identity matrix I,, without row .

Interrelation between determinant and trace for M € C?*2, only:
det M = 0.5{(tr[M])? — tr[M?]} (79)

(Friedland, S., 1983).

Interrelation of eigenvalues for the Kronecker matrix product:
AJA ® B] = col{A\[A] AT[B]} , (80)

where Al-] denotes the vector of eigenvalues, i.e., the spectrum.

The product of two specific Kronecker matrices, Eq.(5),

T T T T
EE;, = e;e ere; = e;e; (81)

is a [k x k] null matrix except a single unit at the ith diagonal position.

dcol Almxm]
dcol A
Hadamard product rules for A, B € R"*™ are

= {colL,,.,, }m* 1] (82)

A -+B =B * A = matrix;;[A;;B;;], (A-*B)" =A".«B" =B".x A" . (83)

(These rules differ from the regular matrix product

P
Alvml = glrlgleaml 4 =N B, Gy ) (84)
v=1
Further rules are
0B
0B, [A-«B] =A% OB, = A -+ Ej; = Aj;E; (85)
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A-«B=C, Y Cj=(colA) colB . (86)
ij

For weighted matrices
9 2
IW -« M|7=2W -« W -« M (87)

det(W -+ M
0 "(aM* W s adjf" (W -+ M) . (88)

2.1 Formulas Concerning the Inverse, Partitioned Matrices,

and State Space

Matrix equal to its inverse:

I B | I B
(01) _<01)' (89)

Sherman-Morrison-Woodbury formula, or matrix inversion lemma (see Fig. 1),

if all the matrices involved are nonsingular:
(A+BDC)'=A"' A 'B(D'+CA 'B)'CA"' (90)

(A+UVT) '=A" - AUT+V'ATU)'VIATL (91)

For A e R™" B e R™", Ce R"™", D e R, note the economizing computa-
tional effect, especially for r < n: If A~! is given, then due to Eq.(90) the inverse
of (A + BDC) requires the inverse of an (r, r)-matrix, only.

(A+D)'=A"7 - AT'D'+AHAT (92)
or, for AD small in norm sense,
(A+AD)'=A'" - AT -AD-A"' (93)

(U+B-AD-C)'=U"'-U'B-AD-CU . (94)

Avoiding the inverse of a complex matrix, where only the inverse of a real matrix

needed

(A+;B)'= (B 'AFI)(AB'A+B)". (95)
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B @ C Figure 1: Matrix dimensions
where
A (B Sherman-Morrison-Woodbury
formula is advantageous from
L the numerical viewpoint
—1
A B B A"+ A 'BECA — A 'BE (96)
C D a ~ECA™! E
F — A 'BE
= (97)
~D!CF E
(98)

where EZ (D - CA"'B)"", F£ (A—-BD'C)".
Alternatively, if D! exists, and for F 2 (A+BD'C)!

AB) F ~FBD! .
C D |\ _.D'CF D '+D'CFBD ' | '

For block-triangle matrices, e.g., C = 0, there are reasonable simplifications.

(Atabl)loAl_a1_23D o (100)
1+bT"A'a
B 1
(I — abT) = I mab,r s (101)

Determinant of a partitioned matrix
N P . .
det QR = det Nxdet(—QN~""P+R) = det Rxdet(—PR™Q+N) . (102)

For state-space applications and matrices of appropriate dimension

A
G(s) 2 C(sI-A)'B+D 2 , (103)
C|D
with a similarity transformation T
T 'AT | T 'B A|B
= (104)
cT | D c|p
transposing and replacing s by —s
T
A | B —-AT | —C" (105)
C|D si=-s | BT | DT
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Replacing A, B, C, D by D, C, B, (sI - A)™', respectively, in Eq.(90)

( AlB >1 [ A BD'C|BD! ]
+ _ . (106)
clD

-D'C | D
Series interconnection of two elements with transfer matrices G (s) and Gy(s) in convenient order

A, 0 B> A, B, Cs B:D>

A, ‘ B, A, ‘ B,
== B]CQ A] B]D2 == 0 AQ B2

C, ‘ D, C, ‘ D,
D, C, C, ‘ DD, C, D, C, ‘ DD,
(107)

3 Eigenvalue and Eigenvector Properties

det A7 = [ \JA] ; n[A ] =S4, = STAJA]L (108)
1 1 1
det(I,, + A mIBl>m)) — det(I, + BA). (109)
Shifting with por s:  Aul+ A] = p+ A[A] ; AilsI, — Al = s — N [A] . (110)
N[—A] = —\[A]; det(—A) = (=1)" det A = (—=1)" [[ \s[A].  (111)

det(sI,—A) = s"+s" ! i{—)x,;[A}}—i- +ﬁ{—)\i[A]} =0 (Vieta’s rule). (112)

AAB] = A\[BA] for A and B square . (113)

The regular eigenvalues and right-eigenvectors obey
det(\I —A)=0; Pv=vA[A] or AV =V diag{A[A]}, (114)

where v is a column of V and D= diag{A[A]}. Via MATLAB: [V,D]=eig(A).

The left-eigenvectors result from MATLAB [L,D]=eig(A."). Then L'V = I,
(because of the normalization and the orthogonal properties of the left- and right-
eigenvectors) and LT A = diag{\[A]} L?. In the matrix L the eigenvectors have to
be concatenated in appropriate order to obtain L7V = I,. Numerical conditions

should be kept in consideration.
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4 Generalized Eigenvalues and Eigenvectors

The generalized eigenvector obeys
det(A[A]Q —A)=0 AV = QV diag{)g[A]} or Av, =Qv;\g,[A]. (115)

The generalized eigenvector v; of A is one of the columns of V and corresponds to
the eigenvalue Ag;[A] The generalizing matrix Q is used as an additional subscript
of A. Via MATLARB: [V,D]=eig(A,Q). However, notice that the eigenvalues and V, v
in Eq.(115) are different from those in Eq.(114).

For the sake of completeness: Exchanging A and Q one finds

det(A[QJA —Q) =0 QW = AW diag{A\4[Q]} or Qw; = Aw;\4;[Q] . (116)

The generalized eigenvector w; of Q is one of the columns of W and corresponds to
the eigenvalue A4 ,[Q] The generalizing matrix A is used as an additional subscript
of A\. Via MATLAB: [W,E|=eig(Q,A), where E=diag{\4[Q]}. Note the relations:

The eigenvectors remain unchanged

B 1
AoilA]

W; =V )\A,i [Q] (117)

The relation D! = E (or D! = E* for complex arguments) requires the ele-
ments in corresponding order. Note that [L,D]=eig(A,Q); [L1,D1]=eig(A’,Q); and
[L.2,D2]=eig(A’,Q’) yield D1 # D but D2=D.

5 Important Norms

The Frobenius norm (or Euclidian or Schur or Euler norm) is defined as

AN
x|l 2 2+ 2+ |22 = VXX (118)

The Frobenius matrix norm is

[1>

+

e S Gy [2 = +4/(colG)H colG (119)

15=1

n

2

= +/(colG)*T colG = +Vir GG = + [STAGHG] . (120)

Spectral (induced) norm or Hilbert Norm

1Gx||r

1/

G| 2 sup where x # 0 . (121)
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Singular value
A

o[G] £ +\/A[GHG] (122)

Omax = 1/ Amax| GT G| = ||G]|s - (123)

The maximum singular value is a generalization of the absolute value.
Referring to the spectral norm and the maximum singular value, one has
IG(9)]ls = omax|G(5)] < ||G(s)]|r, and the H,, norm

IG($)lle £ supoma[Gjw)] (124)

the H, norm can be replaced or limited by the maximum of the Frobenius norm
versus frequency ||G(s)||e < sup, ||G(s = jw)||r. The replacement often simplifies
the derivation but only yields a sufficient result.

According to ﬁHGHp < 0max|G] < ||G||F where G € C™*", the extent of
overbounding is assessed as ||G||r < /N 0max|G] . For n = 3 e.g., overbounding is
less than 73 per cent.

For the H,.-Norm of a partitioned matrix, one finds

A A Ao

||< >||oozsupamax[< )]:SUP Amax[AY A + BYB] < sup ||A||3+||B||§=I|< I

B o B o v X B oo
(125

I8l < () 1 (126)

1) e A <! (Eg:) Iy = (Jir=va. a2

15 )1 < 1(j1 ) e < V2 1(5 ) I (128)
||(A B)nmsn(”A”“ HBHOO)I|F§2II(A B)||oo. (120)
c D Clle DI c D

6 Derivative of a Scalar-Valued Function with Re-

~—

spect to a Scalar

Consider the scalar parameter p (Vetter, W.J., et al., 1972)

Odet A OA OA
=tr[--adj A]=tr[_-A '] det A 1
Op r[ap adj Al r[ap |- de (130)
Odet A OA ) . .
oA, =tr [5147;]' adj A] = tr [E;;adj A] = (adj AT)U, = A . (131)
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Derivation of det(pI, — A), A € C"*", p scalar, yields

a n

a— det (pIn — A) = Z det (pIn,1 — Ared ”), (132)
P i=1

where A,.;; is a square matrix evolved from A when deleting the row ¢ and the
column 7 .

For the matrix product one has

0 0A(p)
— tr[AT(p)A(p)] = —|A(D)|7 = 2 tr[AT : 1
5 UIAT WA = L IAGIE =2 o{AT() 5 ) (133)
Eventually, for an inverse expression
; tr [(pI + C) *D] = -2 tr [(pI + C) *D] (134)
P
and for the second-order adjoint
tr[A] = tr[adj(A)] only for A € R**? . (135)
Derivative of the trace of the inverse:
A7 = Y elAle (136)
k=1
Otr[A'] (313) - oA 0A
— = FATT A e 137
o YA (137)
Otr[A™!] " |0A
— = = trfefATT A 138
af Z re af ek} ( )
otr[AT] (4 71 0A
e = =Y t[A lepel A 139
Otr[AT] (5 JOA
=2 N tu[A 'EA- 14
of Z r Kk 5 f] (140)
Otr[A 1] 1 0A
—— = —tr] AT E, AT 141
o7 r E] AT o7 ] (141)
Otr[A~'] (15) ,0A
— = —tr|]AT"— 142
T tr[ 6]“] (142)
ot[A™'] Com 1 (1D a
oA, —tr[ATE;] = (A7) (143)

The Taylor expansion (power-series expansion) of a scalar f for x € R? and x

close to x, is

=) + o

: 0 1T1=210, L2=T20
=1

(!137: - %50)
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2 an )
05y —= -
+ ; 61’72 T1=T1o, L2=T20 (ZL‘Z .Z’m)
0 f
8.7?16.7?2 T1=%10, T2=T20 (.?7] B .’I?]o)(.??g B .?720) e

(144)

The Taylor expansion (close to p,) of a matrix A € R™*"™, which depends on a

vector p € R", is

Ap) = Alp) + X 0 —p) L Aw)]

where the superscript ! terms the ith Kronecker power

P-P) ! =(P-pP)®(P-P)®...® (p—P,) €R"

(Vetter, W.J., 1970).

(145)

(146)

7 Derivative of a Scalar-Valued Function with Re-

spect to a Vector

The derivative of a function with respect to a vector or a matrix is a definition of a

scheme, only. This abbreviation is suitable when cascades of calculations are taken

into consideration.

The vector derivative operator (or gradient or nabla operator) with respect to

the vector p = vector|p;] is termed

0
Op1
0 A % A o 0 O \T
A 2 A d = _(Z =
op : - grad, =V, (8191 Ops 6pn)
_0_
Opn
O\T ' Dy,
Divergence : — AV, . g = A div g
ol O\TOI " 2]
Ifg=— then divg=(—) —=V2I=AT=Y —
g op en g (6p) ap p ; ang

Derivative of an inner vector product

ap p;
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For a square term in p, we have

0

a—pTAp =(A+A"p if A independent of p . (151)
P
0 0 dal
If Q= Q"independent of p, —— a’(p) Q a(p) = =——tr Qaa’ = 21Qa )
dp dp dp
(152)
From above, if a = Rp ., R constant
0
—p 'R"QRp = 2R"QRp . (153)

op
7.1 Minimizing a Square Expression

Resolve I,(x) = 05x'Qx+b'x+a — min  (154)

oI,
gradient = Qx+b (155)
ox
0%1, 01,
Hesse matrix 92 £ prre i Q>0, (156)

i.e., a positive definite Hesse matrix is required for the minimum, see also Eq.(410).
Define Q; € R™*, i={1,...,n}, all the successive northwest subdeterminants
d; (main principle minors) of the matrix Q. Then, irrespective if n is odd or even,

the Sylvester conditions for positive (negative) definiteness of Q are
Q>0 : detQ; > 0; Q<0 : (—1)detQ; >0 Vi. (157)

Positive definiteness: The main (leading) principal minors d; of the matrix Q €

R™ " (where only symmetric matrices make sense in square functions x Qx) are
Qu - Qu
A .
d;Sdet| -0 |, 1<i<n., Qun=0Qu, (158)
Qi - Qi

d, = det Q . For Q = Q" all A[A] are real and Q > 0 (Q is positive definite, i.e.,
x'Qx >0, Vx #£0) iff d; >0 V1 <i<n.

7.2 Minimizing a Square Expression Subject to a Condition

Find the min, a” Qa s.t. the equality condition Va—b = 0, where V. € R™*" n >
m and QT = Q > 0. Using the vector Lagrange multipier X , the optimum results
are A* = —2(VQ V)b, a*=Q 'VI(VQ 'VT) b and the minimum of the
square expression is b" (VQ 'V7) " 'b .
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7.3 Optimal Reference Model

Find the controller K to approximate the model A ,.; € R"™" s.t. kwg =
|IKWk||r (Weinmann, A., 2006d). Including the weighting matrices W 4 and W,

IWa(Auser — A = BK)|5 + A|KWg|5 — min B, Wy € R™™ . (159)

The result is K* =L 'F, where L 2 MWiWE +B"W /W, B (160)
F 2 B"WIW, (A, — A) (161)
kv = t{WEFL 7L 'FWg} ~ )\ .(162)

8 Derivative of a Scalar-Valued Function with Re-

spect to a Matrix

dc(M)  /0c(M)\T
o~ Conr ) (163)
Product rule (since H® a = a @ H = aH)
da(M)b(M) (351 0b(M) Ja(M)
—am Mgy My (164)

8.1 Eigenvalue Differential Quotients

The eigenvalues \;[A] and \;[A~!] are reciprocals, the eigenvectors of the matrix
and its inverse are shared. Moreover, \;[sI + A] = s+ \;[A] .

The complex eigenvalues \;[A] for real matrices A € R™*" always occur in
conjugate pairs.

The eigenvalue derivative with respect to its generating matrix A (sensitivity
of the eigenvalue) is (for distinct eigenvalues) (Vetter, W.J., 1971; Brewer, J.W.,

1978)
ON[A]  9(aj"Aa;) O tr [Aaai]

0A 0A 0A

where a; is the right eigenvector of A associated with \;[A] and ajf is the left eigen-

= (a,ai")" = af"a; (165)

7

vector. The derivation is based on simply left-multiplying \;[A] a; = Aa; by aj”

and ai”a; = 1. Although Eq.(205) requires “A, B independent of M”, the influence
of the eigenvector dependence on A is zero (Franklin, J.N., 1968). Alternatively,

det(MI—A)=);, —detA = 0 (166)

AdetO\I — A) "D qf{adj(nI — AANI—A)] = 0 (167)
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“trfadj(\I - A)AA] + tr[{adj(\I - A)AN] ) g (168)
N[A] (@ dj" (LI, — A
0A trladj (NI, — A)]

The sensitivity of the closed-loop eigenvalues \;[A] with respect to any matrix K is

0N [A] o OA
= (1, =y (1, ;) . 170
2 = ([ @A) o (T @ ) (170)
For an eigenvalue at the origin \; =0
adi'M = M TdetM Y

= = . 171
tradjM  tr[M~']detM  tr[M~'] (171)

8.2 Eigenvalue Differential Sensitivity

The coefficient matrix of a system, especially of the closed-loop control system A,
is termed F and its eigenvalues are assumed distinct. By definition, the generalized
right-eigenvectors of F are f;, the generalized left-eigenvectors of F are 7. Taking
the derivative of both sides of Ff; = Hf;\;[F| with respect to the (m,n)-matrix K
by using the matrix product rule Eq.(351) yields

OF of,  OHf, ON[F]

Taking the conjugate transpose of both sides, it results (Feliachi, A., 1986)

ot . o OFp N
oic) (I ©F") = (L@ X) (o) + 0

(I, ® Xi[F]) + [I, ® (Hf;)] (172)

OF

L) (5

)T+ (

(L, £ x (1, f) .

1 X
(173)

It can be shown that the terms L and R can be cancelled:

LI ®f) = (G0 (0 ®F )Ly &) = ()7 (1 @ FTE)
= (O I X)) = () M oK) ) (174)
W@ ) () (e ) = R(L, ©F) (175)

Advantageously, the sensitivities of the eigenvectors do not influence the result, only

the eigenvectors themselves. From Eq.(173) follows

OF 0N} O\
L) (=1, 0f) = —~ (L, o fTH)(L,, 2 ) = (I, T Hf)=—- (176
e f") (o) (@ f) = =2 (Lot H) (L, 0 f) = (L, fTHE) 2 (176)
O\ [F] OF
= (FHHEA Y, @ ) (1, ®f) . 1
e = ETHD (L) (1@ f) (77)
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8.3 Derivative of the Singular Values
Referring to Eqs.(203), (165) and the definitions in Section 8.4,

60'7; . GUPMHMV7

—u'v’!
M M =uv, (178)
% = Re ujv] = Re u;v)’ % = —Qm uiv] =3m wv? (179)
ng):—(%e M)(A] +A)) — (Sm M)(AT — Ay) (180)
d(Re M) ‘ L ‘ 2
L":2):—(%717 M) (AT + Ay) + (Re M)(AT — Ay) (181)
I(Sm M) / ! ] / 2 2
ONMHIM] . T ONMIM] . T
where AlZ—MZ—%Q \ZAZE AQ:_B(%m MHM) = Qm V,V,;
(182)
(Sevaston, G.E., and Longman, R.W., 1988; Freudenberg, J.S., et al. 1982).
8.4 Derivative of the Spectral Condition Number
From
max M . minA max maxA min
puM] = ZoaxdM e A M) = ZminAC Jmax 20 (183)
Umin[M] Omin

A A
For 00pmax/OM = u,v! and 0oy, /OM = w;v], where v;, v,, u;,u, are the

7
real eigenvectors of MM and MM associated with oy (subscript i) and oyay

(subscript a), respectively, one has

A = 11 [Au] = tr [voul AM] (184)
and
AGmin = tr [v;u] AM], (185)
tr [(omin[M]v,u!l — o [M]viul ) AM]
Ak, M| = a ! 1

M M| ’ 1)
Ok M] _ Omin [M}uavg — Omax[MJu; v} ‘ (187)

aM O—min[M}

30 http://www.acin.tuwien.ac.at/fileadmin/acin/ijaa/ijaajg20h1.pdf



International Journal Automation Austria (IJAA) Vol. 20, 2012 No. 1

8.5 Differential Quotients of Determinant Expressions

Some determinant derivative properties are (Athans, M., 1968; Vetter, W.J., 1971)

0
—— detM = (M ")" det M = adj” (M), (188)
oM
i det (M") = n(M ') (det M)" (189)
oM ’
9 M M
= 1
aNIdet e det ™, (190)
0
— 1 M=M™MH". 191
ang 108 det (M) (191)
0
If V is independent of M | 8—Mdet (MVM') = 2(MVM”) 'MV . (192)
If A and B are square and independent of M, and M is square, then
0
a—Mdet (AMB) = (M ")"det (AMB) , (193)

0 det[A(H + M)B]
oM
Mostly used for controller coefficient matrix M = K, if A and B and C are inde-

pendent of M = K, one finds, see Eq.(11), (12),

= (H+M) "det|[A(H+ M)B] . (194)

0
K det(sI, — A — BKC) = —B'[adj(sI, - A - BKC)]"C” (195)

9 det(BK,C)
0K,

Example (8.5). Lyapunov subdeterminants:

= [C-adj(BK,C)-B]" . (196)

From the Lyapunov equation ATP,+P,A,=-Q, A, 2A + BK |, (197)

H, 2 —H,'{[(P,B) ® L,]U,., + [I, ® (P, B)]}

N (198)
Hr =[I,® (A+BK)" + (A +BK)" ®1,]

col AP,, = H,,col AK {

where K € R™*" B € R"*™ Hp € R" *"° U, , € Rmnxmn

6d;;‘<P” = [Ln ® (WTU,,)][(col 1) ®I,.] , where h7 2 (det P,)[col (P;T)]TH, .  (199)

For the n — 1 northwest main minor of P,, and a reduction matrix R,, (Weinmann, A., 2008d)

P,,=P(l:n—d],[1:n—1d]) Vi={l,n—1} (200)

Jdet Pnfi

9K = [Ln,® (h)_ U, m)][(col 1) ® L,] (201)

i
hY . = {ecol [adiP,_,)"}" [ Ra-vsaHy € R, R, € ROV 0 (202)

v=1
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8.6 Trace and Frobenius Norm Gradients

Use the cyclic property for a matrix product in a trace argument, Eq.(14), to modify
the formulas in the following.

Some trace derivative properties are (Athans, M., 1968; Vetter, W.J., 1971;
Brewer, J.W., 1978; Weinmann, A., 1991)

aiMaTMb = ba’ MeR™™ abeR™. (203)
If B and C independent of M ai/ltr[BMTC} = CB. (204)
If A, B are independent of M , athr [AMB] = A"B” (= A"B"). (205)
If a, B, b are independent of M mav[(aTMBMTb) —ab’MB”" +ba"MB . (206)
If a is independent of M aiMaTMla =M Hlaa’ (M HT. (207)
n>2: ai/ltr [M"] = n(M" 17, (208)
agl[a/n 1, (209)
8?)\;}? — tr[EXM + MTE,;] © 2 0 (210)
8|g\1<[4”% = ai/[tr[MMT} =2M, (211)
M = O v = N (212)
aidtr [eM] = ™M) = (M)T (213)

Derivative of the (2p)-th power of the norm:
DRI = 2K (214
= U] - é,iKHKH% = 2KV K, (215)

that is, the power 2p only entails a scalar factor p||K||2,:ﬂ(”71) _

_ _ _ (93) _ _ _ -
AMTE = (M +AM) 7 — M7 = [MT - MTAM - MR - IMTE
AMTYZ = 2 AM™M ™™ 'M 7] (216)
OIM | (s0) CTAA—INg-T
= oM ™™ 'M 217

M (217)
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o||AM'B||2
OIAM By _ —2MTATAM ' BB'M 7 (218)
oM
%) Rk|?
Oa+ B 5 g7(a 4 RK) (219)
ok
0 ml ‘
If A independent of M i [AM™ = [> M'AM™ "7 (220)
=0

0
if A and B independent of A 1 tr [AMBM]| = A"M"B” + BPTM" A", (221)

a Ty 8 T _ T T

!t [AMBM'] = - ir [BMYAM] = A"MB' + AMB, (222)
a —1 _ —1 —1I\T
oyt [AM'B] = (M 'BAM )" (223)

For some Awg = tr[B AA]
Au)g . 8&)0

au)g

=% _ B’ Awo = tr[( =) TAA] 224
5 ~> 0 tr[(a ) } ( )

3| T2 A
I ~2A"AKDD”, where T2AKD . (225)

For holistic controllers one finds for the trace of the inverse of the closed-loop
coefficient matrix (Weinmann, A., 2001a)

0 1 T —oT
o™ [(A+BK) ] = -B"(A+BK) """ (226)

Furthermore,

BiM”A + BMC||3 = %tr[(A +BMC)" (A + BMC)] = 2 B (A + BMC)C”.
(227)
Example (8.6;1) :

IKB —BA|p - min ~ K= BABT(BBT)! . O (228)

ma\/ltr[(A +BMC)"(A + BMC)U] =B"(A + BMC)(U+U")C” . (229)

o , - OB(A)
oa ATBA) = B(A) + matrix; (A7) (230)
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Two equivalent derivations of the trace with respect to a matrix. First

ol

oK, = x. M"E;;x, = tr[x,x) M"E;;] = (Mx,x.)i; ~ K Mx,x.. (231)
Second, using E;; = eie;.r ,
oI TAAT o T T JTngT T T
Sq. = Xo M'eje; x, = e;x,x, M e; = e; Mx,X, €, (232)
ij
yields the same result.
Based on Eq.(143),
otr[A ] Lo 1 (D) A
o4, —tr[ATE;] = —(A7?);; (233)
tr[A !
A ] ra[ - Lo (234)
otr[(C+ AA) !
Re 2l — L1 ge@yr, cecn (235)

03 1/Ai[Ad] _ otr[A,'] (226) ~B"(A+BK) ?" since MAT'= (A

0A 0A '
(236)
For Ay 2 A +BK,C (237)
0 _ _
aKytr[Aczl] = —[C(A,)*B]" (238)
0 1/detAy  [C{A,”+ A, 'tr[A,']}B]" (239)
oK, tr[A;l]] B (tr[A;l]])2 det A,
oK, tr[A,] (tr[A])* det A,
1 CB]"
0 S i) (2a1)
0K, tr[A] (tr[A])
(Weinmann, A., 2005). Derivative of the power of the trace:
Ol {tr[ALT}] sow) iyl Otr[AG
c g B A il bl <2
IK, p(rladl) o
238 _ -1 _
) p(t[ag)” [CAB]T (242)
I, ® M I, ® M
M, AM e gren Q@M s dul e M) (243)

OM;; oM
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trM” ® AM] = trf]AM ® M"| = (trM)(trAM) (244)
otr M’ @ AM]
=(trM) I 24
tr[I, ® (M- AM")] = tr[I, ® (AM - M")] = n - tr[M - AM"] (246)
otr[l, ® (M- AM")]
A —nM . (247)
For M2T,oM+M®I, =Ma M, (248)
M| _ 9 > _
M 6MHI"®M+M®I"HF = 4(nM + I,,trM) (249)
oIM|E 9 5
= I M+M®I = 4(nM;, i trM) 2
i = i I M MO L[ = 4ty + ) (260)
For G = G(x)
TQT TQT
ox'G'Gx _ ox' G 1, (Gx) + L ® (XTGT)]aGX (251)
ox ox ox
ox'GTGx (251) 1 7 0GT 7 710G
(252)
Its zeros result from
0 xI'GTGx (ten)3ea) 1 OxTGTGx 1 oxI'x , _.p
9 GX g (1640 _ G'Gx=0 (253
ox xTx xT'x o0x (xTx)? 0x * * (253)
GT G
{2GT(x)G(x) + (I, ® PG ) Gy i, @ (kFaT (%)) 28 W) bx
0x 0x
T'GT(x)G
L X GG e oy

xTx

This result follows from the following derivation. Using an abbreviation for the

partial differential quotient, for x € R" (and r =n, s = 1)

0G(x)
ox

1>

G, (255)

we find, first, employing Eq.(292),

0G(x)-x A (
e~ (GX)a

26,1 8%) + (L 8 G)x, = Gyx + (I, © G)eol I, (256)

x"G" A T AT T T T T T T1~T
GT:(X G )=x")ILG ) +[Lex'|(G"),=G" +[I,®x" |G, (257)
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and, second,

x"G"Gx), = (x"G"),[Is ® (Gx)] + [I, ® (x" G")](Gx), (258)
0.5 QT 1 (1, © xT)GT]Gx + [In ® (x"GT)|[Gux + (I @ G)x,] (259)
= GTGx+ (I, 9x")GTGx + [I, ® (xTGT)]G,x + [I, ® (x"GT)|(1, ® G)x,
W GTex+ 1, 9xT)GTGx + L, ® (xTGT)]|G,x + I, ® (xTGTG)]x, (260)
@ GTex+ (I, 9 xT)GTGx + [I, ® (xTGT)]|G.x + GTG x (261)
= 2GTGx + (1, 2 x1)GTGx + [, ® (xTGT)|G,x , where (262)
L, ©x"GT)(I, © G)x, = [I, ® (x"GTG)]x, = [I, © (x"GTG)Jcol I, =2 GGTx . (263)
For comparison,
H
X" AX (x=a;
RIA] £ - = Ai  Rayleigh quotient (264)
XX
H
x" Ax
max — = maxJ)\; Rayleigh principle. (265)
9 xx 9

Example (8.6;2) Minimizing the regression error: Consider the measurement vector y

and the mathematical model M of the process, then
I=e"We — mkin subject to kTVk =k, , where e =y — Mk, (266)

Ol (153)

K -
The Lagrange multiplier results from the equality condition with k, only numerically (or with
MATLAB fmincon). O

2M WMk — M"Wy + AVk) ~ k=(M"WM+AV) " 'M"Wy . (267)

Example (8.6;3) Linear equality condition: Consider I subject to v’k = k,, then an

analytically concise result exists

I (15
g—k 9 MTWMK -~ MTWy +Av) ~ k= (M WM)'(MTWy — Av) (268)
A= VIMTWM) "MWy — k,)/[vI (MTWM) " 1v]. (269)
The inequality condition is not active. O

Example (8.6;4) In Fig. 3, a simple two-dimensional case is shown, with an additional in-

equality constraint. O

Example (8.6;5). Minimizing the determinant of the covariance matrix. Gauss
Markov estimation: The observation vector y now is regarded as the sum of the model function

Mp plus an additive zero mean noise € where the matrix M is given, that is
y=Mp+e. (270)

The parameter p is to be estimated optimally. The expectation E{e} should be zero. The covariance

(variance) matrix V is defined as the expectation E{ee”} = V = cov ¢ and is assumed nonzero.
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kwo2.m figure(1), Contour Plot of I(kﬂ,k2), nya.fig

Figure 2: Example (8.6;3)

Linear equality condition

2 0 6.1
g M=|[12|,y=] 52
0 1 1.3

ko =6; vk —k,+1.5>0;
A= -255 k*=(3.09 1.45)T

Suppose a linear relationship p* = Ty in order to derive the optimal estimation p* from the
observation y, that is p* = T'y = T'(Mp + €) = I'Mp + I'e. Applying the expectation operator
yields p = E{p*} = E{TMp} + E{Te}. The second term is the bias b = E{Te}. The bias can be
separated into E{T'} and E{e} if both processes are uncorrelated. Regardless of E{T'}, the bias b
vanishes if € has zero mean as preassumed, and if € is a white noise. If b = 0 then only the first
term remains: p = E{T'Mp} = E{T'M}p . In order to obtain p 2 E{p*} = p, the condition

™ =1 (271)

must be satisfied. Hence, T is a left pseudo-inverse of M. To continue,

E{pp"} =E{(p —p)(p —p)"} = E{[p - T(Mp +¢)][p - ['(Mp +¢]"} (272)
E{(Te)(Te)"} = TE{ee”}T" =T(cov e)T" =TVT". (273)

. A
covp =

As a scalar valuation of cov p, the determinant is chosen. The objective is to minimize det cov p
subject to the matrix condition p = T'y or M = I . Introducing a matrix-valued Lagrange

multiplier A and selecting the trace as a scalar measure of the constraint relationship

det (TVT") +tr ACM 1) — min (274)
is achieved. The minimum with respect to I' is obtained by differentiation % of Eq.(274), and the
result by some manipulational effort

(192),(205)

W = diag(1,3,2), v=(1 2)T

2(rvr)y-'rv 4+ ATM" = 0 |xT” (275)

2(rvry-'rvr” + A"M'T" = 2+ AT (M) =2+A" =0 (276)

orvr”)-'rv oM’ UL g 5. v (277)

arvrhH-'r - mTv! = 0 | xM (278)

(rvrh)~'tm = MTvV—Mm (279)

(Trvr’'1 = M'V'M (280)
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kwo1.m figure(1), Contour Plot of I(k1,k2), nxq.fig

8
6 g T Figure 3: Example (8.6:4).
angwithout Equality' Condition
piud Index contours and three
4 .. .
Wbl whinout/Gandiidas minimum versions for the
A
N setup I =
<0 1 (k1 —3)%+ (ko — 1)240.1 kykso,
2y BN ) and equality condition
-4y i i 1 [B+Fk +ky+0.1k2, and
quality\Conditiomonly Adn'!iss' e . . .
s\ O\ \ | ﬁ%ﬁ{‘w ] inequality condition
Condition
-8t atisfe ] 4 — ky + 0.1 ko]
"Minimum“with bgth conditions
10 ‘ I — ——
-10 -8 -6 -4 -2 0 2 4 6 8 10
k1
(M7v-Iwvpyr POLET Ty (281)
r = M'v'M)'M'v (282)

The appropriate covariance is cov p = TV = (MTV~!M)~!. Under the condition for unbiased
estimation 'M = I, the minimization min. [cov p] = min,. [['(cov &)T'7] yields the same result
p as the optimum weighted least squares estimation, e.g., Eq.(267) with p = k

min I =min e’ We where W=V ! =(cove)! and e=e(p) (283)

P P

(Hoerl, A.E., 1962; Hoerl, A.E., and Kennard, R.W., 1970 ). O

Example (8.6;6) Toeplitz type restriction:

The total-least-squares problem arises with the restriction of a Toeplitz scheme in the process
equations of shifted data structure. Then, using a vector Lagrange multiplier A € R" ( Weinmann,
A., 1995)

M+Ep=y ¢ IE :el|lr — Imin M, E ¢ R"m*?" (284)
E.p
IEl% + |le]|2 + AT (Mp+Ep+¢e—y) —>}£ngn subject to e = =P, and colE = —vec{P.;n}
E.p
(285)
The matrices P follow the specific structure, e.g.,
0100 00O0O0OOGOUOO OO
00 10 0O0O0O0O0OO0OO0O00
es=—-Pyn €R"™ where P.gé , (286)
00 0 100 O0O0O0O0O0O00
00 0 0 1T 0O0O0O0O0O0O00
P.]'I] P.]
P.Q’I’] P-2 .
clE=—| =—| 7 |n% -Qn. Qemrmmr, (287)
P.’an P-,Qn
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Hence, from

Q" Qn+ P Pon+A"Mp - (p" ®X")Qn - A"P,n— Ay > n;?m)‘ : (288)
P,y

the results are
n=FA where F(p) 2 0.5(Q7Q+PIP,) (R +PT) ¢ R""n, (289)

2

A= -G 'y —Mp] where G = [(p" ®1,,)Q+P,F=G(p) €R"™ " (290)

MT +{I,, @ [(y—Mp)'G'}QF |G !(y —Mp) = 0 where G, F, R depend on p.O (291)

9 Derivatives of a Column with Respect to a Row

or Column

Basic relations are

0x ox"
or’(x) _ (87"1 : Orsy : ors ory f Orsy : ors marn) _ (@)T (203)
oxT or, O0x, Ox 0ry 0xy 01y ox, 0x
Furthermore,
0 0x

(resulting from Eq.(353) with B=x, M =x",r=1, ¢=1, s=m, n=m), and

0A
IEE _ ColA (295)
ox
OAFXUx 351y 2
i S I k ><l. 2
A U (L®x)eR (296)
Disassembling B in what follows
gXTB 2 QXT(h] thy: ...)=(h; :hy: ...)=B, orsee Eq.(354) . (297)
0x ox
For A and C independent of p,
dcol [ABC] 0B
——F— = col(A—C). 298
o col(A5C) (298)
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Derivative of a set of functions in the vector r(x) € R™ (where x € R") with

respect to the transposed vector x” € R' " i.e., the Jacobi matrix (rgf;)
ary.
%)(T
Or(x) o Or(x) . Or(x)  Or(x) or'\r
3, 228 x| ; =)= () = (299)
oxT 6351 83;2 axr ox
Ory,
ox"
ory Ory ory
dr,y Oxy ~°° Ox,
Jry  Ory :
—| Oy Oz ~°° c R (300)
aTn aTn

(Inconsistently, in the literatur often ag_(xx) is written.)

We decided g—; to be a vector (column matrix), according to the vector display

in the denominator. The fraction % is also a vector, referring to the vector in the

numerator. Hence, to consistently define the Jacobi matrix, one has to select the

notation -2%-. This is simpler than to define alternatively (Ludyk, G., 1995)

oxT "
(F)"
or A *
a_x = : (301)
(%)™

Derivative of a scalar product of f(x), r(x) € R™ with respect to the vector

x €R”

%f(x)Tr(X) - <%>[er(x) + <%>[Wm& f(x) eRr" (302

Scalar/vector product with respect to a transposed vector

oxT oxT oxT

Frequently, the Jacobi matrix is used for linear approximation (small-scale lin-

earization)

x(t) = g(x,u), x(0%) =x, ~> x + Ax = g(x + Ax, u+ Au) (304)

d * Jy; 0gi :

—Azi(t) = Aw;(t Auj(t)  Vi=1,2... 305

a0 = Xyl Ani g, A v n (305)
Ax(t) = I, Ax+J] Au . (306)

40 http://www.acin.tuwien.ac.at/fileadmin/acin/ijaa/ijaajg20h1.pdf



International Journal Automation Austria (IJAA) Vol. 20, 2012 No. 1

10 Derivatives of a Matrix

10.1 Derivations of Matrix-Valued Functions with Respect

to a Scalar
0 0A 0B oC
—A()B(p)C(p) = —BC+A—C+AB——
op dp op dp
or d(ABC) = (dA)BC + A(dB)C + AB(dC) ,

(307)

(308)

e.g., ATX+XA =constant ~ (dAT)X+ATdX+(dX)A+XdA = 0. (309)
OA™  OA OA OA

= A" A AT AT

dp dp " dp e dp (310)

For a matrix A = matrix[a;;] and using Eq.(312)

oA It DA™
= AFEZA™ Rt = (m — )tr[A™ By 311
day,; kz::O J ’ x| dai; | =(m )tr| il (311)
. aKy A T . .
where Kronecker matrix = E;; = e;e; with unit vector e; . (312)
0K, ;i : J
Y.ij
From Doyle, J.C. et al., 1996, the derivative of the inverse is
OA! 0A
=-A'—Al. 313
o o (313)
0 Y(N+AP-W) 'Z= YN 'E,;WN 'Z (314)
BAP” "
for AP - W <« N small in norm sense, or
0 0AP
—~Y(N+AP - W) 'Z= YN '~ WN 'Z (315)
Oe Oe
where only AP depends on e.
OAT szfl AME ;AT [aAm} (m — Dtr[A™ "By (316)
= i s T = {m — r il -
daij ;= ! daij !

10.2 Gradient for the Phase Variable Form

The companion form A to describe an unforced linear time-invariant system is

1 0
0 1 ...
x(t) = A(p)x(t) = | : Do x(t) (317)
0 0 0 1
-P1 —P2 —P3 ... —Pn
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with the last row of A and the coefficients ¢; of the characteristic polynomial ¢(\)

associated with A. The coefficient matrix A in companion form is

n—1
A=Y E 1 —e,@p"  eR™" (318)
i—1
p=(m pg...pn)T:(Co c]...cn,1)T€R”, r=mn. (319)

If there are no interdependencies within p (Brewer, J.W., 1978), using Eq.(379)

oA op”
W - 7(11 ® Um)(aET ® en) (In ® Un])v Un=U, =1, (320)

= LJ(cd'L,) ®e,]1,®1,) = —(col 'T,) ®e, . (321)

10.3 Basic Columnized Matrices with Respect to a Matrix

Find the following differential quotients for K € R™*", ¥ € R"™*"™

0
8—K COl [\IJK} € RmPTXT (322)
9 [KT"w!] e P> (323)
0K ’
For omitted W, the results are given by using the Kronecker product ®
0 (only for m=1)
— col K= (I,, ® U, ,,,)[(col I,,,) ® L] = I, (324)
0K ’
9 col K = (col I,,,)) ® I (325)
aK - m ro-

For K, € R™*" and using the permuation matrix U, ,,, see Eq.(25), one has

col K, = (I,®U,,)[(col I,) L] (326)
0K, ’
= Y Ej®colEyeR™ (327)
=1, k=1
and

oK, col KI' = (colL,) ®I, € R™"™ (328)

j=1, k=1 '

0 OcolK

= —Up,,clK, = (1,0 U,, L 330
6Ky by co Y ( ® by ) aKy ( )
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Consider the controller matrix K € R™*" and an arbitrary matrix ¥ € RP*™

0 ; )
8—K COI[KT\IIT] (2) a_K(‘I, Q Ir) col KT
0
(%;%) [Im ® (\I’ ® Ir)]a—K COl KT
9 (1, © ¥) @ L][(col Ly) @ I,]
W (1, @ ¥)eol I,] @ (I1,)
0
K col K"®"] = col(¥L,1,) QL = (col ¥) ®L, € R™" .

Using the same correspondences once more and Eq.(324)

0 0
a—K COl [‘I’K] = a—K(IT &® ‘I’) COlK
(351) 0
= I I W)|l— col K
L, ® (I, ® )]8K Co
aiKcol[wK] — [1,®L ® %I, ®U,.)[(col L) ® L]

which can be simplified to

£<col[@K} = U,pypl(col®”) @ 1,] € R™7"

or to

I, ® (col¥),
dcol(PK) -
aK - - Y
I, ® (col®),,

where (col®),, is the m-th column of V.

For the sake of systematic presentation, note that from Eq.(337)

0 0 0
8—K COl[‘PK} = (Im X Ir X \I}>8—K colK = (Imr X \I}>8—K colK s

and from Eqs.(335) and (353)

a T T1 a T

Generalizing with a matrix C € R"*" yields on the one hand

0 T
Sk [PKC) = [1,®C" @ ¥|(L,® Uyp)[(col Iy) @ ]

— Um’l),p[(col \IIT) ® CT} e Rmprxq;’

http://www.acin.tuwien.ac.at/publikationen/ijaa/
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and on the other hand

a% col[C"K"¥"] = [1,, @ ¥ ® C"][(col 1,,,) ® L] (345)
= [(I, ® ®)col I,] @ [C"T,] (346)
a?{ colCTK™®"] = (col¥)® CT € R™"™" . (347)

Derivative of a Vector—valued function (a j-th column A, ; of a matrix A) with

respect to a matrix M, i.e. if the entire matrix-valued function A has been

) ('9Ma
used in a derivation before

JA.; 0OA (mx1)
o= IS .
o~ ome )
The matrix (I, ® egm“)) provides the selection of the j-th column of the result
0A /OM.

AcRY™m MeR™ (348)

10.4 Matrix Gradients with Respect to a Matrix

General definition

0G  _0G oG
OMvy OMix " OMis
0G « OG oG oG
~_- = E 7X3) — OM3z1  OMya 4
oM Z ® oM, : P e
oG 9G oG
aMrl BM’I'Z e aMrs
nxm N\ rxs nrxms.
G e R"™™, ER ,aMeR (350)
The matrix product rule with A € R™*™ B € R™ 1, M € R"*?, is
0 0A 0B J0(AB)
AM)B(M I,®B I.® A nrds 1
SLAMBM) = = (LoB) + (L e o erme . (351)
0 (351) OA 0B 0C
a1\/IA(M)B(M)C(M) = a—M[IS(X)(BC)H—(I ®A)8M (I, C)+[I, ®(AB)]6M
(352)
For A constant,
0 0B
——AB™™(M) = (I, ® A
— (M) = (1, & A) 1 (353)
For B constant, A =x', M=x, s=n=1, ¢g=7r=m,
o r 0A oxT
—x'B= I,B)=-——-—B=1B=B. 4
o™ B~ oML @B =5y (354)
0 da 0B aa(M) 0B
6TVIG<M)B(M) = oM ® B+ M ® a M ® B + a(M) M (355)
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Important examples are

J(A + BK) OBK 0K _
IK oK~ In@B)gg = (In @B)Up, (356)
O(A + BK)T B oK™B”" B T
K =K U (I, @ BY) (357)
0P (A + BK) B oP J(A + BK)
— K - a—K[In ® (A +BK)|+ (I, ® P)T (358)
O(A + BK)TP B I(A + BK)T(I & P)+[I,, ® (A + BK) }GP (359)
0K - 0K " 0K
OK"TRK ORK
— " = I K I, @ K
K Uy (I, @ RK) + (I, K ) ——— K (360)
= Uml[l, ® (RK)] + 1, ® (K'R)|U,., . (361)
Derivative of the inverse matrix ( Vetter, W..J., 1973)
OA~! 0A
=—(IA! I, A A nxn 2
oM (I, ® )8M( QA €ER (362)
oX~! 0X
For X nxn = X=X,
or €ER ap o (363)
8(XX*1) oI,
A\ )2 = 4
0X 0X 0 (364)
0X OX 1 (351)
I, X"~ 1 X =
BX( X+ (I, ® X) X 0 (365)
X! _
0 WL 1, @ X0, (L, ® X 1) . (366)
0X ’
8 v (3i1) aA v—1 8AU71 nrxqs
BMA = M (LA )+ (I,®A) M ER (367)
— 0A v— 1 & i\ OA v—i—1 v—1 0A
= aM(I ® A +Z aM(I ® A Y+ (I, ® A )(‘BM
U i—1 8A v—1
= Z(I QA" ) (I, A"") . (v >3) (368)
i=1 oM
and for direct transfer purposes, only, k, € R"
8Av+1 v+1 ) OA )
— I Azfl _AufH-l >
8kr ;( r ® )akr ) 3 v Z 0 ) (369)
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aAk ook oA .
Z F @A ak AR k> (370)

r

For differentiation with respect to A, ;

aAkfl v=k—1 ! . !
aA . — Z Avi E“]A U s k Z 2 s (371)
2y v=1
aAN v=N . Y
Sy S AT'E AN, n>1. (372)
2,] v=1
Derivatives of square terms are
0A? (351) OA 0A
— = I® A I® A
A gal®A) +Ie Ay (873)
@ U,,.00A) +(IA)T,, (374)
OATA sy  OAT OA
= I A)+ (I AT 375
SA oA IQA)+(I®AT) - (375)
G U, . d® A) + (10 ATU,, (376)
Obk! N
o (I,®b)U,; = (I,®b), b =constant,k, € R" (377)
ok,b”
o U,,b", b =constant,k, € R" . (378)

The derivative of the Kronecker product of A € R™™ and B € RF*! with
respect to a matrix M € R™** is

dA®B) 0A
oM oM

B
oM

@B+ (L@ Up)(5-®A) I, ® Upp) - (379)

Note that I,, U, etc. are not conformable for matrix multiplication.

The derivative with respect to a scalar p

O(An ® Bur) (379) OA 0B
= B Upl—— Ay Uy, . 380
ap 8p®l\/l+ k(8p®M)l (380)
de @ B (330) OB
e %0 —®e, e = constant. Note the change of order. (U, ; =1,, Uy, =1,)
ap ap ) 9
(381)
0A ) OA
De an o4 ®e, e=constant . (382)

dp dp
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Hadamard product derivatives: Following Eq.(85), and using 17**! = ones(n,m),

OAI>ml . B(M) oB[nxm]
_ [rxs] [nxm]\ |
OMIrxs] - (1 ® A ) % M ) (383)
(M=B) [nxm)] [nxm)] [n><m 0B
= U A : E;; 384
(1 Al o SRS S (384)
_ (l[nxm} ® A[nXm) . ZE[nXm nxm}. (385)
Alternatively,
HAInxml . B(M) rm} OA - x B(M)
= E;; — 386
aM[rXs} Z aM” ( )

i,J

dadj[X] B X! det X (355 ddet X . oX !

6T = X X X+ (det X) X (388)
(188)7(£6)1(41) [adjT(X)} ® X71
—(detX) - (I,X ") -U,, - (L,eX"). (389)
Based on y

(1) = P, d—'f(I)(t) =Ad(t), ®0)=T1, (390)

differentiating with respect to K and using the product rule Eq.(351) yields

0 d 0® 0A
——®(t I,®A LR 1
R 2 = In@A)ore + o (I ® @) (391)
d 0®(t) o®(t) 0A

—— (I A I, @ ®(t 2
7ok~ @A e = g (e ). (392)

For further derivatives 0® /0K see Brewer, J.W., 1977; 1978; 1978a.

10.5 Chain Rules

The chain rule for scalar functions M € R"** is (Brewer, J. W., 1977; 1977a; 1978a)

dalb(M)] day , 0b
o - (oG Gy et (393)
oa ob Oa_ Ob da Ob
= (=L) (—®1)==1— = ——— | 4
(8b ) (6M ) ob"OM  0b oM (894)
0o 1 —1 —a
da a’q ~ @ra) T @a? 399
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10.6 Chain Rule for Vector Functions

[nxm)] [mx1]
of g}((x)] = <6r;((x)> <g{ ) = meg—f eR". (396)

10.7 Jacobi Matrix

From Eq.(300),

Jacobi matrix J,, 2 5’9_1; from source x to target r, (397)
X
in detail, equivalent to Eq.(300),
67“1 67"1 67“1
g.’l]l g{L’Q allfq
r r
Or(x) _ (8r(x):8r(x): ﬁr(x)) _ (6rT)T _ 6—1’21 6—1’2
oxT Oxry Oxy 0Ty, ox : : . ’
ory, ory,
ory ox
(398)

where in the Jacobi matrix J,, € RAmr)xdimx) — pmxn the rows are oriented at
r € R™ and the columns a’r x € R". For the special case y(x) = Qx, Q € R™*",
one has the Jacobi matrix 2% = Q. A partition yv is the ith column of Q or the

1th column of .In transposed form % =Q7.

Scalar f : Ofly(x)] = <6yT> " (8f> ” =J7 L of eR" (399)

0x ox dy Yt oy
offa(y(x))]  (oy"\" " (aa"\P rap\* L af
— =J"J n 4
Ox Ox Oy oz wlag, R (400)

orlz(y(x))] or \ ™ a2\ 1 gy \ P o
Vectorr : T = P ay—T IxT =Jrdydy, €R :
(401)

Comparing Eq.(401) with Eq.(396) looks as some irregularity at a first glance, as

far as the order and the transpositions are concerned. However, all is true because

oflr(x)] _ o' of L, 0f

ox  ox or  or (402)
From Eq.(401)
Of[r(x)]
oxT = Jpd (403)
T T
transposing =~ ot [r(x)] = J° JT =Jr of . (404)
ox " Or
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Comparing Eq.(402) and Eq.(404): Eq.(404) comprises a complete row f7, Eq.(402)

is only one element of this row.

10.8 Nonlinear System Linearization

Consider the nonlinear system x(t) = f(x,u), y(¢) = g(x, u) and small increments

Ax etc. in a specific point of operation. Evaluating the first-order Taylor expansion,

of of

AX(t) = 5 pAx+ o pAu (405)
og og
Ay(t) = aXTAX—I—auTAu. (406)

Reusing x instead of Ax etc. for the sake of simplification, and using the Jacobi

matrix, one has

Y(t) = Jme + Jyu.u ; (408)
where
n Of . ofi
me = a? = matrlx,;vj[a—xj} . (409)

10.9 Second Derivative (Hesse Matrix)

i(ﬁ) i(ﬁ) i(ﬁ) 0 (ﬁ)
0z \ 01 09\ 011 0xs\0x1’ Oz, 01,
i (af> — : : : . : c Rnxn
5T L ax ) = : : : . ; )
a(af) a(af) a(af) af)
0, 011 0, 0T 0, 0T o2

(The Hesse matrix is often written as %)

10.10 Amplitude Scaling

Scaling of variables provides a numerically different (but physically identic) system of
variables the range of which is smaller and yields less computational errors. Consider

an arbitrary index of performance f(x). Apply a similarity transform y = Qx with
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an identic index f(x) = h(y).

of  _  9nly) e (ay>7“ah _qroh (411)
0x 0x oxT ) Oy dy
% - Taf;iTQl - (414)

The right-hand side of Eq.(414) should be close to the identity matrix to optimize
the condition.
Example (10.10): f(x) = a®z? + b?22 = h(y), where a > b. For f =constant

there result ellipses in the (xy, x9)-plane.

2 2 2 9 2
0 f _ 0 if _ i a“x 0 _ a® 0 ‘ (415)
oxoxT  oxT ox oxT 0 20% x5 0 2b
Selecting Q = (’(’) 2), from Eq.(414)
0?h 1/a 0 0 f 1/a 0
= =21 416
oy dy™ ( 0 1/b ) Ox0xT ( 0 1/b ’ (416)

fx)=x"QQx=x"Qx=y"Q"QQ 'y=y'y=hy). O (417)

In y-space, h(y) = constant is circle shaped (Franklin, G.F., et al., 2002; Papageor-
giou, M., 1991).

10.11 Derivative of a Partitioned Matrix

For H 2 I, + I¥, and using the rotation matrix of Eq.(33) with appropriate dimen-

sion,
M(rxr) M
Ay, = =If eM+LoM=HoMe R (118
M M
0Ap (319 oM
= (I, Uy, )[— @ H|(I, ® Uy, 419
ac: 1.6 U,,)[ o @ HI(L © U, (419)
MY (L ® Uz Uy ® (I +I))(L © Up,) € RECIT - (420)
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11 Complex Closed-Loop Transfer Matrices and

Their Derivatives

Argument and logarithmic expression for the following elementary correspondences

v=a+ jb=|v[e?®?) |v| = a2 + b2, arg(v) = arctan(b/a)

argF' = Qm [InF)] (421)
OargF’ N 1 0F
= ) | =— 422
ow S [F &u] (422)
1
AargF' = Qm [FAF} for AF small in norm sense. (423)
Evolving the symmetric expression
0K oK~ , ORe K + j8m K
K'—+ K = (Re K —jQm K 424
KO = e kgm0 P IE L ay
oRe K oSm K
= 2R KT ™ 49 Qm Ko 2 (425)
op op
Since *
K* K
KO (K*8—> , (426)
op op
from Eq.(424), left-hand side, one finds
0K ORe K oSm K
Re [K*—] =Re K Sm K . 427
e oo ] e op + Qm o (427)

For complex G, the derivatives of trf|G”G] and ||G||r with respect to the real

and imaginary part obey

0tr GG 0tr GG
—————— =2 Re G ————— =238m G 428
d(Re G) ‘ aSma) o (428)
0|Gr _ Re G o|Gl»  SmG (129)
oRe G)  [|Gllr aSm G) |Gl
Generalizing Eq.(227) for B, C complex and A, M real
s,
a—M||A+BMC||% = 2Re B"(A + BMC)C” (430)
since
0 s _ 0 "
= athr [AFA + CHMABH A + APBMC + CHfMABABMC] (432)
= athr [ATB*MC* + ATBMC + BfBMcCC?MT] (433)
= BfACH” + BTAC +B"B*McCC” + B¥BMCCH (434)

= 2Re (BYACY + B"BMCC") = 2Re B (A + BMC)C" . (435)
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The combined expression leads to

0
a—MHNlMNQ + N3MN4 —|— N5||F —
= 2Re {N¥(N,MN, + N3MN, + N5)N¥
+ N¥(N;MN; + N3sMN, + N;)NZ} | (436)

where N;....Nj are complex and M is real. To continue this result,
aiKHF +LKR + RYKTLY |2 = 4Re {L"(F + LKR + R/K'L")R"} . (437)
For the closed-loop matrix-valued transfer function
Ty 2 | T,e(s) — C(sI— A — BK) 'B|% , (438)

using H 2 - A-BK= & _'(s) leads to (Weinmann, A., 2001)

0T (205) O||Tres(s) — CH71B||%
0 4

0K 0K (439)
= 2Re {B"TH "C"(T,.;, CH 'B)"B"™H "} . (440)

Consider the transfer matrix Fg;(s) (or a related type) of the closed-loop system

FSt(S) = F] (‘?I — A — BK)ilFQ € CTXp y = FSth (441)

BeR"™™, KeR™", AcR"”™, wyselC’, yelC, F,eC"? F,e(C™".

(442)
Abbreviating F3 = FIIF,, Fy = F,Ff H=5sI - A - BK = &_'(s),
OlFsilli _ ypr Hp R R-H
et = 2B"Re {H "F,;H'F.R ) (443)

The derivative of the prefilter V.= —[C(A+BK) 'B| ! with respect to K leads

to the differential quotient as

O|[[C(A + BK) 'B]"'[[i
0K

=2T,'T,"B"(A + BK) | (444)

where T; 2 C(A + BK) 'B.
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11.1 Condition for Additional Placement on a Hypersphere

As an additional condition, the controller parameters p should be located on a
hypersphere with radius r,, that is, >;(v!p)? = r2. Using V = >, vivl, from
0.5|Wp|[7 + 0.5us > (vip)* + " (Mp — ) — min (445)

i

0
o~ (WI'W + 5, V)p+M =0 ~ p=—(W'W4u,V) "M . (446)

From Mp = f and Eq.(446) one has p = —[M(W”W + p,V)"'M7"]"'f . Inserting

into >°;(v!p)? = r? yields an equation in the unknown scalar

S{vIWTW + 41, V) '"MTM(WTW + 1, V) "M '} =12 . (447)

12 Incremental Notation, Fréchet Derivatives

The incremental notation is addressed as advantageously applicable in control the-
ory. The increment of a matrix A is termed AA .
For A,M € R"*™ and f(M) given as

F(M) 2 tr[A™M] (448)
Af(M,AM) 2 f(M + AM) — (M) = tr[ATAM] = tr[AM” - A] (449)

and
df (M
Af(M) = Atr[A"™™] = tr[A - AM"] ~ gg\/[ ) =A. (450)
The factor of the increment AM, having been transposed, equals the derivative.
of O AT of
Af(M) = “AM =tr| oAM=t ~—AM] . 451

There are two methodes for some more complicated (e.g., nonlinear) conditions
f(L). For the statement f(L) derive f(L 4 AL), especially using Taylor expansion,
and Af = f(L + AL) — f(L):

(450)

e If Af(L) can be rewritten to Af(L) 2 tr[AAL], then g—i =" AT .

e If Af(L) can be rewritten to Af(L) = tr[RAT], and if instead of the matrix
AT only the vector col(AT) = M colAL is available, then (see, e.g., Section

31)
AfL) = tRAT]® (col 1) col (RAT) (452)
= (col 1,)"(I, ® R)colAT = (col I,)"(I, ® R) M colAL(453)
of(L)  _ o T
el L = M (I, @ R") col I,, . (454)
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e If AT = B AK from TI"*" = Bl»*mKImxnl and B constant, then

oT 0BK (351) —Im2xn2
K- gk - Um B)U;, ") (455)

The result is a specific arrangement of the coefficients of the matrix B; of
course independent of K. E.g., for B= (1 2 5)7, K= (0.4 0.2 0.9)

B dT/dK at the operation point B#*K
1 100010001 0.4000 0.2000 0.9000
2 200020002 0.8000 0.4000 1.8000
5 500050005 2.0000 1.0000 4.5000

12.1 Increments and Differential Quotients

ov

For v(a) Awv(a)= 8—Aa : (456)
a
for v(A) Av(A)= Z(@)AA = (cola—U)T(’olAA (457)
o - OA L] o\ oA ’ )
vt ov

Example (12.1;1): v = (v1 : v2)7; vy 2 tr[A]; v = (‘rr[A])2. The two versions are

81)] - 81)] 8 o
921 oola ~ Vg~ (459)
(457) oy
Av, = oA, S AAy = %:(col 1);;AA; = %:AAU = tr[AA] (460)
(457) ov:
Avy, = 3 aT;AAij = 2(trA)(col T);;AA;; = 2(trA)tr[AA] (461)

ij

Av (42")( (col )" )mAA:( i A ):( trIAA] ) O (462)
2tr[A](coll)” 20[A] Y, AA, 2tr[A] tr[AA]

For changes in AM;;, only,

9 B
az\;)AMij © el € o AN (463)
ij

Ac= ( ol

Referring to Eq.(349), if only AM;, varies

L 0Gy,
- OMy

0G [ms><]
8M l Dr+l

(AG);; AMy @ (e e AM,, . (464)
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Example (12.1;2):G=MM" r=2; s =3; k=2, 1=3; ky =1; [, =2; (ky € {1,n},l; €

{1,m}); AMy, 2 10°El; G e Rmm, M e R, 26 ¢ Rorxms;p — = g

27.84 . 15.761 01
A [ 27.8498 957507 157613  AG- 0 00158 (465)
54.6882 96.4889 97.0593 0.0158 0.1941
55.6996 54.6882 191.5014 96.4889 31.5226 97.0593
G (351) | 54.6882 0 96.4889 0 97.0593 0 (466)
oM 0 27.8498 0 95.7507 0 15.7613
27.8498 109.3764 95.7507 192.9778 15.7613 194.1186
0Gy, 4
kb 57613 AG k1, 1h) = 0.0158 . O (467
oM (k1,h) (467)
12.2 Increment of the Frobenius Norm
212
AlM]| 22 tr[M” - AM] (468)

M|
Suppose real matrices K, L, R with appropriate dimension, the increment AK
of K causes an increment ( Vetter, W.J., 1971)

AILKR[}(K,AK) = |L(K+AK)R|} — |[LKR|?}
= tr {2L"LKRR"AK"} . (469)
Hence,
%)
8—K||LKR||2F = 2L"LKRR" . (470)

The prefactor matrix in Eq.(469) corresponds to the differential quotient with re-
spect to K.
The differential or increment of ||A — KC||% with respect to A is

AA - KC|3(A,AA) 2 [A+AA-KC|} - [A-KC[h= (471

= 2tr {[AT — (KC)T]AA}. (472)

12.3 Increment of the Trace and Determinant

Important relations are ( Vetter, J.W., 1971)

AM;; = A(e] Me;) = tr[E;; - AM] = AM;; (473)
AtrM] = tr[AM] . Atr[M"] 2 oM AM] (474)
Atr[eM] ) tr[eM - AM] (475)
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Adet M = (det M) tr[M ' - AM] = tr[(adjM) - AM] (476)
Adet(M™) "2 (det M)"tr[M~TAM] = n(det M)"'tr[(adjM) - AM]  (477)
Adet M "2 (det M) tr[AM] (478)
(169) {trfadj(AI — M)}AM]
AN[M] = 479
12.4 Taylor Expansion of the Determinant
N ddet(A + VAp)
det(A + VAp) \AM = detA + A Ap (480)
9 det A + tr[VadjA]Ap (481)
= det A+tr[VA ']-det A-Ap . (482)
N ddet(A + E;;Ap)
det(A + E;;Ap) \AK] = detA + 35 Ap (483)
det(A + AA)‘HAA”F@ = det A + %j(adJA)ﬁAAij (486)
= det A+ [(adjA)” -« AAJ; (487)
ij
= det A + [col(adjA™)]" - colAA . (488)
12.5 Increment of the Inverse
(X+AX) ' =X - X TAX - X' X AX - XTAX - X - (489)
AXH = -X"HAX)X . (490)

If A =GX ! and both G and X are variable

AA = (AG)X'+GAX ) =(AG)X ' - GX '(AX)X"  (491)
= (AG)X ' - AAX)X '=(AG - A AX)X ', (492)

leading to

Al|A — KC||%(A, AX) = 2tr {[AT — (KC)"|(AG — A AX)X '} . (493)
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12.6 Increment of the Adjoint Matrix and the Matrix Ex-

ponential
adj(X™" £ AX) = (X +AX) 'det(X 4+ AX) (494)
(L) (X1 - XTAX - XD [det X + tr(AX - X 1) det X]
= adjX)-[I, - AX - X '+ Lir(X 'AX)] (495)
Aadj(X)(X,AX) = Litr(X'AX)  AX-X'. (496)

Furthermore for the increments of the matrix exponential

g(M) = trfeM] (497)
Ag(M, AM) = tr[eMAM] (498)
a-‘é(l\lf) =M (499)
Finally (Levine, W.S., and Athans,M., 1970; Bellman, R., 1960)
h(M) £ ¢BM! (500)
Ah(M, AM) = /0 " BMU I BAMBM g (501)

13 Miscellaneous Correspondences

The Eqs.(454),(455), and Eq.(503) through (506), are susceptible to mistakes and
confusion. Hence, the variables are termed with their dimensions in detail. The
symbol x is used for denoting the dimensions of a matrix and a vector. We develop
the differential operations referring to the simple matrix product T = BK as used
for input matrix and state controller matrix. The function to be analyzed is B,

operating as a simple matrix-valued factor of K.

lnxnl _ glaxmlg[mxn] (502)
0BK oK 1[m?2 xn?
o 9 (1, ® B)o D (1, @ Byl (503)
(col AT)[nZXq (51) (I, ® B) (col AK[mxn})[mnxﬂ (504)
——

él\/l[n2 xmn]

0 (col T)["QXH (356)
8 (col K)mm<1]

[mn?x1]
OJcol T —[(mn
<51K> = (e @ B) NG (506)
CcO ’
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having used 1,,,,, ® I, = I,,,,,2 .
From Lyapunov equation we get an expression colT = McolK as Eq.(504), what

we need is an expression Eq.(503), i.e., we have to apply a structural change. Via
Eq.(505)

COIT —[(mn
colK - (Imn I, ® B)Ugml,l)QXl] (507)

we change the order by applying, first, loc,,, and, second, bloc loc,, of a scheme of

matrices n X n.

In the special case, where M can be developed in I, ® B, we can directly find

the map

(I, ®B) — (I, ®B)Ul x| (508)

Example (13;1): For illustration, a special case is shown in an example with
Fig. 4. O

oap.m figure(5), oax.fig

15

20+

25

30

40 -

45

50

12 2 4 6 8 2 4 6

Figure 4: Graphic interpretation of the coefficient matrix details for n = 3, m = 2,

1 0
Subfigure A: 2% —| (I3 @ B)Ug|;  Subfigure B B=| 0 1
1 0
Subfigure C: g—;’é =|(I, ® B)Uy3 | ; Subfigure D: Acol T =| (I3 ® B) | Acol K.
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Further Examples (13;2): For a single-input single-output controller K €

R'™™ one has

oK™ (357) OcolK™ 335) (57)

K U (I, ®1)=Uy, ; Seolic. oM colK' = Uy ,,colK .
0K _ dcolK _

—_— = . = I 2 1 n — lIn .

K Ui, ; K (Lpne ® 1)U, 1 = coll, (509)

For scalar numerators and K[™m*1l

| or or or
0 = :
OKImxn] 9ol K= gKI[mxn]

col K ok
(510)
For n = 1, B>*™ = b7 K = k™1 T = bTk, Eq.(503) and Eq.(506) yield the
same result
OT (503),(506) OcolT (1, ©b")Tp = b . (511)

ok dcolk
In Eq.(511) a formula surfaces for simply transposing a row to a column, just as

Eq.(62) or Eq.(63).
For BImml K = km~<1l,

d(Bk)"~1l

Ik = (L, ®B)U,. , A col (Bk) = B colAk . O (512)

Numerically checking the presented results or new ones can be carried out as fol-

lows. For 2 an the (i, 7) position in the matrix differential is aM . Tt is approximated
by
Af(M, AM;; M) - f(M+E;; - AM;;
14 Derivatives with Respect to Time
Total derivative if ¢ depends on x(t) and on ¢, additionally,
d dx’(t) dc  dc
— t),t|=——"—+—. 514
dtc[x( ) it ox ol (514)

Vector (column) function z dependent on x(¢) and t: z € R™, x(t) € R?, M:=t
(Vetter, W.J., 1970)

dafx(t)] _ dx" oo T 0

= el (e 50 )=(Tr ey, (515)
dz[x(t),t]  ,dx" 0z Oz

o = Car @)t o (516)
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Row function y” dependent on x(t) and ¢ with y € R"

dyT[x(t), 1] dx” doy" dx" oy"
= I,)(I = 517
dt (dt®l)(l®6x) dt O (517)
Matrix-valued function A dependent on the vector x(¢) € R, A € R"*™,
dA[x(1),1]  ,dx" OAy A dx" OA A
= In I - -, — \ 5 In A A, 518
dt (dt ‘)(1®8x)+6t (dt ® )8x+6t (518)

Example (14;1) : For y e R", z € R™, xe€RI, A € R"™, derivatives of the product
c=yTx(t),t] Ax(t),t] z[x(t),t] (Vetter, W.J., 1970) are

4 Ly AL
T [x(t),t] A[x(t),t] z[x(t),t] = 7 Az +y TR +y Adt . (519)
dc _ OC _ | TANT _ AT
dy = Az 5 = (y'A)' =A'y (520)
dc 9 T 0 T T\T T
_ - = = = = . O
DA 8Atr (y" Az) 6Atr (zy' A) = (zy") yz (521)
Example (14;2):
0 T TrT 0Q(x) q
— = — . O
5T x'Q(x) x =x[Q" (x) + Q(x) + 5T (I, ® x)] x€R (522)
Example (14;3):
t
%em’ = A =eAA and / eATdr =AM (eA-T1). O (523)
2 0

Remember that in a derivative of a matrix with respect to another matrix, the
denominator matrix of the derivative determines the order scheme of the derivative,

i.e., referring to Eq.(349), M determines the order. For a two-dimensional vector f,

the elements of which depend on z;(t), xo(t), ... and for x = f(x),
dxq
I ofp Of it
at ) (G G| |0 o
dt —dt fs 0fs dt oxT™  oxT
8371 8.722 e .
Alternatively,
df” dfy . dfy
fr .  Of. L O0fy. Of2.
(837] T + amQ To + 837] T+ (3,7,‘2 To + (5 6)
% %
L1 L1 T
of
= (& gy ... g% Ofs | — g7 (527)

Oy ox
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From the above correspondences,

df’f of ofT
- = T f 2
it o T Bk (528)
of of"
o T
= (575 (529)
Hence,
ofT Qf T of of”
o~ D Qpa + 5t (530)

For an exponentially weighted Lyapunov function V = e“f7Qf and a system x(t) =

f(x), the stability condition with stability degree a is

= "f(x)Qf(x) (531)

_ (530) qrer ﬁ ﬂ atgT

= =" (anT + I Q)f + ae™f" Qf (532)
f 7

= eath[Q;XT + %XQ +aQJf £ efTPF . (533)

Hence, to guarantee stability the matrix

of  off

must be negative definite.

15 Per-Unit Square Index of Performance

Find the maximum of a per-unit energy expression versus x, i.e.,

x"Rx
sup

x xI'x

(535)

(The expression (Ax,x) 2 x" Ax is also termed inner product.) For R = R, the
result is given by the Rayleigh Principle. Comparison of Eq. 535 with the definition
Eq.(536) of the singular value

M|/ x"M"Mx
Omax| M| = sup = _ 536
M) = sup T =S T (530)
yields the correspondences R = M"M € R™*" and
x " Rx 9 )
SUp ——7— = T [M] = o0 [VR] . (537)
X X X
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The worst initial condition xy which yields the maximum per-unit index of per-

formance I, results from

0 x"M"Mx _ 0 (538)
0x xT'x N
™M
M'Mx = = — %« (539)
X' X
M'Mx = o2, [M] - x. (540)

The last but one line equals the correspondence of eigenvalues and eigenvectors
Aa = \(A)-a, in detail

(M™M) - eigv[M” M] = eig,,..[M" M] - eigy[M’" M] = o2

max

[M] - eigv[M"M] . (541)

The largest eigenvalue is selected in order to find the largest I,,. The largest
eigenvalue of MTM is the squared singular value o, [M]. The worst vector x is
xo = eigv[R] and has the manifold of the eigenvector. Only the direction is deter-
mined, not the length.

Referring to Eq.(537) and anticipating Eq.(611) (Weinmann, A., 2003; 2004a),

an upper bound for the maximum per-unit energy of the actuating variable is

Lum = 0 \/Pry) < Iy Pryll7 = t1[(y/Pry) " (\/Pry)] = tx[Pry) . (542)

and the worst initial condition is xo = eigv[Pg,]| .

16 Derivatives of the Matrix Pencil

With the definition of the inverse resolvent matrix (equivalent to the so-called matrix
pencil, Laub, A.J., 2005)

H 2 sI- A-BK, (543)

the first and the higher derivatives with respect to s are presented ( Weinmann, A.,

2004 ). We presuppose H nonsingular.

16.1 First Derivative
adgtH (120) tr[%Hadj H| = tr[I adj H] = trfadj H] = tr[H 'detH] . (544)
S S

With the definition [not to be confused with the unit vector e; of Eq.(4) |

tr[H (s)] (545)

€;
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and the definition of @); in Eq.(559), one finds

ddet H (543)
0s

(545)

2 detH-tr[H '] "2 det H e, 2detH-Q, .

(546)

For H singular, see Weinmann, A., 2004, Section 6. Furthermore, utilize the rela-

tions and abbreviations

L(s) 2 adj H(s)

otr[H ']

= —tr[H?
94 r[H™]
otrH ' ; oe;
ras =—trH ! or 6—2 = —i €11
o trH ' = (—=1)" n! trH ™!
ds" ' '
In general,
ke (545) —ivk (trL")*
r =" (trH = .
e = (T =

16.2 Second Derivative

Continuing the derivations using differentiation of the product

0 det H 0 OdetH 0
- = = . H -trH !
0s? 0s 0s 0s det tr
det H trH !
= 0de trH™ ' + det Ha !
0s 0s

= detH: (trH ")> + det H - tr[-H 7|
=" detH - [e — e 2 detH-Q,
trH*Q)
trH-!
= tradjH-trH ' — tr(adj H)

r adj r o H r(adj H)
(tr adj H)? — tr (adj H)?

det H '

= (tradj H)(trH ' —

16.3 i-th Derivative

For the 7-th derivative one has

0 det H
0s!
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64

The list of factors @); of det H for its i-th derivative is

Q = 1 (560)
o @ . (561)
Qs = el e (562)
Qs = € — 3ejes+ 2e3 (563)
Qs = el —6eley +8ejes+ 3e5 — bey (564)
Qs = € —10ejey + 20etes + 15e1e5 — 30ereq — 20ese3 + 24e5  (565)
Qs (545) e — 15efes + 40etes + 45e2e2 — 90e2ey

—80e1e9e3 + 144eqe5 + 120e1e9e4 — 156;

+90eye4 + 40€3 — 120e; (566)

For numerical consideration concerning the inverse of H(s) and its powers see
Section 6 of Weinmann, A., 200/.

16.4 Multiple Differential Quotients of the Matrix Pencil

Select the matrix pencil referring to Eq.(567) or Eq.(543). Then, (H,, s (n-1), md);
is defined as the operation, which selects the submatrix 7 along the main diagonal
“md” with dimension reduction from n x n to (n — 1) x (n — 1), having striked
out the i-th row and i-the column. According to the trace operator in Eq.(544), the
determinants of all these matrices have to be summed up. (H, ., , ,4); is defined

analogously irrespective how many intermediate steps are needed.

H,(s) 2 sI,— Al (567)
9 s 0 (544) . [(n—1)x(n—1)]
—_ = _ Alnxn] 4 [nxn]
op detH,(s) = Ep det (sIn A ) = tr[(ad_]HnH(nil)ymd) (568)
6 n
5, det H,(s) = ;det(HnH(n,]) )i (569)
82 - . n— n—
mHn(S) = Ztr[(ad_]HnH(nfn, md)g( 2 2)]] (570)
' i=1
n—1 n
= Z Zdet(Hn — (n—2), md)i,j . (571)
j=1i=1

Select, for example, n = 4 and the arbitrary matrix Hy the determinants of which should be

differentiated with respect to s three times:

4
= tradjH, =) det(Hios); (572)

i=1

0 det H4 (9)
Js
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82 det H, )
T ; E det(H4,_>3)i (573)
4
= ) tradj(His)s (574)
i=1
3 4
= D ) det[(Hisn)i; (575)
j=1 i=1
8% det H ER
T he LR Z Z Zdet{[(H4>—>l)i]j}k . (576)
k=1 j=1 i=1

Detecting a multiple root (at —1) of det Hy without applying the derivatives of powers of s

s =1 0 0
0 s -1
H, = det Hy = (s +1)* 577
4 0 o o 1=(s+1) (577)
1 4 6 s+4
-1 0 0 0 s —1 0 s =1 0
(Hssz)i: | 0 s -1 | 0 s -1 s 0 s 0 [ 0 s -1
4 6 s+4 1 6 s+4 1 4 s+4 0 O s
(578)
Now there are four matrices, the sum of their determinants (minors) is the result.
s —1 0 s 0 0 s —1 0 s =1 0
det | 0 s -1 +det| 0 s —1 +det [ 0 s 0 +det| 0 s -1
4 6 s+4 1 6 s+4 1 4 s+4 0 0 s
(579)

Z det(Hyry3); = (87 +48”+65+4)+ (s +45°+68)+(s° +457) +(s7) = 457 +125° +12s+4 = 4(s+1)" .
i

(580)
For the next differentiation step, each of the four (3 x 3)-determinants is treated as the (4 x 4)-
determinant of the setup. For each of the four (3 x 3)-matrices, calculating the determinants, we

have 3 minors, yielding 12 determinants (cofactors, if (—1)"7 would be included)

s -1 s 0 s —1
(Ha2)i); : (6 s—|—4> ’(4 5+4> 7(0 S >; (581)

) (L))
6 s+4 1 s+4 0 s
(s 0 )(9 0 ><9 1)1 (583)
4 s+4 1 s+4 0 s
s —1 s 0 s -1
)G () e
DO det[(Hyn)il; = 1257+ 24s+12=12(s + 1)’ (585)
SN det{[(Has)iljhe = 24s+24. (586)
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nzxm figure(1), nzy.fig

Figure 5: Root locus with it
break-away point close to —1 !
with rlocus([1],

1 4 6.001 4 -1])

H

17 Derivative of Square Performance Expressions

17.1 Energy of the State Variable

Aclx, in a closed-loop control

Consider the weighted energy of the transient x(¢) = e
system with Ay 2= A +BK where A € R™" B € R™™, K € R™" and the index
of performance I, based on the state variable x(t)

I, — / x (1) Qx(t)dt = /0 xTeALtQeAatxydt 2 xTP oxy | (587)

0

where ALPg + PoA, = —Q € R™" and Py is symmetric (e.g., Weinmann, A.,
1995).

The derivation is based on

t earm |t eat _ 1
/ eTdr = —| = (and for a < 0, t = 00) = —1/a (588)
0 a lo a
t t
/ eAdr = AT = A 1A —1) (and for stable A, t - 00) = —A"1 (589)
0 0
and partial integration
d(UV)=UdV + (dU) V ~ / UdV = UV‘ —/ (dU-V), (590)
0 0 0
where (presupposing stable A.;)
dV 2 QeAtdt . V=QAL'ert | UL ANt UV‘ — QA7 . (591)

0
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The integral
PQ = / eAZ;thAcltdt c Rnxn (592)
0

. oP
cannot be utilized for 2 or g% because eATBK £ pABK “oyen for K + AK and

AK small in norm sense, see Eq.(18). However, resolving
AlPo+PoA,+Q=0 (593)

with respect to Py, its derivation with respect to K can be obtained employing the

first-order Taylor expansion

(A, + AK"B")(Py + APy) + (Pg + APg) (A, +BAK) +Q =0. (594)

E, 2 (ATeA”) '=(L,eA" +A"®I,) e R" (595)
With the additional abbreviation
Zo 2 (PgB)®L, +[I, ® (PeB)|U,,, € R"*™" (596)
one finds the derivative
gﬁ = L, ®[(x{ ®x{) EuZo]}(col I,,,) @ L,] , (597)
@ Noc, [ZTET (x0 @ %)} (598)

17.2 Time-Weighted Energy of the State Variable

Now, based on Lyapunov equations, the sensitivity of time-weighted and time-to-
powers-weighted energy associated with the state variable is derived for an arbitrary

power ¢

Py, é/0 eATthAt th dt L, :XOTPQ,;XO (599)

AlPoi +PoA,+iPg, 1 =0, (600)
where Pg, = Pg. Replacing Z; by Z; and Py by Pg; in Eq.(596), one has new

. 2
matrices S; € R™ *™"

Sy, = —E.Z (601)
S, = ~E,Z +E7Z (602)
S, = —E,Z,+2E.Z, —2E’Z, (603)
S; = —E,Z;+3E’Z, - 6EZ, + 6E}Z, (604)
Sy = —E,Z, +4EZ; — 12E3Z, + 24E%7Z, — 24E°Z, (605)
S, = —-E,Z,—iE,S,_; . (606)
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Using Eq.(606), the increment Al,; weighted with the i-th power of ¢ is ( Weinmann,
A., 2009)
Al = (x) @ X} )colAP; . (607)

The matricial gradient results as

oK

= {T. ®[(x{ ®x¢)Si|}l(col I,,) ® L] (608)

W Hoe,[ST (x0 ® x0)]}7 (609)

17.3 Actuating Energy

From Weinmann, A., 20053, with K, € R™*", C € R"™"

I, & / u” ()Ru(t)dt = / x (t)CTKTRK, Cx(t)dt (610)
0 0 '
= T / A CTKIRK, Cetetdt xg 2 xIP Xy | (611)
. ;
where
AlPp, +PrA,+C'K/RK,C=0. (612)
Defining
E, 2 I,eAl+AgL) " e R (613)
E, 2 PpB+C'K'Re R (614)
a]u. T T ~T T T
K. —E, {loc,[colX + U,,colX]}" C" = —2E, XC" , (615)
Y
where
X £ 1yap(Acl, Acl’, —x0 * x0') (616)
A X +XAL = xx{ (617)
I, @ Ay+ Ay ®1,)col X = col(xoxg ) (618)
col X = (Ay @ Ay) H(x0 ®x0) = B (%0 ® %) (619)
loc, (vIrmx1ly £ ylr=m] (620)

and r indicates the number of rows produced by loc,.

Remark 1: There is an equivalent result although it looks quite different, hence the correspond-

ing derivation is carried out: First, suppose

y 2 Iz + Upn]ET (xo @ xo) € R™ ¥ (621)
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Y 2localy], y=colY € R X! (622)
{loc,[col MIm>*mIy T — T (623)

Second, from Eq.(612) AK, — APp,, from Eq.(611) APg, — AL, together AK, — AI,. Third,

using Eq.(351) etc. ~ 5)11(1;

gI]{"y —{L, ® [(x0 @ %0)" E1 (L2 + Upnp)(Ez ® C]}(colL,) & L] (624)

D _ (100 (B @ C) (L2 + Uy ) EY (x0 @ m)])T (625)

= —{loc,[(EY @ C)y]}" = —{loc,[(E] ® C)colY]}T (626)

—  {loc,[col(CYE)]}" 2 _(CYE.)" [= (630), (615)] (627)

= —El{loc,[(T,2 + U,,)E] (%o ® x0)]}" C" (628)

2 B {loc,y))C" = ~Bf Y7 CT (629)

9 _ET locy[col X + Uppcol X]}7CT = —2ETXCT . (630)

(Note that Y = 2X. The matrix X is symmetric, hence U,,colX = colX. But note: For
B € R™™ one has loc,, (colB) # B”.)

Remark 2: The Lyapunov equation

(I,2A+BT®I,)colX = col C (632)
R

is only solvable if R is nonsingular, i.e., iff R has no zero eigenvalues. The eigenvalues are \; + p;
where \; € A(A) and p; € A(B), i € {1,2,...,n}, j € {1,2,...,m}, i.e., A and —B must not

have eigenvalues in common. If A and B are stable the solution is also given by
X =-— / eACeBlar . (633)
0

For eliminating double solutions in Lyapunov equations see Weinmann, A., 2007d.

Closed loop versus output controller matrix

J(A + BK,C)

SR = (Im R B(nxm))fjmr(lr ® C(rxn)) c Rmnxnr (634)
Y

17.4 Lyapunov Determinant with Respect to the Controller
Matrix K

For the Lyapunov equation

AP, +P,A =-Q, A =A+BK, (635)
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one finds 5det P
e T 1,, ® (WU, m)][(col In) @ L] | (636)
0K *
where
h? £ (det P,)[col (P, )" H, (637)
and
H, = —[I,® AL + AL @ L] '{[(P,B) ® L,]Up, + [I, ® (P,B)]} (638)

(Weinmann, A., 2008d).

17.5 Lyapunov-Based Efficiency Gradients

The efficiency measure r should be as low as possible

A x''Qx -1

}, (639)

where P and Q are positive definite matrices in A”P + PA + Q = 0, and \,[P)]
is a generalized eigenvalue (see Section 4). One of the eigenvectors is the optimal
solution x.

Now, searching

min max , the gradient results from (640)

Q ? )\QZ[P]

or 1 B _
% — W[H ]qu — quH ]]y . where (641)

qZcolQ, y2 Vi, ®v;,, and [V, D] =eig[P,Q], iy 2 arg; max D (#42)
HEL,RA+ARI,. (643)

For discrete-time systems,

H2(1,-®@®) and ®P®-P+Q=0. (644)

18 Control with Prespecified Index of Perfor-

mamnce

For the output feedback controlled system, u(t) = Ky(t) = KCx(t), abbreviating
F 2 (A + BKC), and for

I— / (x"Qx + u'Ru)dr = / xI'eF'7(Q + CTKTRKC)eF™ x,dr,  (645)
0 0
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the performance limit is given [ = xI'Mx, . Then, we have the limit condition
F'M + MF = —(Q + C"K'"RKC) , (646)

which is included via a Langrange multiplier A. Carrying out the minimization, A

results from
x,x! + FA + AF" =0 (647)

(Yahagi, T., 1973; 1977 ). The derivatives of I with respect to A, B, C and K are
oI

oA = 2MA (648)
g}; — 2MACTK" (649)
gé = 2K"(RKC+B"M)A (650)
51]{ = 2(RKC+B"M)AC” . (651)
(fjézo < K=-R 'B"MACT(CACT)"" . (652)

19 Derivatives for Flat Systems

The flat output z 2 yy is defined such that  under some specific ¢y the result
z = c?x has the relative degree n; thus, one has c;x = 0, cpx 20 etc. up to
cfx(””) 2. Finally, cfx(”) 29 (RothfufS, R., et al., 1997; Sira-Ramirez, H., and
Agrawal, S.K., 2004; Zeitz, M., 2009). Concatenating these conditions,

ci(b:Ab:A’b: ... iA"'b) = (0 0 0 1) (653)
ciL, = e (654)
c; = (/LY =L.""e, . (655)

For subsequent use, the controllability matrix (Franklin, G.F., et al., 2002) and

corresponding products

L.=[biAbi . iA"b =Y e ®(A"'b) €R" (656)
=1
i=n k=n )
L'L, = Y Y (eief) ® (b"AT 1A ') (657)
=1 k=1
LLT = S A" 'bbTATI ! (658)
i=1
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are considered, especially for A = A, + bk’ .
Derivative of the controllability matrix with respect to an element of the coeffi-

cient matrix A,

5}

OL,

0A,, ,; A, k
n aAk—] b
WS meu (o)1 (660)
k=1 0Auy
" OAF1
(351) Z 1] I, ®b)|®e]) (661)
= 0A,,
n k-1 ) aA .
(665) ST (AT IR AR ) g el (662)
k=1i=1 aA”“
6L n k-1
© = Y S(AT'E, A" by el (663)
8Ay,u k=2 1=1
JL, L SR A R AR g o
= > 2 Eu® > Y ATE, A" b)ee |, (664)
0A =1 p=1 k=2 i=1
aAkfl k—1 . 0A
_ I @ Ai! ARl kE>2.
. ;( L ® )~ Ak : > (665)
aLT 8 n 8bTAT,i7]
c = e (AL =Y e, (666)
T ™ X; 2 DA,
BLT ( n ov=i—1 .
c (3;1) Z( Z bTAT,v*1EUuAT’Z7U7]> X e; . (667)
aAuu =2 wv=1 ,
dtr[L LY o(L.L!
r[aTrc} = trh[(aTrC)] , see Eq.669 . (668)

. 2
Select a vector of subtraces from a rectangular matrix Z € R™ *™:

trh[Z] £ Xn:{ei tr(e] ®1,)Z]} . (669)

=1
19.1 Modal Flatness Matrix

Defining a flatness vector z

2 z cix cf
: T T
A 29 z crAx crA A
Zn z(n=1) cf A" 'x cp A"t
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0
0,_ I, 0

z = B 1 z + . (671)
al :
1

The last row in the previous expression is
2 =alz +u= cfA"x +u=c;A"T 'z +u . (672)

The modal matrix for flatness coordinates and its derivative are

Te @ Y e (c;A ) P S e, @ {elL AT (673)
=1 1=1
€ e {e;f[kf el @ (A" b)) TART} (674)
i=1 k=1
i W SGIIL A Yo (Ua=LoU=L) (67)
(307) Zi{ez (ajw Lﬁ; el @ (Aklb)]l) Al 4 eZLCI%ATiU:} ® e
(381),(363) 72: {GZ(_LCI)[; a?jy;b el |L.'A" ! 4 el L ! %ﬁl; } ® e;
- {ernn G e A v e
(363) i{eng1[_ 2”: E(AuflEy’uAkfvflb) ® e{}LglAifl
=1 k=2 v=1
+ (f A”]EU,HA“”> j®ei, (676)
v=1 exept i=1

where L, could have been inserted from Eq.(656).

19.2 Second-Order Sensitivity Matrices

Suppose that some of of the entries of A can be altered by plant design activities.

From Eq.(663), by additional differentiation with respect to p, ¢

82LC ( k=ni=k—1 aAiflEy Akfiflb
_ T e )y ( z ) el (677)
8‘41)‘18‘4’/# k=2 1=1 8‘41)‘1
k=ni=k—1 i—1 k—i—1
OA : ‘ OA
(400 B, A" b+ AR, ——b|®e]
k=2 1=1 aAi"J aqu
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k=ni=k—1 v=i—1
(3;1) Z Z [ ( Z A'U]Epqui'u]> Ey’uAkfiflb
1>2

k=2 1=1 v=1
] v=k—i—1 ]
+A11EU,H< 3 A“lEp,qA’““) ]@ef. (678)
v=1 k—i>2

Referring to Eq.(687), the sensitivity of the squared norm of the flat output with

respect to A,, is

S, 2 a(iﬂchﬂ; (80 5 qu[ 2e"L;" aaij L. "e,] (679)
3 ]aaj; gz;: L' +L ]aaAwL ]%ij) e (630)

= e (- aaquL“]aaij“ ]+8A(ngAuuL |
;jyuLc]gquL ! aaij L. ngpq)L e, . (681)

For a preselected (v, 1), the matrix S(p, ¢) provides the combined sensitivity

A 0 Olcsll
S =
(p.q) A, 04y,

E,, . (682)

v

2
in order to indicate which influence the (p,q) element of A has on a{!jlﬂ . This is
v

a measure how some of the residual elements of A can change the sensitivity of the
cy norm with respect to an uncertainty. Lowering the sensitivity corresponds to a

robustification of c;. Considering a single uncertainty at A,,, it is desired to keep
6|| pr

its influence on the flat output low, i.e., low but the corresponding S should
be high. Influencing via bk’ is impossible due to the orthogonal properties of c;.

The sensitivity of the Frobenius norm of the flat output is

2 _ T -T Ty —1
F - - n
les| trlcyey] = tr[L. " eye, L] (683)
Ollesllz  (s69) aLfT e’ Cr oy 0L
eslz 0L f o 0L,

The derivative of the norm of the flat output coefficients with respect to an
element of the coefficient matrix is

JOL

A Ollegl|7 (os5)

= ZJIF U= T ”LTEn E,, L. " L_'] (686
o) = 3 Y i +EL, aAW} '] (686)
OL.
= 2L! L 'L, o (687)
0A,,
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19.3 Incremental Representation

Utilize

(A+AA)" = A"+ S A" AA AT p>1) (688)

i=1
For an increment AA, we get the following increment of AL,

n

AL, 2 S e’ @[(A+AA) b — AT b (689)
1=2
(688) n k=i—1 )
= Ye® Y ATF'AA-AYD. (690)
1=2 k=1

Referring to Eq.(490), the increment of the flat output parameter vector reads

as

Ac; = <i e/ ®[(A+ AA)“b}) - e, — (i e/ ® [A“b}) - e, (691)

=1 =1
n k=i—1
= L7(Ye® > b"ATFTAATATA L e, | (692)
=1 k=1
|Acs||z = e L 'AL. L 'L "AL! - L "e, . (693)

20 Stability Margin, Continuous-Time Systems,
State Space

20.1 Minimum Hodograph Distance

Presupposing a stable control system, the closest point of the closed-loop hodograph

(Mikhailov hodograph) to the origin follows from Weinmann, A., 2005a
: : e N
min [pa(jw)|2 = min i (j)paio) £ b (694)

Using
pa(jw) = det(jwl, — Ay) (695)

and differentiating (Brewer, J.W., 1978), the optimum frequency wy is determined
by
flwo, Ay) = tr[adj(wil, + A%)] =0, (696)

and the minimum distance hg squared is

hy = det(wil, + A2) . (697)
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76

The differential sensitivity of hj with respect to K, results as

Odet(wil, + A%)  9(h?) a7 . T
K, IK, [CA,(adjU)B]| (698)

In a reasonable range the minimum hy is obtained for wy = 0 in Eq.(696). Then,
from Eq.(698)
0(hg)
0K,
This result shows a similarity to the gradient of holistic controllers, which minimize
tr[A']. Their gradient is dtr[A']/0K, = [CA_*B|" (Weinmann, A., 2005) .

= 2[CA'B]" det(A2) . (699)

20.2 Resonant Frequency w; with Respect to the Output
State Controller
We evaluate the increment of wy when increasing K, with an increment AK,. From

Eq.(696) the total differential expression is (Weinmann, A., 2005a)
of of of

of T
df =-"d dK ;= ~dwy + t dK,] =0 700
/ Owy “ot %: 0K, i Y Qg wo + r[(aKy) /] (700)
U 2 w1, + A% " H(jw)H (), (701)
dvy 3%, {C[U" - LuU U 'A,B}’ (702)

K, 2L {0~ u[U 7}

20.3 Descriptor Systems

Often the process equations are composed not only of a linear combination of state

variables but also a linear combination of the first derivatives. Then,
Ex = Ax + Bu (703)

is a generalization of x = Ax + Bu. A block diagram can be set up transmitting
the linear combination Ex to x by 7/[, see Fig. 6.
A corresponding coefficient matrix E7'A cannot be used since E is singular in
general. Defining
Av = \Ev (704)
constitutes the generalized eigenvalue A,. Then, A — A /E is termed the matrix pencil
of the matrices A and E (Laub, A.J., 2005). The characteristic polynomial of the
matrix pair (A, E) is p(s) = det(sE — A). If, e.g., one of the equations of (703) is
purely algebraic, one of the eigenvalues A\, is —oo, thus expressing the lost dynamics

in this equation. From Aa, = A\;Ea,, a, is the right generalized eigenvector.
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Figure 6: Block

diagramm for a

descriptor system

) =

21 Stability Margin, Discrete-Time Systems,
State Space

Consider the nth order discrete-time plant with sampling time 7T}

x(k+1) = ®T)x(k) + Tu(k) €R" (705)
Cx(k) + Du(k), D=0, (706)

<
S

S—
I

and a controller u(k) = K,y(k) = K,Cx(k). The input matrix ¥ is set constant
although there is a slight dependence on T5.

Then, the characteristic equation of the closed-loop system for z = e/“7s is

Pet(2)]s—eiore = h(2)|,piome = det(e*™1, — @) = det (eI, — & — WK,C) =0 .

(707)
Selecting the closed-loop polynomial and replacing z = /75, the hodograph
(Mikhailov plot) is obtained ( Weinmann, A., 2006b). The closest point to the origin

at frequency wy results from
| det(e’*"*L,, — ®)| — min (708)
where &, = ®(7,) + YK,C. The minimum distance squared is

he 2 mindet(e’*"T, — @) det ("1, — )" (709)
= mindet(L, — 2@, coswTi + ®7) . (710)

Differentiating Eq.(710) with respect to w yields the solution wy

tr[®,adj(I, — 2®, cosweT, + &%) =0 (711)
a(hs) “TrT T
=29U, [®, — I, coswyTs]C" det Uy , (712)
oK,
where Uy 2 I, — 2&, coswyT, + ®2. (713)
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Maximizing the integral of the stability margin in a discrete-time system
wT wT
1 :/ Ipet(jw)|*dw :/ (det Uy) dw — max (714)
0 0 y

where Eqs.(707) and Uy = 1, — 2®coswTy + P2 are used. For wp = 27 /T, , one

finds
ol

0K,

wr /2
— 2w / (@1 1, coswT})(adj"U,)dw - CT (715)
0

22 Stability Margin, Continuous-Time Transfer

Functions

22.1 Single-Input Single-Output Sytems

The closed-loop characteristic polynomial results from the return differ-
ence 1 + G(s)K(s) as

h(s) = (ny, s)(ng s) + (2, s)(z¢ s) . (716)

where .
s2(1 s s> ... M7 @ Soslelt et (717)
0

By replacing s = jw, the distance (squared) from the origin to the so-called
Mikhailov plot is ( Weinmann, A., 2006)

h)* = [nk(s)ng(s) + 2k (s)z6(s)]
x[n(s) na(s) + zx(s) za(9)]* _ (718)
= n};s-n};s*-ngs-ngs*—i—...S:jw (719)
= nlSng-nLSng +. .. i (720)
where
s2(1 s s...sMT, 8 2 st ecmtxmty (721)

is the dyadic product and s = (s*)T is the “Hermite” conjugate transpose.

The coefficients of the polynomials zx in the numerator are collected in a vector
Zx, which is the first half of the parameter vector p;;; the denominator polynomial
is ng(s), which corresponds to the second half of the parameter vector p;;. Hence,

one has

A [z
Pk = ( K); zxg = P,px, ng=P,pk, (722)
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A [z
Pc = ( G); zg = P.pg, ng=P,pq, (723)
ng
A : A : nx2n
where P, = (I, : 0,), P,=(0, : I,)eR . (724)

The derivative of the squared absolute value |v|? with respect to a real-valued

parameter is

Olv|? d(vv*)  Ov ov*
_ov . 725
op o op ' dp (725)
y O
= O(Re U;_p]\gm v)( Re v — jSm v)

d(Re v — jSm v)

+(Re v + jSm v) 5 (726)
65;2 = 2 |(Rev) 6(?);2 v) + (Sm 7))6(%730)] =2 Re [7)*212;} . (727)
Continuing from Eq.(720), one has
|R(jw)|? = [ngnicngng + zxnizang + nkZinaze + 2k 2 2a2e) S:jw(728)
"2 b PISP,pniSnc + piP!SP,pzlSng
+pKP!SP.pxnl.Szc + pr P! SP.pxz.Szd] i (729)

Because ng is fixed it is kept unchanged in Eq.(730) in what follows; ng and zg

are separated from Py in order to be operated by the gradient method. Using the

definitions
L ) TS s
Aot 2 (26)stng 1 ag) = ( Moo meSeo (730)
Zg zoSng  z,Szg
A (PT ) P!SP, P!SP,
Bk(s) = "SSP, :P,) = " " 731
(s) (P;f) (P ) (Pjspn PZTSPZ) (731)

and an elementwise (Hadamard) product of matrices

F Ac11(s)Brai(s) + Ag2i (s)Brai(s) + Agi2(s)Bria(s) + Agaa(s)Braa(s)

Ag(s) - % Bg(s) = btr[AL(s)Bx(s)], (732)

> >

where btr[-] is a blocktrace. Applying block transposition in F does not influence
the result. S is Hermite, S = S¥. Hence, one can state F = F" in this SISO case.
Then,

h(jw)]* = pxF

Px - (733)

s=jw
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The differential quotient is

Olh(jw)?
|a(;“) = 2(P:SPnnESnG +PTSP,z/.Sng
K
+P,SP.n;Su; + PISP.2(Sec)| . px (734)
OpLF
- pgipm —(F+F)p (735)
Olh(jw)? =2,j=2
|a(7)‘ B = Q%GF _ Pr = 2%6 [AGijBKij] . PKk . (736)
Pxr w=wo s=jwo =T Jwo
22.2 Derivative of a Transfer Function
Suppose
T T
P,
K= 2225 P (737)

n”s s'P,p
Differentiating with respect to the vth element of p yields (with s from Eq.(717)

and S £ ss™)

BK” (9) . 1

= Pe,+ ——2(—1)s'P,e, 738

op sTP,p. C. * (STPnp)Q( )5 Pue (738)
1

= Wef[PZTSPn—PSSPZ]p (739)

a;( ) = <P p)Q[PZSPn ~PI'SP.|p . (740)

23 Stability Margin, Polynomial Matrices

Consider a multiple-input multiple-output controller and plant given by polynomial

matrices € C"*"
K(s) = Ny (s)Zk(s) ,  G(s) = Za(s)Ng' (s). (741)
Then, the characteristic equation of the closed-loop system is
det Q 2 det[Zx (s)Zq(s) + Nk (s)Ng(s)] = 0. (742)

The Mikhailov hodograph results from the characteristic polynomial by replacing s
by jw and the results is (Weinmann, A., 2006)

det[Z (jw)Ze(jw) + Nk (jw)Ng(jw)] = det Q (743)
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2 2 ..
aho — a‘detQ| — 2‘d9tQ|2 X I:%e (ZGQ7])7Z6§R€ ZK(277)
apijk apijk apijk
_ 8%mZK(7,j)
—Sm (7 0.
‘Sm( GQ ).71 ap”k
_ 83?6]\7;((7,])
Re (N 1 PR LA
e (NaQ ) Opijk
Re Ng (1,7
_GSm (NGQl)jia%e—K(Z’])]_ (744)
apijk

23.1 Inverse sensitivity

The maximum absolute value of the sensitivity function S(jw) yields the worst
steady-state oscillation and its corresponding frequency, the closed-loop system re-

acts with the maximum deviation. Referring to

wy = argmax |S(jw)| = argmin 1S71(w)] , (745)
22 | det(I+ GK)|* = det(I + GK) det(I + G'K") , (746)
fo & min[$7! (jw)| = min | det(I + GK)| . (747)

The gradient of f§ with respect to the matrix elements K;; and its determining

parameter p;; is (using the reciprocal return difference)

ofs
apij

ORe K”
apij
apij .

= 2| det(I+ GK)|” {[Re (I + GK) 'GJ;,

— [3m (I + GK) 'G];; (748)

23.2 Stability Margin, Power-Oriented Matrices

Suppose now, the polynomial matrix N(s) is split into separate coefficient matrices
N;
n .
N(s) =) N;s' e ™. (749)
0

Concatenating these coefficient matrices in a hyper parameter matrix Py
Py = (NN L NG L IN,) € Rmxmnd D) (750)

Consider both the plant and controller given by fractions of polynomial matrices

G(s) = ZoN, and K(s) = N, 'Z, respectively; in this specific order. Moreover,

N 2 NgNg, Z2 770 (751)
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Ng £ PrneSs, Nk 2 PyiS,, Ze 2 PreS,. Zx 2 PyiS,, (752)

where PZK; PNK; PNG; Pz(; € Rme(n+1) and

1 0 0
I 0 1 0
I 0 0 1
) e.g., for s 0 0
s, 2 : :si D1, ecmttxm 0 s 0 | . (753)
" n=2: 0 0 s
: 20 0
Ins™ 0 2 0
0 s?

Then, the open-loop transfer function of the multivariable system is N~ !'Z. From
the return difference I+K(s)G(s) = I+ N ' ZxZN', by pre- and postmultiplying
there results N 4+ Z . Keeping plant and controller separated, the characteristic

polynomial of the closed-loop system is
h(s) = det[N(s) + Z(s)] = det[N g (s)Ng(s) + Zk (5)Za(s)] - (754)

From the frequency hodograph (Mikhailov hodograph) the stability margin is defined
ho 2 min,, |h(jw)|2. Changing h2 = |h(jwy)|? stepwise with respect to Py and Py,
one finds (Weinmann, A., 2007a)

o(hg)

160

J o
The operator “bd” terms block diagonal, i.e., bd(J) = ( 0 3 ) The problem

0.5 = |det(N + Z)|*> Re [S,(Z¢ : Ng)bd{(N +Z) " . (755)

subject to the condition ||[APk||r = nk,, see Weinmann, A., 2007a.

24 Nyquist Encirclements, Transfer Functions

The encirclements of 1 + F,(jw) around the origin, corresponding to the Nyquist
criterion as derived from the open-loop transfer function (not coinciding with the en-
circlements of the Mikhailov hodograph), are determined by ( Weinmann, A., 2007b)

T
1+ Fo(7w) é ;%|S—jw é IZI—TZ|.9:ju) é f ejﬂ (756)
[In(z"s) — ln(nTS)L:jw 2 Inf+jB. (757)
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The abbreviations s 2 (1 s' s ... s and =0 1 2s ... ns"')and
Ps=(0:0:2:6s: 12 .8 n(n—1)s"2)7 are used, different from s in

Eqs.(717) and (721). Then,

B = [—jln(z"s) + jln(n's) + Infls—j, = Sm [In(z"s) — ln(nTs)}szjw (758)

96 _ 9pos _of . _ |1 r 1 g0 of

dw  0sdw Os - [(ZTSZ n’s )63 :w+j8w (759)
o8 2 ul 0

g - e [(m—mﬁlw (760)
6 1, 08, 1 s0s, z' n’ 9%

o T [(szy(z 25 " wrep™ a5 s Twrslaw) (70

24.1 Derivative of the Closed-Loop Encirclements

For a linear continuous-time dynamic system with the coefficient matrix A, stabil-

ity requires that arg h(jw) increases monotonically with rising w, where
h(jew) & det(jwl, — Ad) (762)

A, 2 A+BK,C (763)

and A € R™";, BeR™™; Ce R, K, € R™" . The open-loop coefficient
matrix is A, the closed-loop one A,; K, is the output state controller matrix.
Focus is put on the phase of h(jw) = hee’®“) and its differential quotients with
respect to w (Weinmann, A., 2007b)

o , -
2
aao‘(;‘)) M Re tr[(jwl, — Ay) 2+ j] = —Sm tr[(jwl, — Ay) %] . (765)
w

25 Phase and Gain Margin Gradient

Consider a nominal plant G(s) = 2% and a nominal controller K (s) = () — Pizs
na(s) pr(s) PKnS

where s 2 (1 ss* ... s €C"! from Eq.(717). The order of the plant and the
controller is ng and ng, respectively. The coefficients of the polynomials zk (s) in

the numerator are collected in a vector pg,, which is the first half of the parameter
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vector pr; the denominator polynomial is pk(s) corresponding to the second half

of the parameter vector py. Hence, one has

JAN Pk n
Pk = ( o ); Px:=P.Px, Pxn=P.px € R (766)
Pkn
JAN PaG: n
Pc = ( . )’ Pe: = P.pa, Pan =P.pe € R"H, (767)
PaGn
4 : 4 : (n+1)x2(n+1)
where Pz — (In+] . 0n+]), Pn - (0n+] . In+]) € R (768)

for n = ng or n = ng, respectively. The open-loop transfer function is

Fo(s) = G(s)K(s) = G(s)2X°| & peido (769)
PraS ls=iw
InG + ln(p;(zs) — ln(p;(ns) = lnfo + ]ﬁo . (770)
ﬁo = Q3m [IHG(S) + lﬂ(pKzS) — ln(pKnS)]g:ij = ﬁg(w[)) . (771)
The classical phase margin ap results from
ap =+ argG(s) K(s) smjop + Bo(wn) , |G(jwp)K (jwp)| =1, (772)
aCYR ~ PT PT
I 2 _ n s—iw 773
and in state space
dar (sI—A)"'b
L e
ok~ M R G A) b e (774)
The gain margin gradient is
Jdlnl/A Jln A 0 1 1
Pk Pk Pk pxPls pxPLs S
where argFy(jwg) = —7 .

Based on frequency domain functions, for the crossover frequency gradient one
finds

dwp G|* Re [K* 5] (776)
Opx K> Re [G* 25 4 |G]? Re [K+ 25T

For the plant (A, b) and the state space controller k

dwp  Re [K'R(—jw)b-R(jw)b]
ok Sm [KTR(_jw)b-kK"R?(jw)b]

, where R(jw) 2 jwI—A  (777)

(Weinmann, A., 2008).
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26 Limit Cycle Frequency

Consider a single-loop system with a series interconnection of a nonlinear element
N, the plant G and a linear controller K. Presuppose the existence of a limit cycle
with control error e, and frequency w,. Then, for the gradient of the limit cycle error

amplitude and frequency, we utilize 1 + N(e,)G(jw,) K (jw,) = 0. Defining
A ON A L, 0G

a2 5, GK, bEN( K, c2NG, (778)
aer aw,
—1
be N Rela] T Refp] T Rel T —Smfc] T [ Re 25
s Smfa] T Smb] I Sm[e] T Reld] T Sm 2K
(779)

is achieved (Weinmann, A., 2008a).

27 Interaction Energy Gradient, Continuous
Time

For the closed-loop system of Fig. 7 with output controller K, and prefilter Vi |
one has
y(s) = C(sI, — A — BK,C) 'BVgy,.(s) . (780)

From the input y..sr = 1 to the output y;(s), the impulse response is
yi(s) = ¢ (s, — Au)'wy, (781)

where wy, is the corresponding column of W = BVy.
The controllability Gramian L. for the open-loop single input system with input

matrix b, results from
AL, +L4A" +bb) =0. (782)

In the Lyapunov Eq.(782), A has to be replaced by A, A+ BK,C for the
closed-loop system of Fig. 7, and by by wy.

To design a system with low interaction, the output y; should be influenced as
low as possible by y,.x for £ # i. Hence, for unequally enumerated reference and
output signals the entire energy associated with the interaction should obey to

T
>  ¢/Lgc; — min . (783)
i=1, k=1; ik Ky

The controller K, is used to drive the system to a low interaction level.
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Y1
Yref = Jref! =]
'xl : process |
| Yrefri  prefilter / o
i
I v u A B
— R Y - [ 1
F —f'_} cl| o0 ®

output state controller

K, 1

Figure 7: Output state controller

Investigating the increments AL, caused by AK, when referring to the Lya-
punov equation Eq.(782) and abbreviating

E 21, 0A,+A,0L,) " e RV (784)

one finds (Weinmann, A., 2005b)

0lq.
et P (1, @ [(c] ® ¢f JE(Lz + Unn) [B® (CLut)"]} x
Yy

x[(coll,) ®I,] € R™" (785)
0l ik (70)
0K, N

where loc, is a command for decolumnizing a column such that a matrix with r rows

—{loc,[B" @ (CLw)|(Li2 + Upn)ET (¢; ® ¢;)} (786)

is produced.
Defining X; via

AN

El(c; ®c;) col X, (787)
L,@AL+ Al ®1,) ' (c;®c) = col X4 (788)
(c; ®c;) =col(cic]) = (I, AL+ Al ®1,)col X;  (789)
AlX +XA, = cc | (790)
one finally has

Ol ik T T

= = —{lo¢,[B" @ (CLy)] 2 col X} (791)
oK,

= —2{loc,col(CL4)X,B}" = —2B"X,L,C" , (792)

where X; and L result from Eqgs.(790) and (782), respectively.
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27.1 Control and Output Energy, Hankel Norm ||G(s)||n

Assume G(s) € Hy and G(s) = C(sI — A)"'B + D . Then, solve the Lyapunov
equations
AL.+LA" +BB" =0 (793)
AL, +L,A+C'C=0. (794)

The solutions L, and L,, i.e, the controllability and observability gramians, respec-

tively, are real symmetric matrices. Then, the Hankel norm is given by

IG(3) |15 = 01 max[G(5)] = Tmax (LeLo) V2] = [(LeLo) 2 [l = /Amax[LeLo]  (795)

The matrix D does not influence ||G|| .

If A is stable the Hankel singular value is given by

omi|G(s)] £ /N[L.Ly) - (796)

The matrix L. is proved to be the unique solution of the Lyapunov equation
Eq.(793).
The controllability gramian is useful for determining the minimum control energy

0
min / u(Hu(t)dt  subject to  x(0) = x, (797)

u —00

Then, see Glover, K., 198} ,

0 T
arg min/ u” (tu(t)dt = u*(t) = BTe * 'L 'x, (798)
0
and min / u’ (Du(t)dt = xTL-'x, . (799)

If u(t) = 0 for ¢ > 0 and the system is released from x, , the output energy is

o0

Iy (t)y(t)dt = xI'L,x, . The observability gramian relates the output energy to

the initial conditions.

28 Interaction Energy Gradient, Discrete Time
Based on the continuous-time single-input single-output system

x(t) = Ax(t) + bu(t) , y(t) = c"x(t) , (800)
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employing a sampler with sampling time 7 and a zero-order hold, one has a discrete-

time system obeying the sampling instants k7
x(k+1) = ®&x(k) +Yu(k), ylk)=c"x(k), (801)

where
®=&(T,) =" (T,)=A[®(T,) ~-1Ib . (802)

If the stable discrete-time single-input single-output system is excited by a single
input u(0) = 1,u(k) =0V k> 1, x(0) = 0, then

y(k+1) = c"x(k+1)=c'®" (803)
in(k +1) = cT(i rpep " e 2 "Lyc . (804)
k=0 k=0

Simply splitting the controllability Gramian L. leads to

P SF CVAAE TWUNES oF L 1 (805)
k=0 k=1
L= o’ + 3 &gy o — gy’ LT (806)
k=0
coll, = (I-®®®) 'col(ypyp”) (807)

where “col” is an operator columnizing the matrix. Eq.(806) is the appropriate
Lyapunov equation.

Consider the output energy of a discrete-time single-input single-output system
excited by a single input u(0) = 1. Referring to Eq.(804) and ®,, 294 YK,C, the

output energy is
Iy = ZyQ(k + 1) — CT(Z @k'l,b'l,bT@k’T)c — CTLCC ’ (808)
0 k=0

where L. follows from Eq.(806). The changes in AL, in terms of the increments
AK, result from

colAL, = E;[(Es ® ¥)colAK, + (¥ @ Ey)col AK] ], (809)

where By £ ®,L.CT and E; 2 (I- &, ® &)

Stepping forward to multiple-input multiple-output systems (Weinmann, A.,
2006a), denote single-input single-output partitions from input & to output 7. Re-
ferring to Eq.(804), the index of performance for y; is

L= (¢] ® ¢ )col Ly (810)
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where ¢; belongs to y; and L. follows from Eq.(806) with columns ¢ = ),. The
index I,; should decrease to reduce the interaction. (When a prefilter V is switched
in front of the system, then the kth column of ¥V is used.)

The MATLAB command dlyap is introduced. Then, (¥7 ® El)colX; is
rephrased as col[El X;3¥] = col[CL,®/,X3¥], and the intersection gradient is

Oly; T T
Tt _ 9@l Xy, Ly CL 811
IK, 3P Lk (811)
where X3 = dlyap(®), cic)) (812)
Lo = dlyap(®., 13y (813)
1, = k-th column of ¥V . (814)

The influence of uncertainties in the plant is carried out in Weinmann, A., 2007 .

29 State Variable Matrices in Optimal Control

The state variable matriz is defined as the dyadic product of the classic state vector,
X(t) 2 x(t)xT(t). For a linear time-varying system A (¢) and output feedback u(t) =
K(#)y(t), one finds

X(t) = xx" 4+ xx" = (A + BKC)X + X(A + BKC)” (815)

with the initial condition X(0) = x,x! . Minimizing the performance criterion yields

I = x"(t))Fpx(t;) + /tf x" (1) Qx(t) +u” (t)Ru(t)]dt (816)
1= wFX+ [t (Q+ CTKTRKC)X di (817)

Using the Hamiltonian function

HZtr (Q+ C"K'RKC)X + tr XA” | (818)
the canonical equations are
X(t) = oi (819)
TOA(t)
- oOH
Alt) = ———— 820
= x(o (320)

with the terminal condition (transversality condition)

Alty) = gy BAX ()] (s21)
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The matrix A denotes the costate matrix. In state vector form, the canonical equa-

A BR 'B”
AT , see also Eq.(37),

X(t) \ (A BR'B? x(t) R _
(O)=(4 PN (30) wommnea-o o

The matricial gradients then result as (Bernussou, J., and Titli, A., 1982)

tions are collected in the Hamilton matrix (

gf{[ — 2 RKCXC” + 2 B"AXC" | (823)

OI(K) 4 Q . .
i opclf +tr ATl = . e (X A K)dt (824)

I(K) . i T T
= Q/to (RKC + B"A)XC” dt (825)
X = (A + BKC)X + X(A + BKC)",  X(0) =X, (826)
A =-Q-C"K"RKC — (A + BKC)"A — A(A + BKC), (827)
0

Alty) = 78X(tf)Ff[X(tf)} : (828)

In the time-invariant infinite horizon case A is constant. Defining
V- / X(#) dt (829)

and integrating [ X(t)dt = X(c0) — X(0) = 0 — X, = —X,, yields

OI(K)

= 2(RKC + B"A)VC”
9K ( + ) (830)
(A+BKC)V+V(A+BKC) +X,=0 (831)
A=0=Q+C"K'RKC + (A + BKC)"A + A(A + BKC) =0 . (832)

30 Minimizing Controller Matrix Norm vs Pole

Assignment. Desensitization
An important problem is minimizing the norm of the state controller K
IIK|| — mKin (833)

subject to N [A +BK| =)y Vi={1,2...n}. (834)
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The condition of desired closed-loop eigenvalues Ay can be stated as a vector-valued

condition
f 2 vecdet(\yI, — A — BK)| =0 .

Starting from Eq.(835) and using Eq.(351), one has

of
2K+ (I, @u" )~ =0ec R™",

0K
where
ot ot of
ﬁ - 37:(11 3.7.(12 alfln Jp—
0K ‘ ’ ' ’
af of
K1 AR mn
Applying

%)
K det(s,I, - A - BK) = —2B"adj’" (5,1, - A — BK) ,

a matrix is defined in what follows

—2B"adj’ A\ I, — A — BK)
—2B"adj" (\pI, — A — BK)

[1>

PP 6 RTL’ITLXTL

—2B"adj" (A, I, — A — BK)

(835)

(836)

(837)

(838)

(839)

Afterwards a fixed-valued permutation matrix Mp € R™*™" ig used to change the

row order and to precisely achieve the order of Eq.(837), where Mp = Uy, = Uy, ,

see Eq.(25).
Finally, the entire result is given by
2K+ (I, ®u") Mp Pp(K) = 0 € R™"
f(K) = 0 eR".

(840)
(841)

This is a nonlinear system of mn unknowns in the matrix K and n unknowns in the

Lagrange multiplier p.
Including desensitization, the problem is
oA
IKl[F + all 5l — min
subject to N[A+BK] = \y; Vi={1,2...n}.

The gradient of \; with respect to K is

ONi[A ]
0K

0A
0K

_ (Im ® VQ*T)

)

(In & Vi) )
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where v; is the right eigenvector of the matrix A, 2A + BK and v{*7 denotes the
conjugate transpose of the left eigenvector.

Eq.(836) turns out as

) o Of .
2K+ gl + (In @ p') 7z = 0 € R (845)

For examples see Weinmann, A., 2003a.

31 Complex Minimization Condition for Reduced

Function Observer

Plant x ¢ R"
Prefilter
Yrer Uref u y € R*
—=4 Vu ::}O:.Z li’il
+ 7 C O
7| '\_|—
A y
i

Norm-minimal

m].
Function Observer z € R" "

Xl ylrl. gl
A[nxn}: B[n><m}7 C[rxn}:

Pl x5 5 7€ RO [ F. L H)] ieRm

K[mxn} K’[me(nirﬂ, KLer}7
L[(nfr)xr]; H[(nfr)xm}; V[nxn} :;,

T[(nfr) xn] . Q[mx (n—r)].

Clr(n=r)xn(n=r)].  Nmxr].
gm(nfr) xn(n—r)], E[Qn(nfr) xn(n—r)]

(1]

Figure 8: Control system with function observer

Consider F, and K given. Following Fig. 8 and z = F,z,
1=K, 2+K,y; 2=F,2+Ly+Hu; z=Tx=2+1%. (846)

The observer obeys

F,T - TA + LC = 0 (847)
H- TB (848)
(Ksty)—K(Z) | (849)
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Find L in Eq.(847), in order to minimize the norm sum

AN . A
f = L%+ ]G+ K15+ 1K [[7 = (LI + B+ K K5 = A+ fot fr
(850)

Denoting L the unknown variable matrix or an initial assumption, T is

T Y lyap(F,, — A, LC) € R, o (851)

colT & (AT®L,_,~1,8F,) 'col(LC) = E,CTcolL = E,(CT®L,_,)col L, (852)

where C; L2ce I, , € R/(n=rxnin=r) . (853)
= 2 (AT®I, , —1,@F,) ! € Rrrrxn) (854)
= 2 B'®L,_,)8, R, (855)

Al T B [ loc,_,(E2CT colL) -|7] v nxn
_ ~ V(L) eR™™ . (856)
(o) =[]

Partitioning the matrix KV including the dependence on the unknown L, one

has

07’1,7’!"!‘
N =KV ( ’ ) e R™" (859)

Now all the interdependencis Uz(L), T(L), V(L), H(L) are available.

AN 2 df -
fi 2L~ 5 2 = 2e0lL (860)
AN (848) —_
fo = [H[} = [lcolH[7 =" [|(B" @ L, ,)col T|[3 = [|E,CcolL|1861)
0
fo o) 20C®I, )28 (C"®I, )0l L. (862)

Ocol L
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For f; we find

—1
A T 9
= K 863
fa | (c) 72 (863)
T+AT )\ T\
+ A A
Afy = IIK< c > E IIK< c ) I (864)
T At \]' T\
= |K + 2 —|IK 2 865
| (c) <0> I — | (c) iz (865)
{ ) T\ [ AT T 7]-| )
= |IK - 2 - K 2 866
| [(C) (%) (0)(C)an n(¢) i oo
AT )
= IKV-KV{ " Vi - [KV][ (867)
| AW | AW
= tr|VIK'—v" VI'K"| |[KV - KV V| — |[KV]F (868)
[ 0 l 0
T
{ TyeT [ AT TyeT
= —2r | VIK"KVV o = 2tr [VVTK"QAT] (869)
D 9ol 1) col(VVTKTQAT) “VLY 9(col 1,)7 colL, @ (VVTKTQ)]colAT
@ 9(col 1)L, ® (VVTKTQ)|E,CT col AL (870)
dfs (450) =T T T
ST = 2CE Lo (Q'KVV) el L, . (871)

Numerical check: For some specific setup and L = (2 4) one gets f; 9 1 898362
and 28 ") (0.388960  0.195502)” . For L = (2 4.01) the result is f; =
1.896412. The difference Af; = —0.001950 divided by the increment 0.01 matches
the second component of the gradient.

Adding the three terms f; and equating with zero yields the necessary

condition for the over-all optimum result. The prefilter Vy = —[C(A +

BK,T + BK,C) 'B] ' € R™" is independent of L because K,T + K,C =
. T

(K, K,) o= K. Arbitrary weighting matrices could be included everywhere

(Weinmann, A., 2003b).

32 Matrix Element Interdependencies

For specific matrix interdependencies, e.g., matrix M symmetric or skew-symmetric
(Geering, H.P., 1976) there are different correspondences, different from Eq.(312),

oM
= Eik + Eki - E”(Szk s M Symmetric (872)
8Mik
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oM
OM;y,

where E;, = e;e] is the Kronecker matrix. E.g., Eq.(188) is not true if the matrix is

=E;. — E;; , M skew symmetric , (873)

symmetric. For further examples, see Geering, H.P., 1976; Weinmann, A., 2001b.

For symmetric matrices, there is the general relation

0det M

M (2M ! — diag {M '})det M , (874)
where diag {M~!} is a diagonal matrix made of main-diagonal elements of M.

For f(M) £ tr [LM]

0fM) | (L" 4+ L —diag L) for M symmetric (875)
oM (LT — L) for M skew symmetric .
For M symmetric the linear relation LiMLy yields (Brewer, J.W., 1977)
0 T T .
— tr [LlMLQ] = L] L2 + LQLl - dlag{Lng} (876)

oM

and for the relation of second order
0
M tr [LiML,M| = (LQML])T + LML, — diag{L,ML; + LMLy} . (877)

The reason for the strong differences in the differential quotients for occasionally
existing matrix interdependencies is the fact that the partial derivative conditions
are not fulfilled.

33 Gradients for Computer-Assisted Conditions

for Positive Realness

The vector s is defined a vector of powers of the Laplace operator s. For s = jw and
w = 1 we get the matrices E, and &,, which are needed for determining the signs
of polynomials partly replaced by their complex conjugate

A — A —
s=(1 s s )7, By=sloslll . By =sles|l (878)

where ¥ means Hermite, i.e., transposition and the complex conjugate, and * is the
complex conjugate without transposition.

Multiplying two polynomials a(s) and b*(s) given by their polynomial coefficients
a and b, respectively, requires the Hadamard product (dot product) and summing up

elements in some secondary diagonal referring to Eqs.(881) and (882) (ab”) .+ &, .
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The dot product assigns the appropriate sign and imaginary unit 7. The conditions
for positive realness in the case of controller K (s) and plant G(s), switched in series,

result from

F(s) — Zic(5)Zals) _ (27 2ris") (5 zais") _ (27&5)(ZES)(PQS*)(I)ES*ZSW)
Pi(s)Pa(s) (X7 pris’) (X7 pais’)  (Pks)(pEs) (Pis™) (PEs”)
_ s (zkpk)S(zgpl)s* _ sTKSGs* (850)
( pjf()S(pGpG) STPKSP(;S* ’
where the following abbreviations have been used K 2 zxpk, G 2 zaPh, Pk 2
pxpPy, Po = pPcPL, s 2 (1 5 st )T sl = (1 Jjw
w? )T s = (1 jw  —w? )T, S 2 $*|s=jwS” |s=jw - The scalar

expression s" KSGs*|;_;, 2 Aisa polynomial of degree 4(n — 1). The positive
realness conditions of the polynomial coefficients can be separated by the following

MATLARB algorithm

A(1)=A
for i=1:2%n
A(i+1)=simplify((A(i)-subs(A(i),om,0))/om); end
for i=1:2:2%n
B(i)=subs(A(i),om,0); end

B(i) fori =1,3,4... are the coefficients of the numerator polynomial of G(jw) after
having made the denominator real-valued.

Multiplying two general polynomials® a(s)b*(s) (with equal degree up to n — 1),
the coefficients of the powers of w of the product are given in what follows. The

coefficient of w' ! is

tr[Lix,{(ab”) . % B Igl, 1<i<n (881)
tr[Tn—iyxnlrn{(@b”) . % B} 5 I0, inlr@n-inl, n+1<i<2n—1, (882)

where B, and I, are defined by Eqs.(878) and (883), respectively, and

N 100 0
Ian_e.g.,12X4_<O 10 O) . (883)

Defining a controller k with two elements, only, e.g.,

1>

(c e (884)
vee;[B(1)] (885)

[1>

2equal to the convolution operation if available in symbolic operation
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the affordable changes Ac, Ae of the controller k result from the gradient, the
weighting vector v 2 0.5vec;{[1 — B(i)/|B(i)|Jw;}, applied to each gradient element,
and the stepsize Ar (Weinmann, A., 2011)

Ohy Ohy \ T
T C e
Ak—@c)—(aa};{)vm_ éica éi; v Ar . (886)
&
dc  Oe

34 Concluding Remarks

Gradients and matricial gradients of several scalar functions of vectors and matrices
have been presented as a collection. Applications in automatic control have been
preferred.

Gradients are very useful for designing controllers in a stepwise version; opti-
mizing a given criterion (or a combination of criteria) while observing some other
conditions, e.g., for the actuating signal amplitude, interaction energy etc.

In the presence of uncertainties (e.g., Weinmann, A., 2007¢), their influence on
the control system performance has to be included into the design process. In these

cases, the given performance matrix manipulations are also very helpful.

35 References

Athans, M., 1968, The matrix minimum principle, Information and Control 11, pp. 592-606

Barmish, B.R., 199/, New Tools for Robustness of Linear Systems (NewYork: Macmillan
Publ.Comp.)

Bellman, R., 1960, Introduction to Matrix Analysis (New York, McGraw-Hill)

Bernussou, J., and Titli, A., 1982, Interconnected Dynamical Systems: Stability, Decomposi-
tion and Decentralization (North-Holland, Amsterdam New York Oxford)

Brewer, J.W., 1977, The gradient with respect to a symmetric matrix, IEEE-Trans. AC-22,
pp- 265-267

Brewer, J.W., 1977a, The derivative of the exponential matrix with respect to a matrix, IEEF-
Trans. AC-22, pp. 656-657

Brewer, J.W., 1978, Kronecker products and matrix calculus in system theory, [FEE-
Trans. CAS-25, pp. 772-781

Brewer, J.W., 1978a, Matrix calculus and the sensitivity analysis of linear dynamic systems,
IEEE-Trans. AC-23, pp. 748-751

http://www.acin.tuwien.ac.at/publikationen/ijaa/

97



WEINMANN, A. PERFORMANCE GRADIENTS IN AUTOMATIC CONTROL ANALYSIS 1JAA 2012, No. 1

Cheok, K.C., Loh, N.K., Zohdy, M.A., 1986, Generalized optimal feedback controllers for

discrete-time linear systems, Journal of Dynamic Systems, Measurement, and Control

108, pp. 91-95

Doyle, J.C., Glover, K., Zhou, K.,1996, Robust and Optimal Control (Englewood Cliffs, Pren-
tice Hall)

Feliachi, A., 1986, Decentralized stabilization of interconnected systems, Int.J. Control 44, pp.
1499-1505

Franklin, G.F., Powell, J.D., Emami-Naeini, A., 2002, Feedback Control of Dynamic Systems,
4th ed., (Upper Saddle River, N.J., Prentice Hall)

Franklin, J.N., 1968, Matrix Theory (Prentice Hall, Englewood Cliffs)

Freudenberg, J.S., Looze, D.P., and Cruz, J.B., 1982, Robustness analysis using singular value
sensitivities, Int.J.Control 35, pp. 95-116

Friedland, S., 1983  Simultaneous similarity of matrices, Adv. Math. 50, pp. 189-265

Geering, H.P., 1976, On calculating gradient matrices, IEEE Trans. AC-21, pp. 615-616

Glover, K., 1984, All optimal Hankel-norm approximations of linear multivariable systems and
their L>°-error bounds, Int..J.Control 39, pp. 1115-1193

Hoerl, A.E., 1962, Application of ridge analysis to regression problems, Chem. Eng. Progr. 58,
pp- 94-59

Hoerl, A.E., and Kennard, R.W., 1970, Ridge regression: biased estimation for nonorthogonal
problems, Technometrics 12, No.1, pp. 55-67

Laub, A.J., 2005, Matrix Analysis for Scientists and Engineers (STAM, Society for Industrial
and Applied Mathematics)

Levine, W.S., and Athans, M., 1970,  On the determination of the optimal constant output
feedback gains for linear multivariable systems, IEEE-Trans. AC-15, pp. 44-48

Ludyk, G., 1995, Theoretische Regelungstechnik 1 und 2. Berlin: Springer-Verlag

Papageoriou, M., 1991, Optimierung (Muenchen Oldenbourg)

Rothfuff, R., Rudolph, J., and Zeitz, M., 1997, Flachheit: Ein neuer Zugang zur Steuerung und
Regelung nichtlinearer Systeme, Automatisierungstechnik 45, pp. 517-525

Sevaston, G.E., and Longman, R.W., 1988, Systematic design of robust control systems using
small gain stability concepts, Int.J.Systems Sci. 19, pp. 439-451

Sira-Ramirez, H., and Agrawal, S.K., 2004, Differentially flat systems, New York, Basel: M.
Dekker

Vetter, W.J., 1970, Derivative operations on matrices, IEEE-Trans. AC-15, pp.241-244 and
AC-16, p.113

Vetter, W.J., 1971, An extension to gradient matrices, IEEE-Trans. SMC-1, pp. 184-186

Vetter, W.J., 1973, Matrix calculus operations and Taylor expansions, SIAM Review 15,
pp-352-369

Vetter, W.J., Balchen, J.G., and Pohner, F., 1972, Near-optimal control of parameter-
dependent linear plants, Int.J.Control 15, pp. 683-691

Weinmann, A., 1991, Uncertain Models and Robust Control (Vienna and NewYork: Springer)

Weinmann, A., 1995, Direct and incremental calculation of the restricted total least squares
problem for improved process identification, Int. J. Automation Austria 3, No. 1, pp. 1-14

Weinmann, A., 19950 Parameter-Weighted Performance in Total Least Squares Iterative Solu-
tions, Mathematical Modelling of Systems (Swets and Zeitlinger, The Netherlands) 1, No.

98 http://www.acin.tuwien.ac.at/fileadmin/acin/ijaa/ijaajg20h1.pdf



International Journal Automation Austria (IJAA) Vol. 20, 2012 No. 1

3, pp. 167-183

Weinmann, A., 2001, Matrix assignment subject to Lyapunov and closed-loop norm conditions,
2001 American Control Conference, Arlington, Virginia, MP12-5

Weinmann, A., 2001a, Control system design based on holistic eigenvalue allocation, e&i Elek-
trotechnik und Informationstechnik 118, H. 4, S. 167-173

Weinmann, A., 2001b, Gradients of norms, traces and determinants for automatic control ap-
plications, Int. J. Automation Austria 9, H.1/2, pp. 36-50

Weinmann, A., 2003, Control systems design driven by worst-initial energy sensitivity, Cyber-
netics and Systems: An International Journal 34, No.8, pp. 591-615

Weinmann, A., 2003a, Multi-Lagrange-Multiplier Problems: Desensitized pole assignment with
minimial controller matrix norm for networked control systems and constraints in high-
order mechatronics, Mathematical and Computer Modelling of Dynamical Systems 9, pp.
345-362, Swets & Zeitlinger Publishers

Weinmann, A., 2003b, Beobachter minimaler Norm, Tagungsband des 13. Steirischen Seminars
iber Regelungstechnik und Prozeflautomatisierung in Retzhof, S. 1-20

Weinmann, A., 2004, Optimal assignment of multiple control system eigenvalues with minimum
controller norm, e & i (Elektrotechnik und Informationstechnik) 121, pp.37-42

Weinmann, A., 2004a,  Robust worst-case initialization for norm-limited output state con-
trollers in embedded systems, e € i (Elektrotechnik und Informationstechnik) 121, pp.
282-285

Weinmann, A., 2005, Holistic criteria for incrementally designed controller, e & i (Elektrotech-
nik und Informationstechnik) 122, No. 10, pp. 361-368

Weinmann, A., 2005a, A dialog-oriented and gradient-based stability margin in uncertain sys-
tems, Cybernetics and Systems: An International Journal 36, Number 7, pp.641-666

Weinmann, A., 2005b,  Gradients for decoupling continuous-time control systems using the
controllability Gramian, Tagungsband des 14. Steirischen Seminars iber Regelungstechnik
und Prozeflautomatisierung in Retzhof, 21. Sept. 2005, S. 99-116

Weinmann, A., 2005¢, Stability margin gradients and robustification of control systems based
on transfer matrices, Int. J. Automation Austria 13, pp. 37-49

Weinmann, A., 2006, Stability margin gradients using the polynomial matrix representation,
e & i (Elektrotechnik und Informationstechnik) 123, H.5, S. 197-201

Weinmann, A., 2006a, Attenuating the interaction via discrete-time controllability gramian,
Int. J. Automation Austria 14, pp. 13-30

Weinmann, A., 2006b, Robustness gradients for discrete-time control systems, Cybernetics and
Systems: An International Journal 37, Number 4, pp. 283-292

Weinmann, A., 2006c, Stability margin and spherical uncertainty, Cybernetics and Systems: An
International Journal 37, Number 7, pp. 685-705

Weinmann, A., 2006d,  Test- und Priifungsaufgaben Regelungstechnik. 457 durchgerechnete
Beispiele mit Losungen. 2. Auflage (Wien, New York: Springer)

Weinmann, A., 2007, Robustness and dynamic interaction, Cybernetics and Systems: An Inter-
national Journal 38, No 3, pp. 229-248

Weinmann, A., 2007a, Duality-based robust polynomial matrix controller, e & i (Elektrotechnik
und Informationstechnik) 124, H.7/8, pp. 273-276

Weinmann, A., 2007b, The encirclements of the hodograph of perturbed high-order dynamic

http://www.acin.tuwien.ac.at/publikationen/ijaa/

99



WEINMANN, A. PERFORMANCE GRADIENTS IN AUTOMATIC CONTROL ANALYSIS 1JAA 2012, No. 1

systems, Int. J. Automation Austria 15, pp. 117-129

Weinmann, A., 2007c, Robust stability radius gradient. A duality approach for high-order sys-
tems, Int. J. Automation Austria 15, pp. 86-97

Weinmann, A., 2007d, Eliminating double solutions in Lyapunov equations, Int. J. Automation
Austria 15, pp. 130-134

Weinmann, A., 2007e, Performance gradients under spherical uncertainties, Tagungsband des
15. Steirischen Seminars iiber Regelungstechnik und ProzefSautomatisierung in Retzhof, 19.
Sept. 2007, S. 141-163

Weinmann, A., 2008, Robust improvement of the phase and gain margin and crossover fre-
quency, e ¢ i (Elektrotechnik und Informationstechnik) 125, H. 1/2 S. 17-24

Weinmann, A., 2008a, Robust limit cycle gradients, e € i (Elektrotechnik und Informationstech-
nik) 125, H. 1/2 S.12-16

Weinmann, A., 2008c, Performance gradients in automatic control analysis, a cat-
alogue of correspondences. Int. J. Automation Austria 16, pp. 1-59. See
http://www.acin.tuwien.ac.at /Publikationen/IJAA

Weinmann, A., 2008d, Gradients of Lyapunov subdeterminants preparing state controller de-
sign, Int. J. Automation Austria 16, pp. 126-136

Weinmann, A., 2011, Positive realness and positive definiteness: gradients and robustness. Int.
J. Automation Austria 19, pp. 71-101

Yohagi, T., 1973, On the design of optimal output feedback control systems, Int.J.Control
18, pp. 839-848

Yahagi, T., 1977, Optimal output feedback control with reduced performance index sensitiv-
ity, Int.J.Control 25, pp. 769-783

Zeitz, M., 2009, Flachheit — Eine niitzliche Methodik auch fiir lineare SISO-Systeme, 16.

Steirisches Seminar iber Regelungstechnik und Prozessautomatisierung, pp. 3-15

100 http://www.acin.tuwien.ac.at/fileadmin/acin/ijaa/ijaajg20h1.pdf



International Journal Automation Austria (IJAA) Vol. 20,2012 No. 1

26. Osterreichischer Automatisierungstag,
Fr. 21.10.2011, Innsbruck

Der 26. Osterreichische Automatisierungstag fand am Freitag den 21.10.2011 in Innsbruck statt
und wurde vom Institut fir Automatisierungs- und Regelungstechnik der UMIT (Univ.Prof. Dr.
Michael Hofbaur), Hall in Tirol hervorragend organisiert.

Der verstdrkte Einsatz von Automatisierung, insbesondere von Robotertechnologie, fiir
Fertigungsprozesse ist mittlerweile auch fir KMUs ein wesentlicher Faktor zur Erhaltung der
Wettbewerbsfahigkeit in einem kontinuierlich global ausgerichteten Markt. Dieser 26.
Osterreichische Automatisierungstag hatte sich daher den Themenkomplex Automatisierung in
KMUs und Robotik als Schwerpunkt gesetzt und beleuchtete relevante und aktuelle
automatisierungstechnische Fragestellungen durch Vortrége aus Industrie und Forschung.

Als Einstieg in den Themenbereich Automatisierungstechnik und KMUs wurden von Herrn Ing.
Rainer Haag (EMATRIC) technische und organisatorische Problemstellungen im Vortrag
»Anlagenautomatisierung: Probleme und Vorgehensweisen fiir KMUs* eingehend behandelt.
Im Vortrag ,,WEB-basierendes Service Diagnose Management“ wurde von Herrn Ing. Hubert
Brunner (Bernecker+Rainer) eine fiir den Betrieb wesentliche Funktionalitdt moderner
Automatisierungsanalgen beschrieben.

Das Themengebiet Robotik pragte den zweiten Teil der Fachveranstaltung. Im Forschungs-
Beitrag wurde von Herrn DI Peter Staufer (Inst. f. Robotik der Johannes Keppler Universitat
Linz) Ober die ,,Modellierung und Regelung von strukturelastischen Robotern* berichtet. Im
Anschluss zu diesem aufschlussreichen Beitrag Uber innovative Robotik-Forschung in
Osterreich wurde von Herrn Christian Peer (KUKA) das Roboter Steuerungssystem KR C4
vorgestellt und damit ein Einblick in die aktuellen Themenschwerpunkte fur Industrieroboter-
Steuerungen gewahrt. AbschlieBend zum Themenkomplex Robotik und als Briicke zum
Schwerpunkt KMUs des Automatisierungstages wurde im Anwendungsbeitrag ,,Optische
Positions- und Lagebestimmung fur Pick & Place Operationen® von Herrn DI Alfred Moser
(WESTCAM) eine neuartige, Roboter-basierte Anwendung eingehend dargestellt.

Im Zuge des Automatisierungstages wurden auch die diesjahrigen Fred Margulies Preise des
IFAC-Beirates Osterreich und der OGART wurden an 6 Preistrager verliehen.

Der Automatisierungstag wurde in Zusammenarbeit mit dem Cluster Mechatronik der
Standortagentur Tirol durchgefiihrt. Neben dem bewéhrten Nachmittagsprogramm wurde
erstmals ein zusétzliches Workshop Programm am Vormittag angeboten. Abgestimmt auf die
Themenstellung des Automatisierungstages wurde im ersten Workshop das Thema ,,Mobile
Greifersysteme und Roboterhdnde* durch Herrn Dr. Dirk Osswald (Schunk) behandelt und
damit fur das anwesende Fachpublikum ein tiefer Einblick in diese, fir die Kooperation
zwischen Mensch, Roboter und Umwelt wesentliche Technologie gewahrt. Der zweite
Workshopbeitrag beschéftigte sich mit dem relevanten Thema der Sicherheitstechnik. Im
Workshop-Vortrag ,.Integrated Safety Technology“ von Herrn DI Thomas Dicker
(Bernecker+Rainer) wurden das Thema Sicherheitstechnik und deren Integration in ein
gesamtheitliches Automatisierungssystem eingehend behandelt.
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Dieser Automatisierungstag war mit ca 50 Teilnehmern sehr gut besucht. Der  27.
Osterreichische Automatisierungstag findet am 12. Oktober 2012 an der TU Wien statt und wird
von der Abteilung ,,Regelungstechnik und Prozessautomatisierung” des Institutes fur
»Mechanik und Mechatronik“ ( Univ. Prof. Dr. Stefan Jakubek) organisiert.

M.Hofbaur, P.Kopacek
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Buchbesprechung

Feedback Systems
an Introduction for Scientists and Engineers
Astréom K.J. und Murray R. M.

Princeton University Press, 2008
396 Seiten. Gebunden
ISBN-10: 0691165762; ISBN-13: 978-0691165762

Das vorliegende Buch ist eine praxisorientierte Einfiihrung in die Modellbildung,
Analyse und den Entwurf von Regelungs- (Ruckgekoppelten-) Systemen. Es soll
Wissenschaftern und Ingenieuren aus verschiedenen Fachgebieten wie beispielsweise
Physik, Biologie, Informationstechnik, Sozial- und Wirtschaftswissenschaften mit dem
Wesen der Rickkopplung vertraut machen. Daher werden die mathematischen
Grundlagen auf das Notwendigste beschrankt und am Ende jedes Kapitels Beispiele aus
den verschiedensten Wissensdisziplinen eingebunden wobei die Lésungen, auf Anfrage,
im Internet abrufbar sind.

Die erste Halfte des Buches basiert ausschlielich auf der Zustandsraumdarstellung.
Beginnend mit der Modellierung von Systemen mittels Differential- und
Differenzengleichungen, Uber das dynamische Verhalten von linearen und nichtlinearen
Systemen bis zum Reglerentwurf sowie Steuerbarkeit und Beobachtbarkeit werden die
Grundlagen anschaulich, ohne mathematischen Ballast, erlautert. Fir die Modellierung
von Systemen verwenden die Autoren Methoden aus der Physik, der
Informationstechnik und des Operations Research

Der zweite Teil des Buches ist dem ,,klassischen” Zugang zu Regelsystemen gewidmet.
Die Werkzeuge werden im Frequenzbereich mittels der Ubertragungsfunktionen, PID
Regelung, Entwurf im Frequenzbereich und Robustheit von Regelungen erklart.
AbschlieBend werden die Erkenntnisse der beiden Teile des Buches zusammengefhrt
und damit die Wechselwirkungen zwischen Robustheit und Effizienz beleuchtet sowie
ein Ausblick auf eine tiefgreifendere Befassung mit diesem Fachgebiet gegeben.

Das Buch behandelt sowohl Methoden des Zustandsraumes fiir Analyse und Entwurf
einschlieBlich der Stabilitdt. Hier finden Lyapunovfunktionen, Erreichbarkeit,
Beobachtbarkeit und Schétzverfahren Anwendung. Zentrale Rolle nimmt dabei die
Matrizen-Exponentialfunktion ein, welche eine Erklarung der meisten bekannten
Methoden erlaubt.

Das Buch wurde mit dem Textbook Preis der ,,International Federation auf Automatic
Control IFAC* ausgezeichnet.

Zusammenfassend kann festgestellt werden, dass dieses Buch sowohl Studenten als
auch Forschern und in der Praxis stehenden Ingenieuren und Nicht-Technikern
warmstens empfohlen werden kann.

P. Kopacek
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